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Abstract: 

n u s  paper gives an overview 011 a technique for solviug siigle objective 

or nlu~tiobjective mathematical programmillg with hzzy parameters in the 

objective functions, under the presentation of multi- decision makers in differeut 

hierarchy level (decentralized decisio~~ making situation); where the higher level 

UI the luerarchy can only i~duence aprather t l m  dictate the choices of the lower 

level. 
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1- Introduction 

The use of mathematicaI programming in decision making has a long 

been restricted to problems with either single overridiug objective, or a variety 

of objective dealt with striving toward aU of them simultaneously. All objectives 

are assumed to be those of single decision maker (DM) who has control overall 

decision variables [6], [a]. 

The single- level can be visualized as a centralized decision making 

systeni where the hgiltest level in tlie hierarcliy (Ileadquarters, top management, 

or govenunent) has enough power to dictate the decision and have them 

executed by lower levels (subordinates, subunite or individuals). 

A more realistic formulation, however, would recognize the role of 

lower level as a part of the decision proccess rather than confining them within 

tlie execution of the orders of their superiors. A multilevel linear programming 

(MLP), a nested optimization problem, emerged as the appropriate model to 

formulate such decentralized decisio making where the higher level in the 

hierarchy take into account the reaction of the lower level decision makers when 

the impact of their decision is too important to be ignored [7]. 

This payer also, presents tbe concept that use the fUu;y set theory [I], 

[2], 141, 151 to solve such problem in order that tile obtained results 6om using 

mathematical programming tecliuiques could be used with a bigher degree of 

codidence. 

2- Proble~u Formulation. 

A fuzzy multilevel linear programming (FMLP) is similar to standard 

fi~zzy linear programming (FLP), except that the constraint region is modified 

by includiug a defiued linear objective liu~ction; it is a nested optimization model 

involuiug multiple 11 problems the first is tlie upper one and then& is the lower 

one [7]. The general form of (FMLP) can be defined as 

EMLP ( I ): 



I 
where xz solves 

where x,. I solves 
I 
I - ("-1) - ( " - 1 )  - ( * - I )  , 

max f,-,(x,,x,, ...., x,) = c, X, + C2 X2 + ..... + C" x " 
X n - I  

where x, solves 

- (8,) - (n) - (n) r rptax f , , (x , ,x  ,,...., x,,) = c, x ,  + c ,  x, + ..... + c n  x,, 

subject to 

I - (1) - (2)  - (.) . 
Ci , I = I , , . . .  , are a vector of fuzzy where Ci , Ci , ...., 

parameters aud b is a constant vector; G (xt, x2, ....., x,,) i = I, 2, .... ,n are 

constraiuts fknctions; (xi, x2, ....., x,) are vectors of decision variables ibr each 

level; fi, fz, ...., f. are the objective fwl-" ~nding to each decision 

maker (level) respectively (the nw ... ~tirrve i s  oiten referred to as the 

objective of FMLP problem, while the lower objective is considered as just a 

constraints). Formulatipn FMLP visualizes an organizational hierarchy in which 

11 decision makes have to improve their strategies organizational hierarchy iu 

which n decision makes have to ilnprove their strategies from jointly dependent 

set 

I S = ((xi)l A; xi I b, xi 2 0, 1 = 1, 2, ...., n). 
I 

The Iirst decision maker who has control over xl make his decision first, then 

fixiug x, = xlU before the second DM select x2, and then the resulting problem 

for the second DM is: 

FMLP (2): 

- (2) - (2) - (2) ~ a x f , ( x p , x  ,,...., x , ) =  c, x y + c ,  x 2 +  ..... + c o  xn 92 
where x.. solves 



0 ("-1) - ("-1) - ("-1) m a ~ f , , ~ ~ ( x , , x , ,  ...., x n ) =  cl x : + c 2  x, + ..... + c0 X n  
Xn.1 

where x. solves 

- ("1 - ("1 
-(") X2 + ..... + C, X , '  maxfn(x : ,x  , , . . . . ,  x,) = c, x; + c 2  

x,, 

and then fixing x2 = x: bfore the third DM select x3 and so on to the nth 

decisiou maker. 

Definltion 2.1: (memborshlp) 

A real hzzy number f j  is a convex contiuuous hzzy subset of the real 

line whose membership hlction pF (PI) is defined by 

1- A continuous mapping fiom R to the closed iuterval[O, 11 

2- pF (Pi) = 0 for all p E (- w, PI] 

3- Stricyly iltcreasiag on [PI, Pz] 

4- pF (Pi) = 1 for all p E m, P3] 

5- Strictly decreasing on [P3, P.,] 

6- pi; (Pi) = 0 for all p E [PI, w) 

figure (2.1) illustrate the graph of the possible shape of membership function of 

Figure (2.1) niembersiuugp fwlction of hzzy number p 



Beflnltion (2.2): (a - cut) 

I '  The a- level set (a- cut) of the fuzzy numbers El is defined as the 

' ordinmy set L,, ( E )  for which the degree of their membership function exceeds 

the level a where I I  

L P ( E ) =  (GI pTI (Ci)>aJ  

3- Deterministic Form for (FMLP) Problem 

I n  this neclion the deterininstic fonn for the fuzzy mltilevel h e a r  , 

mltilevel linear programming problem ( a  - FMLP) is detmined and then a 

technique for determining its corresponding solutions also prroposed as: 

For the first level (first DM). 

a- FMLP (1): 

(1) (1 )  (1) . 
1ljitX f, (x, ,  X , ,  ...., X") = C, X I  + C, X ,  + ..... + C" X "  

where ( ~ 2 ,  x3, ...., x,,) solves 

wl~ere x solves 

(11-1) ( - - I )  ("-1) m a x f  ,,., ( x , , x  ,,...., x,,) = c, X I  + C, x, + ..... + c ,  
XN.1 

X" 

where x,, solves 

(81) (n) qax ff. (x,, x, , .. . . , x,,) =. c I '" x , + c ,  x , +  ..... + c n  x n .  

subject to 

Gi (XI,  x2, ...., x,,) 2 b, 

SI S 5 Ti 

x,, X2, .... , X" 2 0 

For the second level (second DM) 

a- EMLP (2): 

(2) (2) max f, (xp, x , ,  ...., x,,) = c, xp + c , ' ~ '  x2 + ..... +c,, x,,'  
x, I 

where x solves 



("-1) ("-I) ("-1) , 
ax f ,,., (xf,x,, ...., x,) = cl xy + c ,  x, + ..... + c ,  X n 'x, - I 

where x,, solves 

(n) (n) ( 0 )  1 

f,,(xy,x,, ...., x,) = c, xp +c, x, + ..... + c ,  x,, 

subject to 

and so OII to tile I& decisior~ maker (level). 

Then the Kulun- Tucker conditions for the above multilevel mathenlatical 
- 

programming model at the point (XI, X2 , . . . . . , X,) and the coefficient 
- (L c2,. . . . . , Cn) can be determined as: 



4- An illustrative Exanlple 

Consider the following fuzzy Multilevel programmi~~g problem, the 

example folmn~late ill bilevel yrogrant~~li~lg COIIII to clarify the idea; so it takes 

the fornll 

FMLP: 

mgx f, (x, y) = c!l) x + c;) y , 



where y solves 

maxf, (x, y ) = c ~ ) ~ + ~ ~ ) y  , 
Y 

subject to 

x t y 2 4 ,  ~. . . .  

x + 2 y 2 6 ,  

S:  c 5 T,' , 

s: r c r T,' , 

S: I c ! 2 ) _ < T I 2  , 

S: 5 c!' 2 T; , 

x,y>O 

and the comespollding lagraugiarl fi~nctior~s [3] for a- EMLP is 

4 (x, Y, c, 9 = 

(c? x + c:) y) - hjl (X + y - 4) - kt (X + 2y - 6) - 1: (T,' - cr)) 
~. 

- (c\l) - sl) I - kj6 (c!) - st) z - kj, (T; - - kj8 (cy) - st) 
- hj9 ($ - c:)) - kjlo (c:) - st) - kjll x - y; j = 1.2 
Tl~en the comespouding Kulm- Tucker are 



To obtain c:'), c(:), c12) , and Take the cut a = 0.5 



pi, - pi, 

I , Pi* < Ci I Pi, 

Now the two systenl K-T ( I ) ,  K-T(2) can be solve to obtain the value of the 

lagrangian ~iiultipliers and the soluliorl set for the systems, where the 

( 1 )  parameters C ,  , cy) , and c:' can be obtained from the previous table. 
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