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ABSTRACT 
Non-metallic materials are being used increasingly as engineering materials in a W"ide 
range of applications. This work introduces u numerical solution for pure torsion 
equation of a continuously homogeneous prismatic bar, which is cut longirudinally 
from a hollow cylinder. having a material with rectilinear anisotropy and n circular 
sector cross section. The lateral surface of the prism IS free from external forces, and 
from all restraints. Body forces are absent, and the ends are subjected to distributed 

. forces. wb.ich are leading to f'.vlSnng moments of opposile directions. QoJy two stress 
components are different from zero , and the remaining four vani sh. The problem is 
constructed usmg a small pbysical purameler, which chacacterizes the material 
anisotropy. A mathematical model is denved using Fourier series analysi s. and the 
stress componenls are obtained as conversion expansions. Computer progrrun IS 

designed. and illustrative examples for orthotropic and non-orthotropic materials are 
introduced for showing the effectiveness of the suggested solution. AcceprabJe 
numerical results are oblained, and convergence is discussed. 
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1- INTROPUCTION 
In modem industry, there are many kinds ofarusotropic materials which are natural 

like wood or syn theri c like polymers, g,lass~ fiber. or reinforced plastic. This non v 

metallic malerials are bener than metall ic material s in different practical appli cations 

as aircraft construction. and medical iosmunents. This work introduces a numerical 

soluti on fo r pure torsion problem of homogeneous. arusotropic pri smati c bar. The 
theory of generati zed tOrSiOD was first worked out by Voigt, and the ri &OrOliS theory of 

pure torsio n was developed by Saint-Venanl. There are several works on the theory of 

pure torsion, and among these are large Ulonograph men tioned by Lekhnitskii (1], 

Timoshinko (2] , :md SarJcisyan (l]. 
Here. a pure torsion problem is stated and solved fo r a rod having curvili near 
quadrangle cross section , while itS material is linearly anisotropic . 

2- SIATEMENT OF THE PROBLEM 

Consider the conti nuously homogeneous prismatic bar, which is cut from a hollow 

cylinder having inner raclius (a) and Ollter radi us (b). the prism's cross section is a 

circuJa.r sector having angle (0). The origi n of coordinates is at the center of the edge 

cross section which lies at XV plane. and Z ax.is coinCIdes with the axis of the hollow 

cyli nder. The cylinder's material has rectilinear aoisorropy and the planes of the cross 

sections are planes o f elastic symmetry. The forces being distributed over the ends are 

reduced at ei the, of them 10 a twisting moment Mt . four stress components oul of six 
are zeros (]. = 0, .. (] l '" 1: '''1 = 0 , and the others are related to the S£Tess functi on 

IV(x,y) as 

( ) .,,(x,Y) d 
T" x,y = iJy ,an ( ) 

a,,(x,y) 
t x y =-" ' ax 

where c;; ,,0, and o . are the noma! stress components and 1: "'1' T ""- and t l' are the 

tangent stress components. The stress funcrion \fI(x. y) ' satisfies the second-order 

partial difIe renoal equ ation 
al lY a' lV a1\jl 

3 ... ax l - 2a .,CtxOy +11" i7y~ = -29 

(1 ) 

(2) 

where a ... ,3 J ! and a)l are coefficients of elasticity and 9 is the angle of twist per unit 

length (I] . The torsion rigidiry C, IS!5' ven by: 
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2 . 
C, = 95} \v(~.y).d.x . dy 

The srress funcnon 111( X, y) vanishes on the comour of the cross sectio n 

Ijl(x,y~._ .. = 0 

3- A SUGGESTED SOLUTION TECHNIQUE 
Equation (2) is transformed from Cartesian coordinates infO polar coordinates [2} 
where IV(X, y) = ~(r,e) as fo ll ows: 

(3 ) 

(4) 

1\O(r,8)]+ 8.S[,i>{r,8)J= - A, (5) 

where T[ J and S[ 1 are twO differential operators, 

a1 I a 1 01 

T[ ]=- +--+-- , and 
iJr1 r Or r1 881 

0 1 I a 1;31 a 1 a 
S[ l=a, ( e)(Or~ -~ ar -~ ael) -23 1(8 ) ar(~oe ) 

3 , (8) = cos(29) - K, sin( 28) , and 3 1 (8) = si.n(28} + K\ cos(29} 

where is is a small physical parameter wruch is aJways tess than urory (3,4) 

OS;o<l, 2a H d _4,,9~ K\ = _ ...2.._ , an Ao :: -
a .... -a u a .... +a n 

and the s tress components, and torsioo ngidity are gIoven as: 

( e) - . (e) aW,e) cos(e)<lO 
t r -SUl +--- , 
=' Or rae 

, (r ,e ) = - cos(e) oo(r, 9) + ,in (e) ao(r, e) d 
).. Or r Or , an , 

C, = "- II o( r, e). rru-.de 
9 <10 ...... 

Solution of equation (5) is assumed in the (onn (5,6) . 
~{ r , C)= 'l(¢.o(r,8)+o.+\(r,9) +ol ' : ( r,8)+ .. ... .. .. . ) : 11 I o j. ~ . (r,a) 

j-U.l .l_ J 

Substituting from equation (7) mto equation (5) and equating coeffi cienrs of o j. 

( j=O, 1 ,2, .. . ) we o btam the differential equations 

1jO.]= -A •• f. , 

" 1\0,]= -S[o. ]= f,(r,e), 
1\$, J= -S[., ]= ';(r,e ) 

in general, rf4>,j"" - S[¢r! 1= f,(r.9) and f 
_ - A o , - -

" The boundary conditions in equation (4) WlH be 

(6-a) 

(6-b) 

(6-c) 

(7) 

(8) 

(9) 
(10) 
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~J(",e) = 4> j (b,9) == 0 ,and ¢I,(r,O) "" 4>j(l,a) = 0 

Substlrucing from equatioll (7) Into equation (6), the SITess components and torsion 

ri gidi ty wi 11 be 
" , ..... (r,9) = 7l(to ... (r,O)+5.t ,,,,,(r,9)+6 1

. 1 , ,Q(r,O}+ ... ..... .. )::: 1] L 6J .1 jI<O ( r.9) 
j_O.U ,J _ 

T ,.. (r .9) == l1('.yo (rte) +15. T 1),« r,9) + 61 
_ r l )'1( r.9)+ ...... .. .. } s '1 E 6· . t jn(r,9) 

j-'l.1..l.1_ 

" and C, = 'l(C~. +o,Cn +S1. C!, + .. .... ) =T] r Si. Cjo 
j.oO.I.U _ 

where the first approximation in equarions (11), (12), and (13) are 

, (r 0) : . o",(O)#,( r. O) + ,in(O)#,(r,O) 
a\"l' Or r Ctr 

( 0): . (e)~,( r , e) oo5(O)oo,(r,O) and 
T ~ .... t , sw. Or + r ae 

2' • 
C,," - 1 J ¢Io(r .9).,drd9 

S. , 

(I I ) 

(12) 

(13) 

( 14-a) 

( 14-b) 

(14 -c) 

Now equation (8) is solved for the first approximation 4Io(r, 9) using Fourier series 

(sine half·range expansion) (7\ for both f. and ¢I ~ (r , e) as: . 
fo = I b".sinp .. ,9), $0( r,9) == r. R\ (f).sinO.,S) 

hU.I_ '_U,i_ 

where b =..!. ,., = -l oS and l. Ttk ( 15) 
• k' ., () ,= --;::-Ita .... +a n .... 

Substituting from equations (15) into equation (8) and obtaining Ihe ordinary 

differential equation 

dIR\(r)+~dR,(r)_l.:k R t {r)=b~ (16) 
dr! r dr r" 

which has a complele solution in tile fann [8] 
Rdr) = C\ . rJ." + D, . r -;" + Vt{ r) (\7) 

and 410(r, 9) in equation (\ 5) will be in the fo rm 

•• (r .9)= ~(C\ . r ;"\ + D, . r" J." + V,{ r».si.n()' \9) (18-a) 
' .I J J_ 

whe(e C, =b"~' V, (a) - V,( b).C·
l
, 0 .. b'·' V,(b).C ' · -V,(a) 

C " - cJ." \ C .... _ cJ." 

C '"' ~. V,(r) =Vx. . r! , and V. '" I A. , ~±2 
b k(4 - )'~) 

Subsriruting rrom equanon (18) mto equations (14 ) 
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"I'"«I.6) = + I.-siu«A~ - 1)3). L ~ +sin«A.\ +1)9).L1 , 
_ L· ' .J.I_ 

(18-b) 

US-c) 

.. 1 I_ CL
,.. I_C 1 '" 1 I- C~ 

Co. = "b~ r -(Cl"b)" + Dl"b ' " -+ V~.b - - ) (I 8·d) 
'.U.I_A, A,+2 2 - A\ 4 

where L, z: 2), ~ . C\ . r),'· ' +{A\ + l)V, .f and 

L~ = 2).l .0\ .1'I-o " +(A\ - 2}V\.f 

Repeating thi s procedure to solve equation (9) for ~1(r, 6),and equati on (10) for 

+.(r ,6), then obtaining the second and tbe third approximations in equations (11 ), 

(12), and (13) as 

~,("e) = r;(c.,' +0 •. , -' + v.(, }).sin(l..e} (J 9-.) 
. · 1 .~ .6_ 

where c = b-' v.(.) - V. (b}.C' 
o C';'" C'" ' 

o = b' V.(b).C' - v. (.) 
n C'''' - Cl.., 

Cl, = 1t(n+ k) +2a. , (l~ = "It (n - k )- 2(1 

a, = 1t(n- k)+2a, 0:. = ;t(o+ k) -2Cl 

t 1)"1 '" .! E -Sin«A. - 1}6). M \ + sin«)'. + !)9). M, 
2 .. 1",,_ 

( 19-b) 

I • 
t l .... := - rCOs«A~ -1)9).M , +coS(P, . + 1)9).M, 

2 •• 1 .•.• _ 

(19-c) 

M , := n .. c. 1 ).",·1 + Z p" . + ),. )U ... ~ . r l"1 +(An - A\)W • ..k . r ' .... · 1 + (Ao +2)Q~.\ . r 
\"lJ . I_ 

M • .:= 2A. • . D •. r ..... 1 T t (A.. - AI)U ~. t. f l, '1 + (An +}..t )W n.t . r·
1

, .1 ,,·(A. - 2)Q"'I ' r 
~ · I.l. l_ 

CIt '" 0 

40 1(r,9) = r(C.,.r '''' + D ... f '~ + V .. ( r)}.si.n(A n,9) .. 
( 19-d) 

(20-,) 
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• 
v.(,) = 1: 

n·~ .~.'._ 

B = - 4C, A,. (A, - 1).£("'0) 
, ).! _ ).1 ' 

, "' 

B _ -4D,.A •. (J. . + ' , F(rn,D) 
': - ,,1 _),,2 ' 

, . 

J.. 
nm 

a 

A < A , . 
B = -2V •.• . (A. , + ). ~ XA. \ -t)E(m.n) + 2U., • . () .. . + A~XA, -1)F( m,n) ... --4C • . A, p .. . -OH .... 

) ,1 )~ \ 1 ,: " d "".- '., ".- ".. ".- ",. 

y\ =TI:(m+k ) +4Ct. 

Yl =1t(IlI-k)+4Ct., 

11 =rr(m-k)- 4a 

Y. = n:(m+k. ) - 4a 

T, ..... = ~ I:-si.n«X", - 1)9).S, +Si.n«A", + 1)9),Sl 
. 2.,.\.2..1_. 

I "' 
rl~= - !cos«A. -I )O).S, +cos«A. + 1)13).S, 

M ? 01 .... _ _ 1~ ..I_ 

S\ = 2>..",.C", . r:""'-J + [SIP ... + A. o)rl..,-t -:- B1 ()'m - A. . )r-;"" -1 + 
0 . • : .1.1 _ 

S~ = 2A.A, . D ", . r-~·- 1 + i B.(A. .. - Ao)r;"-1.;. B!{A,. + ;"' o)r- I..., -1 + 
0- 1 ••. 6 . _ 

(20-b) 

(20-c) 

(20-d) 
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ALGORITHM DEVELOPMENT 

1- INPUT: 
I) Coefficients of elasticity ( a ... ,an,a~\), and angle of twist per unit length (9 ). 

ii) Sector's dimensIOns (:1, b, a ). 

iii) Coordinates ( r,O ) for the point at whi ch stress componen ts and torSion rigidity are 

calculated. 

2- Calculate (S ,K\) by using fonnul:LS (5), and (11, A_) by using formula (15). 

3- Calculate (Vu V~ (r), C\ , D~), tben ~o{r,9) by using equarion (18-a). 
4- Calcul ate ( L\, L:), then 1t,."Z by using equation (18-b), '(0,," by using equatio n (18-c), 

and Co, by using equation (lS -d). 

; - Calculale (a " a"",,a,) , (F(n,k) , E(n,k», ( U .. ,W ... Q.,,), V.(r), (),. ,C .. D, ), 

and ¢I I (r ,9) by using equation (19-a). 

6- Calculate (M I'M:), T,:o"< by using equation (l9-b) , and ' )'" by using equation (1 9-c). 

7- Ca\cul • • e ( y, ,.I,, Y,. y.), (G., ,Hd)' (F(m,n), E(m,n)), ( B" B" B" B" B, ), V. (r), 

().. .. , C .. ,D",), ana $J(r.9) by usiog equation (20-a). 

8- Calculate (S , ,S:), f ~'" by using equarioO. (20-b), '1 ... by using equation (20-c), and 

C~t by USUl g equation (20-d). 

9- OUTPUT: 
i) The stress functi on ¢I(r .9) by uSlng,equarion (7). 

Ii) The scress components, T .... (r,e) by using equarion (1 1), and Tyo{r,e) byusing 

equation (12). 
iii) Torsion rigidity C, by usmg equation ( 13). 

Computer program is designed in FORTRAN language. and runs on personal 

computer. Double precessio n le3.ds to more convergence and stabililY Ihan single 

preclsioll. The following tabl es are chosen as sampl es of [he obtained results . 

• - CASE STUDIES 

In the: rollowing., all numerical val ues are calculated in double precision form. all 

wri nen results are perfonned to the fixed sig,njficant .figures in the laSI two successive 

approXimatio ns , and at the poi nt where ( r,O)= (a + b - a , ~). 
1 1 
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EXAMPL~ (! ): 
a· ConsIder an orthotropic prism ( a .. } = 0). having sector dimensions as; b= urnt length , 

G=O.2, (:( = It / 4 . Tables (I, 2) give double precisIOn numerical values for the fIrst and 

third approximanons for srress function, srress components and tOlsion ngidity against 

truncation number, as in equations (J 8). and (20) Jespecti vely. 

Table (1) 

k IOx4>o k IOOx'T o~. J< 10 X 1~ ,'Y k toO X C91 

5 -0.184 5 -0. 99 15 0.239 17 -0.7023 

13 -0.1844 15 -0. 993 33 0.2399 33 -0.70234 

29 -0.18445 33 -0.9937 87 0.23990 31 -0.702346 

63 -0.184453 79 -0.99373 89 0.239909 99 -0.7023462 

In equations ( i9-a, b, c, d ), for k;=\OO , and n=8 the results ¢II::' 0.0, 

f I .. == -0383398 X IO-l
, 'T 'YJ.:: -0.158808 X 10-l. and C,. = 0.0 are obtained No more 

accuracy is gained from n=8 to n= I 00 

Table (2) ir-IOO n=I OO , 

M 10" x 4> ~ M 10 X Tl.<l M 10 x "C')~ M lOx C1 , 

7 0,5 2 -0.7 2 -0.3 6 0.23 

19 0.54 8 -0.74 6 -0.33 8 0)'· ... . » 

33 0.547 2. -0.744 31 -0.3'39 18 0.7338 

59 0.5474 58 -0.7444 44 -0.3391 58 0.23389 

Tables (1.2) show the solurion's convergence and stability. 

b-Consider an onhonopic prism (a~ 1 = 0), having sector dimensions as; b=IO unit 

length, ex '" It ! <I. Table (3 ) gi ves double precIsion numerical values for stress function , 
stress components t ",- '" t 1~ ' and lorsion rigidity C, for first, second, and third 

approximations from equations (18), (19), :md (20), for several values o f C. 
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Table (3) \.:=7 <; n=76 00=17 -, 
IJ I I I I 

C=0.2 C""OA C=0.6 C=O.S 

O.lxq,Q -0.184453 -0. 187506 -0. 12960 -0.0389 

$, .::::0.0 · 0. 0 ",,0.0 ~O.O 

lOOx 411 0.547 0.069 -0.91892 0.6495 

lOx t 0 ... -0.9937 -0.2792 0.0969 0.054\ 

'\' 1",. -0.038 -0.1014 ·0. 145 -0 .0626 

0. 1x't1 :<> -0.0452573 -0. l461705 -0. 16780 I 0. 183094 

tur< 0.2399 0.0674 -0.02340 -0.013077 

10x<\),< -0.158 -0.420 -0.601 -0.259 

1 ~''Z -0.218213 -0.624 19 -0.60896 0. 93 50} 

D.Db Co. -0.7023458 -0.59268 1 -0.317603 -0.0608452 

C" 0.0 0.0 0.0 0.0 

0.00I x C1 • 0.1 576299 0.138078 0.0709 -0.0 \65248 

Table (3) shows that., whenever the hollow cylinder is thicker the convergence and 

stability is berter. 

EXAMPLE (2): 
a- Consider Don-Qrtnorropic prism ( a., ;:. 0), having sector dimensions as; b=unlt 

length.C=O.2 . a = /t /6, and K,=1.0. 

The first approximatlOn in equation ( L8) are llldepeudent of KI and th ey are: 

100x.41 0 =-0.94755, 100 x 1: QXl =-0.5665 7, to x 1: ~ rt =0 .2 11 44, JOO x Co, >=,0.264334 . 

Tabl e (4) gives double precision numerical values for the second approximation for 

Stress fun ettOn . str!!SS components, and torsion rigidity against tnmcarion number, as ill 

equations (19). 
Tobie (4) , 

" 
N 1000 x T tu 1000 X t\)'l< 

2 ·0. 76 -0 20 

4 -0. 766 -0.205 

6 ·0,7663 -0.1053 
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Table (5) glves double precision numerical valut!s for the thired approximation for 
stress function . stress components. and torsIOn rigidity agatnst truncation number, as In 

equations (20). 

Table ( 5) k=70 n=70 

M IOOx CPl M 1 OOx 1~~, M OJ X 't!l" M 100 X Cl , 

5 -0.9 6 0.7 I -0. 2 3 0.9 

7 -0.90 30 0.14 3 -0.25 8 0.95 

II -0.908 46 0.14 1 9 ~O, 255 14 0.952 

29 -0.9087 54 0.7415 22 -0.2554 18 0.9521 

b~ Consider non·orrbotTopic prism (a,! :,t: 0) , baving sector dimensions as; b= 10 unit 

length, C=0.2. 0: = rc 16. Table (6) gives double precision numerical values for stress 
components r .. ,. L,. and torsion ri gidiry C, for the first, second. and third 

approximations jn equations (J 8), (19). and (20) . for several values of K, ' 

Table (6) 
<I> ~-O 9475 • , lOx .. X% =-0 56657 • , t =021 14 001 X Co. =-0 264J34 m , 

K t =0.0 1 K, .. 0. 1 K\ -=0.5 K) - 1.0 KI =5 .0 

•• .:::0.0 ~O.O .0.0 :::: 0.0 .0.0 ., 0.177691 0. 11761 -0.18648 -0.65 176 ·7.77972 

10 x ' I.u -0.028\ -0 .03147 -0.052 -0 .076 -0.27 

10 x ,~ 
.~ 0.1332 0.19915 0.4790 0.7889 1.60 

lOx , .}'>. -0.0076 -0.0088 -0.0140 -0.0205 ·0.0720 
IQ xT . .. 0.4969 0.:;:;88 -0.489 -1.809 ·23.81S3 

0,0 1 x ell 0. 16969 0.223 IJ 0.453 14 0.65464 -0.9237 

T<lble (6) shows that , whenever K\ IS smaller, convergence is faster, otherwise more 

approximated temlS are needed for acce ptabk accuracy . 

5- CONCLUSlONS 
A numerical method IS inn'oduced for solvmg the problem of pure torsion equation of a 

continuously homo geneous prismatIc bar, which is cut longitudinally from hollow 
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cy linder, having a materi al wu h rectilinear arusolTopy and a circular sector cross 

section. MathemluicaJ mood is denved using Founer series analYSIS, and tbe SITeSS 

componeols are obtained as conversion expllilsions dependenl on a smail physic.ll 

parameter, which characlenzes the malenal anisolToPY. The $Olunon is swtable for 

onhocropic and non-orthotropic materials. Numerical results show that: 

1- Whenever the physical parameter is smal ler. the truncation error is smaller. and the 

number of approximating terms for acceptable results is lesser. 

2- Firsl apprOXJ rcarioD IS always independent of coefficients of elasticity for 

oMotropic or non-orthotTopic materials. 

3- The series's summations for on.hotropic materials are dependent on the pri sm's 

dimensions and independent of muterial's coefficients of elastici cy. 

4- Whenever dimensions are smaller the series converge faster aod better, therefore a 

suitable length's unit is chosen for smaU errors. 

5- Whenever the hollow cylinder i.s thicker the convergence and stability is bener. 

6- Personal computer needs few seconds 10 calculate the above results in double 

preclSlon. 

7- This mathematical mode! fails for solid cylinder, when sector's ang,l e equals :t2- , 
2 

and for non-orthotTopic materials when sector angle equals! . 
4 
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