Sci. J. Fac. Sci. Menofiya Univ. Vol VI (1952 97-713

A GENERALIZATION ALGORITHM FOR
SOLVING MULTI PARAMETRIC LINEAR

PROGRAMMING PROBLEM
By _

Dr. N. EL-RAMLY
Math. Dept., Faculty of Science, Menofiya University,
Shebin-El-Kom, Menofiya, Egypt.

ABSTRACT

In this paper a multi parametric linear programminé problem is consid-
ered as that of finding the set of all optimal sclutions with respect to the given
domination cone and also the set of all optimal parameters .

“The primal problem in which the parameters exist in the objective func-
tions can be solved by algorithm I . The dual problem in which the parameters

exist in the right hand side of the constraints can be solved by algorithm II .

1. Introduction :

The simplex-techniqué is an algebraic method which will solve exactly
any linear multi parametric programming problem in a finite number of steps.
This algorithm gives us the set of optimal solutions for any multd parametric -
linear programming and hence the solvability set (the set of all optimal param-
eters) . Here, solutions of the problem means that the cone extreme points of a
given optimal set with respect to a given convex cone which specifies the domain
structure of the decision-maker .
Examples are given to demonstrate the Ig‘o'ssible saving in computations

of the simplex-technique algorithm parametrically . _
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Generalization Algorithm.

2. Solving a Multi parametric linear programming
(the parameters in the o.f) :

Consider the following problem :

RO = mes S H@ae X, 4> Yh =1, (1)
=0 $=0

Subject to : M ={z € X/ Az <b, z >0}, where:

(i) X is a compact set on R"* , (ii) be concave for all j = 0,1, .., n.

To reduce 2 parameters, suppose that En: %1 =n.
g=1"°
. .
P(N) = maz (X fo@)}+Y_{ifi(@)/z € X5 Ao, 4 >0, (G =1,.,N)} (2.2)

7=1

>

put g1 =3%,j=1,..,n.
n n

From the assumption we get : 3. n;y =n,andg =n— 3, 71
j-':l j=2

‘Therefore :

Pi(n) = Xomaz {fo(z) + nfi(z) + Y _nj-1(fi(s) - h(z)/z € X,

J=2

n
%i-1>0, (j=2,..,n) and ¥ _nj_y=n} (2.3)

. i=2
This procedure can be applied to our problem with at most three objec-

tive functions to get an equivalent parametric problem with only one parameter
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. Hence problem (2.3) takes the form :

Pi(n) = maz {Z:E_,’.'Ij/xj €X,z; >0} (2.4)

j=0
where

gG=ci+9¢; n€ (n-7) be a scalar parameter subjected to
M={z; € X[Az; <b;, z; <0} (2.5)

To solve this problem, we use the following algorithm
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Algorithm I :
Step (0) :
Putnp =10 ,.b and solve the linear programming problem with compact

simplex method to have an optimal basic feasible solution z* = B~1b.

Step (1) :
Put p=1n_,in (2.4), n € (1.7) . Then we apply the compact. sunplex

method to get the end table for 7 = fgx-1
If there is one 5 (0 < s < n) with k;(m-1) <0 and épy; — & <0

(0 < j < n) go to step (5), otherwise if z; —¢; > 0, ¢Ey; — & < 0. Then

Ty = min [ﬁ; inf; { T lCayj —¢ < 0}]
v &y, —
Step (2) :
If §,_, = 7 go to step (4), otherwise substitute by 7j,_, in (2.4), go to
step (1) and if éfy; — & = 0, go to step (4) .
Step (3) :
Calculate another table (optimum) which isa similar, where zZ-c; 20,

& yj — & < 0. Then

T, = min [ﬁ; inf{ Cj 1cBTy,- —a< u}]
Kt =y, 7y =T_y , go to step (2)
Step (4) ¢
The vector z* is opﬁmum for all. q. €(m_;» Tem1) - Put ;e =me-1,
k=k+1if &fy; —& =0, gotostep (6),orifs* =y, {_, =7}, , go to

step (2) .
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Step (5) :
If there is one s*(0 < 5* < 0) with &} (m:-¢) <0, and &k, xys —&is*x <0

, §o to step (6), otherwise, we find

) Zi—¢ . .
7 = min [ﬁ, sup {—.—'_,-J——"L- Icgy,'—-c]' >0,
CRY; — &

k3 {me-1) <0 }]
If g* =77, go to step (6), or if * = nr—_1 , then go to step (1).
Step (6) : |
The problem (2.4) for all 5 € (7, 7) is unsolvable .
Step (7) : End.
With this aigoﬂthﬁl, we obtain a unique determined subdivision of
(ﬂ , ), in a finite number of subintervals and to each subinterval (5p-; , &)

there is only one optimal point, otherwise the problem is unsolvable in the cor-

responding interval .
The above algorithm can be summarized in the following flow chart
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To demonstrate algorithm I, consider the foﬂowing example :

Example (2.1) :

Let

Pi(A) = maz {Afolz) + A fi(z) + A2 fo(2)| i > 0,

(=0,1,2), zEM;iAj?l},
. =
where; f,(z) = 421 + 22 + 223, f1(2) = 21+ 22 — 23, f2() = -2+ 2y + 423
subject to M :
T+ 2+ 33<3,22, 422, +23<4,21~2,<0,2,20 (§=1,2,3).

Or, we have :
P (X)) = maz {f,(:c)+ -:\\—lfl(x)+ -A-ng(@’) IA. >0,(:=0,1,2);z€ M}

put 41 = , 3 = pg
since . ,
%}ﬁ=n—*§#s.=2—*m+m=2,
or ;1=—f2‘—k“§
put p; = n implies that gy =2 ~ g

i.e. our problem becomes :
Pi(n) = A, maz {fo(z) + (2 - ) fi(z)+nfe(z)ln >0, z € M}

or

Pi(n) = maz {(6 - 29)z1 + (T—29)z2+ 5023 | >0, 2 € M}

subject to : 21+ 22+ 23+ 24 =3 ,201 + 222423+ 25=4,21 — 22+ 26 =0,

>0 (r=1,2,..6).
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50 we have a linear parametric programming with one parameter in the objective
function, then we can solve it by algorithm I as follows : |
put =0
Pi(5) = maz {6z1 + Tz2} ,
or P(n)=62; — Tz, =0
subject to : Ty + 2, + T3 +24 =3, 25+ 220423+ 25 =4,21 - 22 +26 =0,
2,20 (r=1,2,..,6).
The optimal basic feasible solution is found to be zp = (68,2,0) in the

optimum simplex table, im which z; —~¢; =1, 23— ¢3=7/2, z5~¢s=T/2

When n#0:

Tt 1s required to perform an initial sensitivity analysis when c is changed
from (6,7,0) to [(6 - 27), (T - 2n), 55], where n is unknown . Let us write

&t =c+nc=(6,7,0)+9(-2,-2,5).

In order to perform the initial sensitivity analysis the following quantities are

required :

ép = (0,0,0); and & = (-2,-2,5)
e e§x1 -5 =2, ég:tg——ég:—s, éf,a:s—é,;:()
i.e. the first critical value of 5 is given by :

. Zi— ¢ . . ~-7/2
= miny {—:cg—;;‘—:’—é;lcg:cj—g<0} = {-—:é—} =0.7

290 =0+407=0.7; and 2@ = (0.2.0) et 0 <y < O.T

at n=0.7 :

our problem becomes

Pi(n) = maz {462, +5632+ 3523},
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or P(yg) ~ 4.6z, — 5.6z, — 3.52; =0 ;

subject to : g1+ 2o+ 23+ 24 =3 ,21+ 202423+ 2s =4 ,21—22+326=0,
2,20 (r=1,2,..6).

By a similar manner, as explained in the algorithm, continue for
=09, =14, p=24.

Hence we have the following optimum solution to given optimal problem

as
29 = (0,2,0) at 0 <n<0.7
7MW =(0,1,2) Cat 07 <np<09
z» = (0,1,2) at 09 <np<1l4
z® = (0,0,3) at 14 <9<24
z* = (0,0,3) at 24 <o

7(® = (0,2, 0) is optimal for all X € A(z°) . Therefore

0< 42 <07 13< <2
220 220; ol a2-10>0
P2 B 100 -13 A 20; <222 =M >0

ie. z(0 = (0,2,0) is optimal for all y € A(z°) ; where
A@) = {A [ Th = 1033 >0, 10A; — 134, 20,23, — Ay > 0 ;
A 20 (G=0,1,2)}. ‘
Also z(1) = (0,1,2) is optimal for all A € A(z?) , where
AGEY) = {21100 —TA >0, =523 >0, 5A ~ 34, > 0,
130, — 100 > 0; A, 20 (j=0,1,2)} .
23 = (0,0,3) is optimal for all A € A(z?), where
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A(?) = {A]5A = TA 20,124, = 5A3 > 0, 5Ay + 24, 20,

o —5M 203420 (=0,1,2)}.

Thus, the set of all efficient points is defined as :
Buw = {2, 20| 2@}

The set of optimal parameters A(z’) which associated with 17, is defined as :
A={A(z°) U A(z') U A(2?)} . (The solvability set).

- 3. Solving The Multi Parametric Linear Programming
Problem (The Parameters in the Constraints) :

Consider the primal problem :

P(A) = max {ZAJ-f)-(x)]xeX, Ay 205 ZA_,-:I}

1=0 =0

Subject to :
M={zeX|Az<b,z2>0}. (3.1)

rewriting problem (3.1), using the reduction of parameters as:

1=0

n
Pi(n) = maz {Zz,-z,» |z, €X,2; >0 } : (3.2)

where ¢, = ¢; +né; ; n €(n, ) be scalar parameter subject to
M= {xJ' EX la.'c,' S b) Ty Z 0 (] :0:1;"'7”)}

Now using the duality theorem, we can obtain a new parametric programming

problem in one parameter (the dual problem) . This dual problem takes the

form

m
Di(n) = min {Zb,y, lpr€X, 4 20, andb,zo} , (3:3)

r=0
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subject to :

N={y, € X|Dy, >¢ , where® =c+né, n > 0}
To solve the dual problem (3.3) we use a new algorithm similar to algorithm(l)
called algorithm (II) (D, (n) algorithm) .
Algorithm (II) :
Step (0) :

Put 5 = 0, and solve the linear programming problem with the compact

dual simplex method to have an optimal basic feasible solution y* = D c.

Step (1) :

Put y = gx—1 in (3.3), where 5 € (3.77) . Then we apply the compact
dual simplex method to get the end table for n = ni—1 . If there is one s
(0 < s < n), such that §, = D~'¢T < 0 go to step (5), otherwise if yp > 0,

and 6 = D~1¢T < 0. Then

. . T D;
Moy = min; [ﬁ', inf {_y()"’ [ 9; <U}]
3

Step (2) :

If f,_, = 7 go to step (4), otherwise substitute 7j;_; instead of ;1 in
(3.3), go to step (1) and if § = D~1¢T =0, go to step (4) .
Step (3) s

Calculate the optimlim table, where y;, >0, 0} = D"lé}' < 0 . Then

+I'n.
Te_yg = min; [ﬁ; inf {——y ’D"l); <0}] ,

Iy =X, My =71, 60 tostep (2)
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Step (4) :

The vector y* is optimum for all 5 ¢ (2&—1 ) Me-1) - Put 9, =M1 K

=k+1,andif 82 = D71& =0, go to step (6), otherwise, y” = X , -y = T,

, go to step (2) .
Step (5) :

If there is one s*(0 < s* < m — n) with 8} = D‘léf,r < 0, go to step

(6), otherwise, we have :

T .
7 = min; [ﬁ, sup {—yo L1080, >0, Z5o —cso <0”

s*y

If * =7, go to step (6), or if nz_; = n* , go to step (1).
Step (6) :
The problem (3.3) for all p € (1, 7) is unsolvable .

Step (7) : End.

With this algorithm, we obtain a unique determined subdiviation of
(9, 7), in a finite number of sub-intervals and to each sub-interval (9i—1 , 7)
there is only one optimal point, otherwise the problem is unsolvable in the
corresponding interval .

The algorithm (II) can be summarized in the following flow chart

Now, applying algorithm (II) to the previous example 2.1.
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Example (3.1) :

consider the problem

Pl(}‘) = maz {Aofo(z)'*' ’\lfl(x)"' A?f?(a:) lz € M; ’\j 20,
2
and ZA,- =13,
7=0
where
fo(z) = 4z, + 22 + 223,
fi(z) =21 + 832 — 25,
fo(z) = —z1 + 22+ 423
subject to M :
Ty +2+23L3,
221+ 222 +235 4,
21 —2;<50,2; 20 (i:1:2)3)‘

This problem can be reduced by using the reduction of parameters
Pi(n) = maz {(6 ~2n)z1 + (T—2p)z2 + 5923 | n >0, z € M},

subject to :

z1 +-"?2+1'34_<_3 )

28y + 282+ 23 <4 ,21—-2,<0,2,20 (r=1,2,3).
Using the duality theorem to convert the problem with the parameters in the
right hand side of the constraints i..

Di(n) = min {3y, + 42 |y € N},
subject to n : '

Nty 2 (6-20), pt+2n -y 2(T-2),

ity =5, 420 (i=1,2,3).

This problem can be rewriten in the form :
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Di(n) = min {3y; +4y2 |y € N},
subject to N :
1 -22-ystype=Qn-6), ~n -ty tys=(20-17),
“hi—ptye=-5g, ¥, 20 (s=1,2, ., 6).
To solve this problem D, (1) , we can use algorithm-II, and for getting the o.b
we shall use the dual simplex method .
putp =20
Di(n)~3y1—4y2=0, —n =22 —ys+ys = -6,
~y1 -2 +yatys =T, ~y1—ya+ye=0,
y; 20 (s=1,2,..,6).
Since all z; —¢; <0 ,i.e. min Dy(n) = 14 and the 0.bfs. is (0,3,5,0) .
Now, if 5 # 0, let us write :
t=c+nc=(-6,-7,0)+n(2,2, -5).

In order to perform the initial sensitivity analysis, we need to find :

1 -1 o0 2
D*= |0 -05 0); &=1]2
0 -05 1 -5

ie,0 =D =(0,-1,-7), and YF = (1,3.5,3.5) .

The first critical value of 7 is given by :

_ ’
n= min {——-’1’- |9,~<0}
g;

ie.
, -3.5 =35 .
= min { b T,{-}= min {3.5, 0.5} =0.5

= +0=05; andy® =(0,35,0)at0< p <05
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Put n=0.5:

our problem becomes
Dilm)-3n — 492 =0, —-pn -2 ~ys +ya = -5,
~y1-2ptystys=-6, -y —yatys=-2.35,
ys >0 (s=1,2,..,6).
By a similar way, for 5 =0.6 ,9 =097 ,andp=1.
Hence we have shown that an optimum selution to the given last problem is :

¥ = (0,3.5,0) at 0 <9<05
¥y = (0,3,2) at 05 <p<06
y» = (0.2,2.8,2) at 06 <p<097

y®) = (4.64,0.21,0) at 09 <<l
y(i) = (5,0,0) at 1 <79

Since, y = (0, 3.5, 0) is optimal for all A € A(y) , therefore

S

6< 22 ¢ <2<y

>4|>4
S |
OO |
!
W | o

&|

ie.
A )={A A =23 > A =34, >0,2) - X >0;
AjZU (j=0, 112)}
Also y™) = (0,3,0) is optimal for all A € A*(y*) , where
Ay )={A]222 =2 20,3%, =53 >0,5% —TX >0,
3o =20 20,120 (G=0,1,2)},
y® = (0.2, 2.8, 0) is optimal for all A € A*(y?) , where
Ny = {A [5A2 = 3X > 0,97\, — 100X, > 0 , 100A; — 103X, >0,
T =50 2050420 (7=0,1,2)},
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y(® = (4.66 , 0.21 , 0) is optimal for all A € A(y®) , where
AP ={A]10002 —9TX 20,2, — X >0, X >0,
1033, = 100%, 2 0; A, >0 (j=0,1,2)},
y*) = (5,0, 0) is optimal for all X € A*(y*) , where
M ={A ]2 -2 20,2 -X20;X>0 (j=0,1,2)}.
Therefore, the set of all efficient points is defined as :

E, =1 y© , yO 4@ 43 y(‘l)} .
The set of optimal parameters A(y) where y, is defined as :

A= {A@°) U A (Y) UATGYY) U AT UAT(Y)

(The solvability set).
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