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SPECTRAL AVERAGING TECHNIQUES FOR UNSYNCHRONIZED WAVEFORMS
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ABSTRACT~Two algorithms for averaging unsynchronized waveforms
are considered; the phase unvrapplng and the phase vector
technigues. The two technigues employ Fourier analysis and are
applied to simulated signals contaminated with randem noise.
They both achieve a reasconable signal~-to-nolse ratio
improvement and yleld an average waveform that 1is properly
poslticoned ¢lose to the ensemble mean delay. However, the phase
vector method is shown to have a better performance and to be
more cenvenient for produclng an undlstorted estimate of the
orlginal waveform.

Y. INTRODUCTION

S1gnal averaglng is often employed to recover a waveform
in the presence of nolse. In many <¢ases, it Is desired teo
obtain a representative pattern for an ensemble of waveforms
embedded 1in noise or to determine the freguency content
associated with a particular waveform once the effects of noise
have been eliminated. When this averaglng ls taken In the tlime
domain on an ensemble of waveforms vhich are synchronized with
respect to a time reference, the result will be a faithful
signal average., In this process, the coherence between signal
components wlll tend to enhance the slgnal during accumulatlon
while the random noise components will, tend to cancel one
another. Generally, the signal-to-noise ratlio wlll improve at a
rate proportional to the sguare root o¢f the number of
vaveforms averaged. This |Is known as coherent averaging {1l1.

A usual limitation 1imposed on obtaining a meaningful
averaqgling in the time domain for an ensemble of waveforms 1is
the lack of a synchronizing pulse. Alternatlve
Cross-correlation technlques; template matchlng and template
updating techniques are usuvally employed with unsynchronized
data. These often depend on an initial quess of the waveshape
[21. Maklng a good initial estimate may be difficult 1if there
is a low signal-to-noise ratio and especially if the signal and
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noise have similar spectral densities.

A more desirable technlque for averaglng waveforms 1ln the
absence of an extermal synchronizing signal would be one which
averages the fregquency spectra for the ensemble, for both phase
as well as magnitude. Motivated by the relationship between
phase and delay, Cheung (3] have developed a spectral averaging
technlque wvhich ylelds an estlmate of the signal at 1its mean
delay. The technique lnvolves Fourier transformatlon follwed by
an averaqing scheme whereby all harmonlcs contalned within the
amplitude and phase spectra are averaged. Transformation back
to the time domaln is then performed. Thls technigque has been
videly used In sltuatlons where 1t 1s di€fflcult to achleve
synchronizatlon for an ensemble of wvaveforms, like for
Ilnstance, in evoked electroencephalographic (EEG)} potential
signals (4,57,

This paper presents two.algorlthms for performing spectral
averaqgling namely; the phase unvrapping and the phase wvactor
methods. The capability of lmproving the signal-to-noise ratlo
for each algorlthm 1s determined through examples of slmulated
silgnals contalning noise levels comparable to those encountered
in blologlcal slgnals. The efficlency of the two algorithms to
yleld an estlimate of the slgnal whlch is positlioned c¢close ¢to
the ensemble mean delay is also compared using an ensemble of
simulated compound actlon potentlal {CAP) waveforms.

II. EMSEMBLE AYERAGE AND THE JITTER PROBLEM
If a deterministlc signal s(t}) ls corrupted by additive
nolse ni(t) and there 1s an ensemble of waveforms {ri(t)},

T, (t) = s(t) + n,(£), 1=0,...,M, 0 LT (1)

then the average of the ensemble of waveforms can be used as an
estimate of the signal

M
y(t1=—$—zri(t), It T (2
i=1

Applicatlions of this technlique in blological signal analysls
are numerous and Include the estimation of an average locomotor
electromyographlc pattern (6], elactrogastocgraphlc waveforms
{71 and electrocardlographic (ECG) beats (8].

It can be shown (1] that 1f n(t) is a zero-mean stationary
process, uncorrelated from wvaveform to another and uncorrelatad
wlth s(t), then the ensemble average forms a consistent signal
estimator, 1l.e.

E {y(t)}
Var {y(t)} —%— var {h(t)} (3)

s(t)
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where E{y(t)} 1s the expected wvalue and wvar(yl(t)} Is the
variance of y at instant t. Hence, 1t may be concluded that

the signal-to-~noise ratio improves with a Efactor Ml/z.

Ensemble averaging can also be evaluated from a filtering
standpoint. Rompelman and Ross [1] have reported that the
equivalent filter transfer function Iis

sln MmaET

S
H(E) = 7] (4)

sin £y

where T ls the waveform interval.

However, the estimation of the signal by ensemble
averaging is affected by variatlons ln slgnal delay; ensemble
average In the presence of signal Jitter results Iin a
dlstortion that can als¢o be Interpreted from a €filtering
viewpolnt.

Consider a signal waveform s{(t) which 15 subject ¢to a
random jitter di. For simplicity, let us assume di to be

unlformly distributed between (=&, &}. By ensemble averaging,

the signal 1s M

sit) = —-Il;- Z sit + &) (5)
i=1

As M tends to infinity, this is equivalent to convolving s{t)
with the distribution function P{(&). This is the same as
multiplylng the spectrum of s{t) with that of P{(S) and hence
causes smoothing. It is obvious that the wider the distribution
function P(&) {(that is, the larger time Jitter}, the sharper
the filterlng effect becomes.

If in additlon to the Jjitter, there is a significant
amount of noise, a difficult allgnment problem arises. Some
researchers have use] cross-correlatlon technigues (2,91 where
at each stage, an updated slgnal estimate is used as a template
to realign the ensemble, The convergence of these technlques
depends on the nature of the slgnal, slgnal-to-noise, and on
the Initial signal estimate. An alternatlve appreoach adopted by
some researchers utilizes the FFT transformation to determine a
good estimate of the signal at lts mean delay in the ensemble
of waveforms., This 1s known as spectral averaging,

III. SPECTRAL AVERAGING

A simple time delay manifests itself as an additive linear
phase In the frequency domain. Using thils relatlonshlp between
phase and time delay, a frequency domain averaging has been
developed. Given an ensemble of nolsy wvaveforms In which the
signal has a variable delay, spectral averaglng yields an
estimate of the slgnal at 1ts mean delay. Two different methods
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are followed to implement this averaging: the phase~-unwrapping
method and the phase vector method.

III.1 Phase-Unwrapping Methad
Consider an ensemble of (nolse-free) waveforms,

r, () = s{t - D), 1=0,....M, 0L tgrT (6}
where D1 is the delay. The Fcourler transform of rilti is

Ri(w) = [R;(@)f explip,, (w)), 4=1,...,H (7a)
vhere ,Ri(wl,-‘- |s o] (7b)
and ¢ri[m) = ¢S(m) - w Di {(7Tc}

and where ¢ represents the Fourier phase. If we could now use
these phases , ¢ri(u), to compute ¢55 vhere

¢SE [w) = ¢5(0)H— w D (8a)
and D = 2 D
M i (8b}
i=1

we could then reconstruct the signal at 1lts mean delay (101,

s(t - D} = F"{ s {w} explﬁ¢55 (w))} {9

where F ' stands for the inverse Fourler transform of the
quantlty in brackets.

However, we can not simply average +the principal phase
values of the measurements ¢ri(w) to produce ¢55(m) since, in

general, averaglng prlnclpal values glves a blased estlmate of
the principal wvalue of the average; although the phase
components calculated from the dlscrete Fourier +transform can
have values In the range [-@,®@ ], the values of ¢ri(£) are all

mapped ln the region {-m,n]. This 1is due to¢ the periadic
character of the arctg functlon. Therefore, we must use the
unwrapped phase, a functlon whlch Is rellably obtained for the
discrete Fourier transform {(DFT) by a procedure due to¢ Cheung
[3]. The procedure consists of adding or subtracting multiples
0f 2r to the phase values at appropriate frequencies in order
toc make all the dlfferences of two consecutive phase spectral
values less than n. The removal of the folds 1In the phase
spectrum reveals any trend which may be present. Thls trend
represents the displacement of the maln signai £features €from
their temporally most-symmetrlical posltlion. Therefore, the
unwrapplng procedure must be followed by a 1linear regresslon
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and a trend removal. The vhole process 15 known as "Regresslon
Spinning" [117].

Thus, with ¢ri now representing the unwrapped detrended

Fourier phase, we can write

M
& () = - 2: @, 4 (@) (10)
sD M =1

which represents the average phase value that can be used In
reconstructlng the spectral average using Eq.{9).

I1II.2 The Phase Yector Method
An alternative phase averaging procedure has been adopted
by Sayers et al. [12]. Conslider a dlscrete signal x(n) and Iits
discrete Fourier transform X(k). X{k) 1is a complex quantity
naving real and lmaginary parts R{k) and I(k]
X{k} = R(k) + I(k) {(11)

The amplitude A(k) and phase (k) of each spectral component

are defined as:
1/[R2(k) £ 1%(k) (12)

aAlk) =
I(k)

P(k}) = arctg {———} {13}
R(k) :

The average Fouriler amplltude ls computed as
_ 1 &
A(k) = EVE }: Ai(k} {14)
i=1

The average phase ls formed by the normalized vector method.
A normalised phase vector 1s defined as:

Rk} + I(k)
X(k) = = Cfk) + 3 8(k) {15}
aAlk)

The average C(k) and S(k)} of real and imaginary pazxts of the
M-varlous phase vectors are:

B 1 3 1 M
Cik) = — c. (k) S(k) = — 2: g (k) (18)
iT1 Mo

E-17
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Then the mean phase is obtalned as the arctangent of the ratio
S{k) to C(k)

- S{k}
#(k) = arctg { = } {17)
C(k)

At the end of the averaging process, the average amplitude is
combined with the average phase angle. Each harmonic 1is
considered independently and the result of an inverse discrete
Fourlier transform would yleld the spectral average.

IV. STHULATIONS

Two types of simulated signals have been used to compare
between the above averaging algorithms. The first type consists
of two hundred identical slngle cycle discrete sine signals of
length 128 samples. Each sequence 1s glven a random delay
(phase shift) derived from uniform distribution of 64 units
wide and centered at time unit 64. Random numbers wuniformly
distributed between 0 and 1 have been generated using a randonm
generaktor. A Gaussian distributed sequence has then been
generated according te an algerithm suggested in (131. The
composite signals ri(t) given in Eq.{l) are formed by adding

the Gaussian wvhite noise to signal s(t} such that the
signal-toc-noise ratio (SHNR) is

SNR = A / o (18}

vhere A is the peak of the sine wave and o is the standard
deviation of the noise. Fig.l shows examples of the signal
ri{t) with SHR of 5. Fig.2 shows a typical record with its

corresponding ampllitude and phase spectra.

The second class of simulated waveforms is an ensemble of
100 waveforms simulating the waveforms of the compound action
potantlal (CAP} of the auditory nerve response to c¢lick
stimalus. This signal is used in electrocorhleography (ECochG]
for otological and audieclogical examination. It represents
responses from individual primary auditory neurcons due to a
stimulus.

The CAP waveforms are modeled by a linear segmental
approximation; linear segments linking the exkremum points in
each waveform. The duraticn and slope of the linear segmental
representation are evaluated. The signal has been simulated
using the information derived £from +the duration and slope
dAlstributions of the original records [l4]1. It is possible to
generate series of random numbers derived from a gaussian
distribution using the mean value and twice the value of the
corresponding standard deviatiocn of the durations and slopes.
For each specific slope, a duration of random value is assigned
until an interval of 64 samples (10 msec) has been accumulated
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to produce one pseudo-~record bearing the major features of the
original CAP patterns. The resultant signal is then smoothed
using a Hanning filter in order te obtain the neareskt
shape {[Fig.3). It is clear that the original wvaveforms have
different: latencies, f.e. unsynchronized. '

¥. RESULTS
Fig.4 shows the ensemble average waveform for the 200

simulated synchreonized waveforms {SHR = 5 and ¢i= 0). Az can be

seen, in coherent averaging all signals are symmetrically
added, whereas the random noise components are summed and tend
to be reduced as the number of waveforms 1ls increased. The
figure also illustrates +the amplitude and unwrapped phase
spectra of the synchronized ensemble average. It is clear that
the ngise has been eliminated to a large extent.

The results of ensemble averaging of the unsynchronized
waveforms with uniformly distributed delay are shown in
Flg.5.a. It is clear that the signal jitter is severxe enocugh to
obscure much of the signal detajils (i.e. waveform distortionl.
The amplitude of the frequency harmonics is decreased but the
phase is still unchanged. Fig.5.b shows the ensemble averaged
CAP's, It Is clear that the pattern main features has been
altered due to the wvariable latencies of the original
vaveforms.

Fig.6.{a,b) shows the spectral average pattern using the
phase unwvrapping method. Magniktude and phase estimates were
computed as in (11) and {(12) and signal recovery performed as
in {13). The procedure allows vaveforms to be positioned close
to certaln mean delay but does not improve the SNR as much as

the coherent average (Fig.4).
The results of the phase vector method are shown in

Fig.7.{a,b). It is clear that SHR is higher than that obtalned
from the phase unwrapgping method. Moreover, the CAP waveform is
positioned closer to the mean delay of the ensemble.

The above results have been wvalidated and confirmed by
calculating +the correlation coefficient (CC) between the
average obtained from each algorithm and each waveform of the
corresponding ensem>le. As the original vaveforms have
different latencies, the sum of the calculated C(CC's are
expected to be zero i1f the resultant average Is exactly
positioned at the mean delay of the ensenmnble of waveforms. The
CC's is found to have an average wvalue of 0.0088 for the
phase unwrapping method and 0.00094 for the unit phasor method
in case of the sine waveforms (Fig.l). The corresponding values
of the CAP waveforms are: -0.342 for the phase wunvrapping
method and 0.00518 for the unit phasor technigue. These wvalues
0f the correletion cofficients confirm that the wunit phasor
method gives more accurate average pattern than that obtained
from the phase unwrapping technigue,.

YI. CONCLUSION
Two algorithms for signal averaging of unsynchronized data

have been {investigated 1iIn the present work; the phase
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vunwrapping and the phase vector methods. The two techniques
have improved the signal-to noise ratio of repetitave signals
buried in noise. They both employ the Fourier transform and
phase averaglng to achieve synchronlzation. However, the phase
vector algorithm achieves better SNR improvement and ylelds an
average pattern that is positioned closer to the ensemble mean
latency. The results obtalned are important for the evaluation
of an average pattern for an ensemble of noisy waveforms when
it is difficult to achieve synchronization.
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