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SYEJOPSIS 

This paper describes a general procedure of kineto elasto- 

dynamic analysis of cam mechanisms based on the finite element 

approach. The present discrete technique can be utilized to prov- 

ide various versions of finite element models of planar or spatial 

more complicated cam mechanisms. The procedure is introduced by 

utilizing the cam operated transfer mechanism found in Koster8s 
(1 1 Work . 

1 - IMi8RODUCTION 
The dynamic analysis of cam mechanisms a8 prefectly rigid 

systems has became increasingly inadequate, since the necessary 

pretequisities for setting up the vibratinn would not be satief- 

ied. To improve the representation of dynamic behavior of a cam 

mechanism, various mekhods have been per£o&d such ae for example 
the metbods by ~ t l h n r  a ~esar(~), ~iss'~), ~ 1 -  anci ~ a c ~ c ~ i f d ~ !  
There ie however a contwn criticism to the previoulrly mentioned 
analysie concerning the indiacrrninate modelling technique. Tn ref- 
erence (I), Koeter gave a Kineto-elasto-d~amic analysis rpetAod 

for which the compsran drawbacks of the opentioneb mthode can be 
avoided, but still Koetsres technique is ~Uficientcly applicable 

for those eimple aanr mechanisms with low degre~s of freedom and 
still many questions on the modelling of the cam shaft rmain. 

To permit a closer simulation of the dynamic behaviour of 
actual complicated cam mechanima than was poasible with simple 

models, the finite element approach has been utilized in the pres- 
ent analysis. Since this method (7 ,8)  ie an efficient tool for 
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cam operated t ransfer  mechanism of f igure  (2)  represented by 
15 OF f i n i t e  elewsnt model consist8 of a 12-DF simulated gola- 
ower a e t  and of a 3-DF simulated cam set as shown. 

The follower set is IlrodeZledby connecting a e s r i w  of 

l inkrr ,  and each l i nk  r a y  be s h u l a t e d  by one elsment plarfom- 
ing a typical  type of motion such aa longitudnal, toreion& 
and or  f l ewera l .  With regard t o  the  topology of the raet, me 

individual elements are meeting a t  e i t he r  pin or r i g id  
It is of in te reu t  to  note t h a t  a aeriee of d y n d c  arndelrts w % t h  

laver degrees of freedbgl may be generated by eliminating the 
selected nuarber of nodal generalized forces o r  of noccjtal gene- 
ra l iaed coordinhtea concerned the  8 h u l a t e d  followar oet. 
&Quivalently the siees of: aase and s t i f f n e w  ~ t s i c e s  are 
reUucrrd e i the r  by the condensation af katr ices  or by the %lira- 
ininkion of the particular nwrber of row8 and colua~rus. Thee 
corrcepw w i l l  be visualiead through tihe reductios of the ah--  
ulated follower set t;o 3x1 as derived by Koster (1,2 ). 

Xn Ure aodalling & Ule f l l e x f ) s l d b  cam set, tkrr cwwhaf$ i o  
regvesentled by an urawably of flexwdl- t ; o r s i o n ~ ~ k ~ ~  hfsr- 
connected a t  a r i g id  joint; where as the cam elemmat, ( inerkia l  
element), i 8  asortlped t o  be lumped. U d n g  the conditionli~ of 
invariance of tho k ine t ic  and potent ia l  energies un-r cwrd-  
ina te  transformation 8 -  the mass matrix me ax& the  ~ t i f f n e s e  
matpix Ke of the e a element ehawn i n  f igure  lr can be clisarsSy 

f onaulated. 

The formulation of characterirrtic M .nQ K m t r i c e e  of the  4 q. 
en t i r e  laechanicrar a re  then b u i l t  up by adjoin$ the charac9;tlri&eic 
matrices of the   can^ and of the f o l l w e r  set#+. The adjoin% paroeso8 
i a  carried out by pre  and poet multiplication of Ulcs element 
character is t ic  matrices by the coupling matrix which repreoants 
the compatibility conditiond through the nodal di@pl&c-Ls. 

I n  t ha t  v i w  tha presenoe of coupliag may kw represented ecfirnats- 
a t i ca l l y  by a kinematic coupling eee, (governed by the cam curve 
s i o ~ )  u feuha in reterence (1). 



The prac t ica l  use of the propwed method is mua l ly  i n  
need t o  d i g i t a l  computers, since the higher order of the 

character is t ic  raatricea, the  better w i l l  be the accuracy of 
the analysis. 

The 8in\ulated cam srechaniem is considered a s  a combin- 
ation of the follower set fonaed frola f i v e  s t ruc tura l  elem- 
ents and of the cam set formed from three elements. Both sets 
are coupled by means of the coupler set which is simulated by 
a k inmat ic  mechanism ( l ,2 )  .s shown in f igure  ( 3 ) .  

In  tha uncoupled poeition of the follower eef, the indep- 
f emdenf parmeters  q ( j - 1,2,. . , . ,1,2 ) ara selected as the 
j 

generalitad coordinates. I n  the presence of coupling an 
a W l i a r l y  dependent coordinate q* m y  be aleo u t i l i z d  
for sbenrlating the cab action, (the a~ot;ion xnaohined i n  the 
cam). 

The generalized cwrrdinates ( j  = 1, . . . ,4)  are u t i l -  
q~ 

ized for describing the configuration of the xigidly supported 
cam set. Hereby the configuration of the &irXrulilt;ed nuschanisrn 
can ba completely descWad by employing q ( j  = 1,2 ,mb*,16)  

j 
gen0rriLia;ed coordinates. 

Figure (3) ehme tha t  the model of the e n t i r e  mechanism 
consists of three submdels: follower, cam and coupling set80 
I n  the modelling process the typical  e&amant is regarded as 
an e l a s t i c  element, lumped masses and o r  r i g id  maseless elem- 
ents ,  

3-1: Modelling of the Pollower Set: 

Follower set represented by t ha t  12-J3F model conrrists of 
the f i n i t e  elements (1) up t o  (5) interconnected a t  two act ive 
pin joint8 (I, Il) and two act ive r i g id  joints  (III, IV). 
Taking in to  account the compatibility conditions, the loco 

f ation of the e e t  of generalized coordinates q ....... f 
q 12  

a re  uelectod as  shown i n  f igure  (4). In the coupled position 
of the follower set, The a w i l i a r l y  generalized coordinate q*, 
(which i s  ut i l i zed  t o  simulate the cam action) i 8  located a t  
the proper distance (a) from the parssive joint  0. 



A typ ica l  eleraent (e) of ma88 p is regarded an elastic 

element of longitudnal r i g i d i t y  M, toraictnal r i g i d i t y  GJ 
and f l e w e r a l  r ig ie icy  EL, having a uniform cross-sectional 
area A across its Length 1, The element maas and s t i f f n e s s  
matrices can be s h m  (7,8) t o  be 

- I f o r  
s y m e t r i c  156 -221 /synrtrih2 -61 / r 3 . 5  

I n  the coupled posi t ion  of the fol lawer set it may b Conven- 
i e n t  t o  subdivide the input  l ink ,  (at. the locat ion of the  aux- 
i a r y  coordinate q ) ,  into two flewcaral elm an^ a shawn i n  
f igure  (5). The &ASS &mi e t i f f n e s e  ~ ~ a t r i c e a  memured i n  a Local 

,2 <2  ,2 . 2  
eyst- (o l  a Q , o3 , ) can be synthesieed by adjoing t h e  
c h a r a c t e r i s t i c  matrices of two elements, ueing the elimination 
and condensation Cechniques, here  as. 
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In figure (5) ths alenm+s of W follower rrmt  are 
shown sepetatod. Appropriate displacmenta are l a b e l i d  on 
each, measured in the local and i n  th. gobal coordinate 
syclte&. With h - Coe QI and fi = s in  $ , a transfoxmation 
matrix R of the typical element (e), figure (l), xnay 

be defined (6,7). 

+ for  e = 2.4 , 
h 

and 

The following holds 

Where $ and Ue are mato of displacemnts at +he two 

en&r of the element i n  local and global coordinate system as 
shown i n  figure8 (1) iuld (5) .  The invariance of kinetw and 
strain energies under coordinate tranrrfomation, euch u: 

- 
0 0 0  

0 0 0  

-E.r X 0 

0 0 1  - 

and 

for e - 1,3,5 -a...(5) 

fac i l i t a t e  the expreaaing the e2emnt: m a s s  and stiffnerrs 
matrices of the e 9 element; 

e 



and 

L 
I . " Re G Re ' 

.. ..*..(9), 
Xe(s* ) .. . 

s-tric 

Where S is the number of nodal dieplacements of the 
th a-- element. By the help of the prrviourr equations, the 

tric  element ma88 and stiffness matrices nrsaeured in  
a glabal ryst;ear for the a l l  isolated el~aents rhonn in  
figure (5)  m y  kw urpree8ed .o. 
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1 
where the imrtial coeff ic ients  mij and +he elastic coeff- 

ic ient .  k a re  given i n  the app endix. 
i j 

Super imping  the k ine t ic  and r t r a i n  energies of the 
f i v e  element. shown i n  f igure  (5). the  t o t a l  energiaa may 
be expree~ed, w i n g  equations (7) and (8). a8 

and 

Here the  w e  and s t i f fnes s  Ku matrices of a l l  elem- 
ents compriring the follower set are derived by locating 
the olcaunt matrices of the f i v e  element6 along the diagonal 
i n  the reaprrctive order (6). here hu, 

The rrrlationehip. between the g e r u r r a l i d  coordinrtw * f 
q , q .......... f q 12 and tho nodal d i e p l a c ~ t a  

U1, U2, ...... U 24 of a11 elements of the follower set 
may be 4xprerraed acr 

where B i a  the connecting matrix of order (24 x 13). which 
can be easly d6duced according t o  the compatibility condition8 
through out the  follower rret. 

Therefore the maas and otiffnessr taatrfoes of the follower set 
La the cou,p&$d porritbn may ba wtpteareds wing t#quatimat 
(14) + (17): 
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The expand form equation (19) irr simillar to that 
e 

given in equation (18) where the inertial coefficient m 
e ij 

and the elastic ~Oeffi~ient Kij are given in the appendix. 

In what follows, the derivation of relatiomhip will be 

limited to the inertia properties, where as the elastic 

properties can be deduced similarly. 

The (12 x 12) maoe and stiffness matrices P'lfun and Kfu 

of the follower set in the uncoupled position can be deduced 

by eliminating the first row and coluran, (corresponding to 
* 

q ), frglg the matrace8 %c a d  Kf, as indicated by dashed 

lines in equation (189. 

For many reason8 it may be required to siaulate the 

actual syatex~ with lower degrees of freedom model such ae 

the shown 5-UP model of the follower set. In t h i s  case the 

(5 x 5) maas and stiffness matrices m y  be obtained by elim- 
* f inatingi, ah6 rowrr and columns which correspond to q ,q2, 

f f  f  f f 
(15. q5 ' % q7 ql1 .uld q:2 . figure ( 6 ) .  from the 

(13x13) Mf, and Kfc matricea. 

The resulting matricea are: 

N.B. me (5x5) stiffnerra matrix K~ has a similar form given in 

wguablsrl Q9W 



The canparison between the matrices given i n  equation 

( 2 0 )  and tha t  derived i n  reference (1) show t h a t  the  devel- 

oped matricee are more accurate f o r  expressing the i n e r t i a l  

and e l ae t i c  propertiesr since the mutual e f f ec t s  of various 

types of defonnatione are s r t i l l  maintained. 

A more precise reprersentation of the i n e r t i a l  and elas- 

ticad properties of the simulated follower e e t  can be abtained 

by using the condewation technique (6) for the mass and stiff- 

ness matricee, einoe the kinematic compatibility conditions 

are still r e m a i m .  For examp1e the elimination of the nodal 
* 

Q@neraliz%d forces Q , Q 2 4  Q3, U5 , Q6r Q7, Ul1 and U12 i~ , 
' eguivailent: +o the reduction of the (13 x 13) MfO and K f ,  

where 

The expand forms of the reduced matrices may be expressed, 

Using equatisne (11)) (19) and ( 2 1 ) t  



j 
j Symmetric 

symmetric 

Where Ai j  and Bij  are functions of the mass and e l a s t i c  
coefficients of the individual elements i n  global coordinate 
system as shown i n  t h e  appendix. 

In tha t  way, a more simplified dynamic model can be derived 
by further reducing the character is t ic  matrices. For e x u ~ p l e  
a single degree of freedo. simulated follower s e t  may be derived 

f 
by recondensation of the Mr and K r  matrice.. For example i f  q10 
i e  selected t o  be the generalized coordinate, we have 

* 
"L A24 

I 

K* - - S21s12 
%l 



It ia seen that the form of equation (23) is more con- 

venient for the dynamic investigation, since tne parametera 

Hll .... S22 contain the inertial and elastical parameters 

of the elements canpising the follower set: (See the- 

appendix). 

3-2 Modelling of the Cam Set: 

The rigidly supported cam set represented by that 4-UP 

model consists of three structural elements interconnected at 

three active nodes as shown in figure . ( 7 ) .  

The camhaft is diecretized into two fleuxeral-tereional 
elements 1 and 3 interconnected at the rigid joint XI4 The disk 

cam is idealized as nonelastic element lumped at the nodal point 
XI as shown in figure (8). I 

Aesuming uniform cross-section fleweral-torsional 

structural element. The characterfatic matrices can be shown 
(6,7) to be 

Assuming the cam element o f  inass'dand of mass moment of 

inertia f& the mass matrix may be ahown to be 



With - Coe @I and MI - S i n  cb I at the end I, the ( 6  r 6) 

transformation matrix may be defined as 

Therefore the ( t i  x 6) characteristic matricea of the structural 

element may be expresleed as: 

With the help of eqyations (12) to (15). the kinetic and strain 

sngeriee of the cam set are then given by 

and the mass and stiffness matrices of isolated elements comprieing 
the cam set *re 

The relationships between the generalized coorddnatee ........ qi @ 6 43 c$ and the nodal ciiapla(tMntc4 Ul U16, figure(&); 
mcrsy her es&x@arPrsa w&en knoP amiss t o m  $Awn Sbfi rsgcuanrefonrt ( & 6 )  ma (a.7). 
Therefore the mass and rrtAf9neoa mstxicee of  the cam eet are then 
given by 



Where the  i n e r t i a l  and e l a s t i c  coeff ic ients  are given i n  
h the appendix. If the i n e r t i a  couple concerned w i a  % is, neg- 

lected,  one get  a l r ta t ical ly  and dynamically decoupling model 

similar km t ha t  citarived i n  reference (1)' The (3 x 3) mass and 
s t i f fneee  mat;sefcse are than obtained, au i n d i a a t d  by dwhccd 
Aines i n  equation (29). 

Refer t o  (1.21, the  coupling between the follower and Ehe 
cam sets is modeled kinematically a plane submechanism f ~ S m & d  

from a set of masslee8 r i g id  links. The topology of the  coupling 
set shown i n  f igure  (9)  is governed by the tranenaission r a t i o ( i )  
which is continuously variable and depends mainly on We cam curve 
slope ( 2 ) .  

The simple model derived i n  ref  erencee (1, 2.  3. 4. 5) can 
be obtained as special  case0 of the simulated model devegoped 
here, such & f o r  example the model derived by Bloom (51 can be 

deduced by neglecting the m a s 8  and f lexabi l i ty  of the cam eet i n  
the ver t ica l  and tangential  directions,  w h i l s t  C h e  neglection of 
the  i n e r t i a  and e l a s t i c  parameters concerning the tangential  and 
tors ional  di rect ion leads t o  the  P i sae s  model (4) ae ahown i n  
figure (10-a) and (10-b) z'eqsbctively. 



It may be if intereel; to note mat the inertial and 

elastical parameters (ml, m3, K1, K g )  are expressed in 

tern of the inertial and elestical parameters of the ele- 

ments comprising the cam set. Therefore the effect of 

local modifications on the dynamic characteristics of the 

system can be ewly investigated. 

3-3 Synthesis of the characteristic matrices of the simulated 

Cam-operated transfer Mechanism: 

The characteristic matrines bl and K of the entire 
'2 '2 

mechanism are synthesized by the respective, pre and poet 

multiplication of the characteristic matrices of the foll- 

ower and cam sets in the uncoupled positions by a transfar- 

mation matrix A. The latter matrix which specifies Che com- 

patibility condition between the two sets, relate8 the 

(16 x 1) q, uncoupled vector w i t h  the (15 x 1) q, coupled 
vectok? of the entire mechanism here as 

where from definitions, we 

and 

have 

* 
The auxiliarly cooxdinate q , (which simulates the 

h h  motion machined in the cam) , and the q1 , q2 and & , 
(concerned with the vertical., tangential and toraional def- 

ormations of the can\ set as s h m  in figure 9) .  are related' 

(1) in %he! following matrix form 

The through inspection of eqna (30) t (32) reveals that 
the e~atlded foma of &a t%amefoma.trbon tacatrfx May be gdvca~r 
in tha follawmg parritiasd elchew 



With the help of equ-ione (18) and 419) the-lyth matrices 
may be partitioned in conformance with equation j Thue 

*11 
are the inertial and elastical paraumkore 

corrasp- to q . Hereby the mass and utiffne~e s~atricas 
of tihe eiaaulated entire mochrni~m may be sxpreesed. uaing .quat- 

Where from definitions, we have 

1) Mfw and Kfun are the (12 x 12) chuacterietic nmtzices 

2 )  )9h and l$, are the (3x3)  characteristic matrieea Of the 
cam set in the uncoupled position. 



4) ir~12 is the (3 x 12) off diagonal submatrix, nere as 

where 

The developed partitioned scheme factitates markedly the 
formulation effort for synkheeizing the characteristic matrix 
of the entire cam mechanism. Since the partitioned matrices 
given in equations 35 and 36 can be built up successively and 
therefore the required size of computer is considerably reduced. 

For the sake of comparieon between the present method and 
Koster's, the EoutldamentaZ freepancy is computed (See appndix 2) 

for the various versions of simulated made18 of the cam operate 
transfer mechanism by using the bound formula (9). P ~ M  %he cal- 
culation, it is shown that the error, introduced by Koster technique 
relative to the present work lie within 5.56 to 6.83 percent. 

CONCLUSION 

The preBent approximate method attempts to provide a suffic- 
iently simple and powerful tool for generating various versions 
in the modelling of the rigidly supported cam mechanism based on 
the finite element approach. 

The proposed procedure avoids the drawbacks which arise in 
the applications of many classical methods such as methods mention- 
ed here. The simple methods given in references (1, 2, 3, 4, 5) 
can be derived as special cases and as crude approximatibns of the 
developed method. 

The formulation of the mass and stiffness matrices are introd- 
uced in such a way to render the problem tackable by limited qap- 
acity computer, which affect sharply economically in the computat- 
ion effort-for the machine design. This is because the characteristic 
matrices even in the condensed forms include the inertial and 
elastic parameters of all elements comprising the original system 
in the deterministic forms. However the computed result; of the 
fundamental frequancy shows that present   nod el ling technique is 

suf f icieht. 
To integrate this Work, further study and investigation can- 

cerning the variational Cfects of inertial and elastic parameters 
of aatual constmctFvrt values of the system may be carried out in 
ah@ BUOUIBO 
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The mass coefficients of the ml matrix given in equation (11) 

are : 



The elastic coefficients of Kfc matrix given in equation (19) are: 

 he m a s s  coefficients of the M, matrix given in equation (22) axe:- 



The elastic coefficients of the Kr matrix given in equation (22) aret- 



and 

where: 

The maas coefficients of the m* given in equation (23) are: 



where ; 

2 
+(%,.A23 (~44~~~4~) 4 (h44*m11-A22 )cll+(~23..r&13) 

The elastic coefficients caf the k* given in equation (231 are:- 

% 11~a13D2~(~4-B21)+ajl[(~ll~~14)n1~~1~D1~ 



-3 f ) a d  ~3-(~44+g11*~22 IDll+ ( ~ ~ ~ - 1 1 3  D12 '('13-'23) (B44 66 11 

'b?re maae aoefficienta af the given in equation (29) are: 

1 3 9  +; i .&&)  + , 
m l P  m2 * ( 3 5  1 35 3 

Y= 1 PI 1 
m ( ) 1  3 + 8 am3 

where m i$ the maeca of cam dim.  

The elastic coefficients ef $ given in equation (29) are: 



The Calculation of the Fundamental. ir'requency 

I - Present Work:- 

The kinetic energy of the follower s e t  have 5 UP. 

1 .2 1 1 2 (T)= 2 (1.4 57) q1 + 2 k1 & + 2 (1.55714) & + 0.069643 % 
1 2 + 1- (0.53214) 4; + 0.25 $ + 2 (0.53214) %+0.06964 %&O 

2 

+ 5 (0.5572) 2 
10 

The potential  energy:- 

1 2 1 2 (v) a 2 (2e'a19) - (2-0944) q1q4 + 2 (5.64995) 8q - 2.666 qq q8 
1 

1 1 2 
(V )  = 2 (2.10154) qf -(2.0944) q1q4 + 2(2.9833) qp -(.8888) s,q8 

2 + f (1.1852) q2 -(0.29629) q8% + i(1.1652) q9-0.886 gg q10 
6 

The dynamic matrix of the follower set is given by:- 



'fie largest eigenvalue is % (fundamental f raquency) 

The dynamic matrix LO] in present work is given by:- 

The dimension of the mechanism is taken as:- 

The dynamic matrix in Koster work is given by:- 

l2 = 3 a. 

l3 3 1.5 cm. ti = I . 2 T =  conscant 

I D 1 5x5 

In present Work 

1.43647 1 .iK)517 0.53852 0.52943 0.18606 

1.61383 1.3306 2.55713 u,S5625 0.19557 

1.378548 1.1621999 0.24897 4.161072 0.13091 
; 
L.373668 1.17008 -0.1090675 0.386697 0.28679 

2.373918 1.25CM2 0.673965 1.2010614 2.06269 



Hence largest eigenvalue is XI (f oundamental f r e q u ~ c y  ) 

1640L28153 
L 

441501314.5 h1 (~~1501314.5)s 

3.73253 \(Il < 3.7662 

.'. The foundamental frequency yiven by: 
w = O.5lt14414 S-l 
1 

In koster Work:- 

The Largest eigenvalue hl is given by: 

.'. The foundamental frequency is: 

The relative deviation is given by:- 



If the system represented as a s ingle  degree of freedoil:;- 

In present work:- 

In K o s t e r  Work:- 




