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Abstract 

A two-dimensional problem is investigated on the action of a conce~::ated force app,lied to the 
axis of a circular cylindrical. elastic inclusion embedded in an elastic thick-walled tube. This is 
a generalization of an indentation problem in an infinite space previously studied by Noble and 
Hussain [Ij and revised by the author [2]. The problem is solved using a f u r  numerical approximation 
technique and numerical results are presented that allow to evaluate the angle of contact and to 
establish a comparison with the case of embedding in an infinite space. 

1 Introduction. 
Among the static problems of the Theory of Elasticity that have nuolerous applications in Engi- 
neering. the indentation problem is one of the most interesting. Due to its complexity, this problem 
is soIved exactly only in very few special cases and numerically in general cases [3]. 

In their paper [I], Noble and Hussain reduce the problem of incinsion of an infinite circu!ar 
cylinder in an infinite space to that of solving an airfoil integrai equz~ion. under the constraint 
that the elastic parameters of the media satisfy a certain relation. The same problem was treated 
by Omar and Hassan (21 who used a simpler technique to solve the dnl: series equations to which 
the problem was reduced in the general case. They showed. in particuizr. that sufficiently accurate 
results may be obtained from the first few iterations of their soiution wi:hout need to transform to 
the integral equation. 

The problem is solved following the same technique as in !2: and n u ~ e r i c a l  results are given and 
discussed for the angle of contact between the inclusion and the tube. Comparison is established 
with the case of embedding in an infinite space. In particular, it is showc :hat the present results are 
the same as the corresponding ones in [2) when the shear moddus of :ke inclusion is mu& smaller 
than thar of the outer medium. 

2 Formulation of the problem 
An infinire. isotropic. elastic circular thick-walled tube of radii c. b ( a  < i) has an inclusion in the 
fc:a of an infinite circular cylinder of radius a of another isotropic e l a s k  material. A concentrated 
force F per unit length acts on the axis of the cylinder and perpendicuiar to it. Accordingly. a 
separation region establishes in the stressed medium, the bounds of wbsch need to be determined. 
It is well-known that this problem reduces to the solution of a biharrnonic equation for the stress 
fmcrion under proper conditions. This is further reduced to :he so1ur:on of a pair of dual series 
equarions involving the unknown angle oi  separation. the soic~ion ci xi-hich may be carried out 
ncmerically using an espansion in a small parameter. = n b. :epreser.ang t h e  ratlo betwe~n the 
inner and outer radii of the rube. This allows to examine the inse xhe: :he outer radius tends to 

ixk i ty .  
Let us introduce a set of cylindrical coordinatest T. 6 .  : : ci;h 2-x.z.i roincidin~ wiih the alis 

o i  :he inclusion, che force acting a l m s  the polar axis (i = 0. Ic *.bar fo:lows. we hrie3) quote ibe 
fu;~aanlentai equations to be used in the sequel. The same ii~i,iiions as in [ I ]  will be used. 
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Fig. 1 Goematry of the problem. 

(i) The stress components are expressed in terms of the stress function @ as(foUows 

la* l a 2 @  
6 - --L-- aZ 

' - P a r ' T 2 a e 2 .  (1) 

(iij Strain-stress relations : 

2Gi,, = (1 - V)U, - V U ~ ,  2Gcee = ( I  - V ) U O  - VU,. 2Gc,s = 7,e. (2 )  

where G a ~ d  v are the coefficient of rigidity and Poisson's ratio respectively. 

iiii) Strain-dispiacement relations : 

( i v )  Boundary conditions : 

.Assuming 2 fiictioniess contact between the two bodies and a rigidly clamped outer surface 
of the tube. the boundary conditions are : 

>?here the  region of contact is -7 6 _< 7. and the quantities referring to the inclusion are 
deroted hi a '.dash". whbe the d a s h e d  quanrlties are for the rube. 

T"i bo::nd;f:; conditions m s i  be completed with the condition of uni\.aiuedness of t h ~  dis. 

.-i+. the <cZowing ghbal  equilibrium condirion should hold for both the inclusion and t h ~ .  
cube : 

F ; -2 /r(n7 c o i l  - ;a sin 0 )  r dB. ! i i !  
.O 
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From symmetry considqrations, the strcss functions 9, ip' may be shown to  have the following 
expressions : 

aF 
ip' = ---- [ ( l  - 2v')p log p cos e - 2(1 - d ) p  0 sin e] 

4 x ( 1  - v')  1 

where p = r,'a and {A ' , } ,  {B;} .  { A , ] ,  { B , ) ,  {C,}. { D , }  are coefficients to  be determined. 
The foljowing expressions for the stresses and displacements in the two media are finally ob- 

tained: 
( i )  For the inclusion ( 0 5 p < e ) 

El sin 0 - - -  6 -  - 1 O" jP - p-11 + I: n j p n  - p n - 2 ]  En sin n6 3 (1  - v l j  . n=2 
(16) 

I I 2G'E El cos B - 
2G'% = - ( l  - v l ) E o p +  -cosb'+ - i ( 1  - 2 v 1 ) ( l  - 4 ~ ' ) p '  + 2 ( 3  - 4"') logp] 

a 2 8(1  - v ' )  . 
pn+l - 5 pn-l]  E. cos n o  (17) 

ul 2G16 El cos 6 
2G'- = - - cos 8 f - [ ( l  - 2 v 1 ) ( 5  - 4 ~ ' ) ~ '  - 1 - 2 ( 3  - 4"') logp] 

0 0 8(1  - v ' )  . 
4 - 4 v 1  - -2- p"-l]  En sin nb' 

n - 1  ( 1 8 )  

(iij For the tube ( 6  < p <  1 )  
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- .  . . 
Tl,e 5oundaiy col, di:ion2 [( j ,  zr.c , , <:.;+ t ) k  f2!i2~,,i!;c ds2.i s c i e  ..-j~,!zt.:~.:.s I R  Tnr ~ : a i : ~ i o i ~ f l ~  

Eo. En,,: 2 2) .  ? and q : 
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Figure 13.  
I 
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a .ions 3 Solution of the dual series equ t '  

To find t l~c  approsinln:~ solution of the 1111ai swies eqltations I'? I )  a d  (25), wc nlake use of tlw 
rnethed suggestcd in j?!. :\pidying llw operalhr ( U  + D-') on rqxation (25), wt~crc 
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Thus the Y-th d c r  approximate solution of the dual series equations (24) and 127) n-oud be 

where {a,,} are  :he solution of the pair of dual series equations 

1 CG sin m8 - - 2 ~.cc+,B+C a,,sinn% = - m 0 5 6 5 %  
n=l  

m = 1. 2. - ,  . . .)I - 1. (29) 

which is givec Ir :2]. 
Eqiia:ions 2i:. for n running over the set of values 1, 2 , .  . . , M i 1, i o m  a set of ( M  f 1) 

homoger:eou; l r 5 a r .  algebraic equations in E, (1 5 n < M + 1). Since El = 0. the determinant 
of the 3atri.v. zi :his system of equations must vanish. from which we can dererrnine rhe angle q 
for the .:l-th 5.-ier of approximation. One then calculates the values of the roeficients Eo and 
{ E n }  ; E  2 2 3 5 121. 

4 I'i-umerical results and discussion 
Some r;umerl:z :aicuiations for the angie of contact 7 were carried out. Each oze of the figures 2-7 
shows :he curves of the angle q against the physical parameter z = a / (a T 1 ' ior di5erent values 
of the grornr:rirl: parameter E and for a definite values of v and v'. 

For :he sz ie  2; comparison with the results of [ 2 ) ,  we have plotted on figures 5 i 3  :he difference 
A71 between :r actual angie and the corresponding one for the case c = 0 i c ~ e  rreated in [Z]). 

Thc resuirr i iow that: 

1. IVken : = 13.5. i.e. when the material of the inclusion is incompressible. :he difwence Aq is 
airnost ::r.r:ant as long as Q 5 -1. 

2 For a 2 5 J 3. the difference Aq in general does not excced 10'. whatelar the ..aiues or 1,. u' 

and a. 

3.  \\-hen i: - x. i. e. when G' < G. Aq - 0 xhatever the values of 1 .  : ' and t 
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F~gure 2 The values of 7 for v = 0.0, v' = 0.0 
I I I 1 

€ = 0.0 - 
r = 0 . 1  - 
t = 0.2 - 
c = 0.3 - 
6 = 0.4 
6 = 0.5 

F~gure 3 The values of g for v = 0 1.r.' = 0.1 
17 96' / I I t 

I c = 0.0 - , 
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I r = 0 1 -  
9-! - f = O " - - -  

c = o 3  - 
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Flgure 5 T h e  values of I )  for LI = 0.0. V' = 0.3 
r; 97' t I I i 
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Figure 6 .  The vaiuca of 7 for I /  = O . ~ . L / '  = rj.s 

'1 17Oo1 I I 

Figure 7 The values of 7 for v = 0.4. ti' = 2.5 
170" ; I 
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Flgure 10 The values of AT for v = 0.2, v' = 0.2 

c = 0.2 - 21 c = 0.4 

Flgure 11 The values of 1;7 for u = 0.0.~' = 0.3 
I I I I 6 8 3 I I 
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