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ABSTRACT 

The problem of so lv ing t h e  exac t  mathematical r e p r e s s e n t a t i o n  

of e l e c t r i c a l  power.systems i s  too  complex even us ing d i g i t a l  

computers. I t  becomes more d i f f i c u l t  i f  t h e  system performance 

analyses  wi th in  a long per iod  of t ime i s  needed (e.g.  t h e  l i m i t  

cyc le  a n a l y s i s ) .  

 his paper p r e s e n t s  a new alqorllhm f o r  so lv ing s t i f f  d i f f e r -  

e n t i a l  equat ions  (SDE). This  a lgor i thm can a l s o  be used i n  

so lv ing t h e  d iscont inuous  and non l inea r  d i f f e r e n t i a l  equat ions  

with high degree of accuracy. Moreover, one can e a s i l y  change 

t h e  i t e r a t i o n  s t e p s  a s  d e s i r e d  s o  a s  t o  o b t a i n  any d e t a i l e d  

information wi th in  t h e  per iod  of i n t e r e s t .  

To show t h e  a lgor i thm power and accuracy,  an a p p l i c a t i o n  for 

solv ing e l e c t r i c a l  power system model i s  in t roduced.  

I. In t roduc t ion .  

The study of systems may be d iv ided i n t o  f o u r  p a r t s :  modeling, 

development of mathematical equat ion  d e s c r i p t i o n ,  a n a l y s i s  and 
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des ign.  The development of models f o r  phys ica l  systems, such a s  

e l e c t r i c a l  power ones, along with t h e  t h o r ~ u g h u n d e r s t a n d i n g  of 

t h e  system i s  e s s e n t i a l  f o r  t h e  success  of t h e  design.  The equat-  

i o n s  t h a t  d e s c r i b e  t h e  systems may as'sume many forms; d i f f e r e n t i a l  

equat ion  d e s c r i p t i o n  is  of i n t e r e s t  [ I ] .  To s o l v e  such d i f f e r e n -  

t i a l  equat ions ,  t h e  method of i n t e g r a t i o n  should be s tud ied  

c a r e f u l l y .  

There a r e  many c h a r a c t e r i s t i c s ,  upon which t h e  i n t e g r a t i o n  

method can be chosem, such a s  accuracy,  s i m p l i c i t y ,  s t a b i l i t y  

of t h e  s o l u t i o n  and a b i l i t y  of so lv ing  d iscont inuous  and non- 

l i n e a r  equat ions .  C l a s s i c a l  techniques  can be  used t o  so lve -  

s imple d i f f e r e n t i a l  equat ions  [ 2 ] ;  however, such techniques  f a i l  

t o  so lve  t h e  s o  c a l l e d  " s t i f f  d i f f e r e n t i a l  equations(SDE)". 

Recently, t h e  sys temat ic  method [3 ]  i s  s u c c e s s f u l l y  used t o  

s o l v e  it. 

Thi s  paper p r e s e n t s  a  new a lgor i thm f o r  so lv ing  SDE depending 

on b30th sys temat ic  and. Rungy-Kutta methods of i n t e g r a t i o n .  For 

complex models, such a s  e l e c t r i c a l  power system-one i n  which 

t h e  a n a l y s i s  should b e  considered wi th in  a long per iod  of time. 

Rungy-Kutta w i l l  be  d i f f i c u l t  and a computer t ime consumer. 

Also, t h e  sys temat ic  method wi th  a l a r g e  s t e p  of i n t e g r a t i o n  

can n o t  g i v e  any d e t a i l e d  informat ion  i f  needed. The proposed 

a lgor i thm w i l l  u se  t h e  norm of t h e  c o e f f i c i e n t  matr ix  A t o  

determine t h e  s t e p  of i n t e g r a t i o n  and consequently determine 

t h e  type  of i n t e g r a t i o n  method. 

Appl ica t ion  of t h e  proposed a lgor i thm t o  t h e  e l e c t r i c a l  power 

system model i s  in t roduced ' to  c l a r i f y  t h e  power and accuracy 

t h i s  algori thm. 

11. Statement of t h e  Problem 

Determine t h e  s e t  of d i f f e r e n t i a l  equat ions  t h a t  r e p r e s e n t  

system model i n  s t a t e  space form. Then, t h e  s t i f f n e s s  t e s t  

t h i s  d i f f e r e n t i a l  equat ions  noutl La performed a s  fo l lows,  s o  

t o  a s s ign  t h e  method of i n t e g r a t l t ~ n .  

Let  t h e  system model be i n  t h e  fo l lowing s t a t e  space form 

X = A X  + h U  - 

0 f  

t h e  

of 

a s .  
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X t h  a be t h e  k- e i g e n  va lue  of t h e  c o e f f i c i e n t  ma t r ix  A .  and 

Then, t h e  s t i f f n e s s  f a c t o r  K = 
min 

where 
-. -, li--- 

,- ̂  

,J --.- 1 max - maxk / X k  / , and 

min = mink / 'k / , 

i f  X > >  I , t hen  t h e  s e t  of d i f f e r e n t i a l  e q u a t i o n  i s  s t i f f  one.  

The i n f i n i t e  norm of A ( I I A 1 1  need be  c a l c u l a t e d  ( t h e  i n f i n i t e  

norm of A i s  d e f i n e d  a s  
n  

The problem now is: how t o  s o l v e  t h e  SDE f a s t ,  and ana lyze  

t h e  s o l u t i o n  w i t h i n  a long pe r iod  of t i m e  w i th  t h e  f a c i l i t y  of 

geCtkng any d e t a i l e d  in format ion  i f  needed? 

111. Sys temat ic  Method of I n t e g r a t i o n  

Assume t h a t  t h e  system model i s  i n  t h e  fo l l owing  s t a t e - s p a c e  

form : 
X = AX + bu - ... 0 .  ( 1 )  

Using newton-lebnktsn methotl (nnn Apt'endix A ) ,  t h e  numerical  

s o l u t i o n  of equa t ion  (1)  will tnko  t h o  fo l l owing  form: 

where H i s  t h e  i n t e g r a t i o n  s t e p ,  

A .  = t + nH . i s  t h e  t ime  i n t e r v a l  n  o 
Assuming A = 0 i n  equa t ion  ( 2 )  w i l l  d i r e c t l y  g i v e  t h e  

Rungy-kutta numer ica l  s o l u t i o n  form. 

Assume t h a t ,  

H 
i n  o t h e r  words t h e  number of i t e r a t i o n  s t e p s  N = l o g  2 - h ... ( 4 )  

where 
h  = 1 





From t h e  f i r s t  g l a n c e ,  it seems t h a t  t h e  i n c r e a s i n g  cf li w i l l  

c o n s e q u e n t l y  c a u s e  i n c r e a s i n g  of N and t h i s  makes t h e  conputa t - ior ,  

of t r a n s i t i o n  m a t r i x  l o n g e r .  T h i s  i s  n o t  t r u e ,  s ince  H i s  

n o t  d i r e c t l y  p r o p o r t i o n a l  t o  N (eqg 4 ) a n d  b l  , & 2  , ..., "r.l. need  

b e  c a l c u l a t e d  o n c e .  

S o l v i n g  t h e  SDE by  u s i n g  t h e  s y s t e m a t i c  method of  i n t e g r a t i o n  i s  

n o t  o n l y  e a s i e r  and  f a s t e r  t h a n  Rungy-kut ta  method,  b u t  a l s o  will 

g u a r a n t e e  t h e  s o l u t i o n  convergence .  

The a l g o r i t h m  f o r  s o l v i n g  t h e  SDE w i l l  e a s i l y  c o n t i n u e  a c c o r d i r g  

t o  t h e  f l o w  c h a r t  shown i n  F i g .  ( 1 ) .  

I V .  APPLICATION OF THE PROPOSED ALGORITHM TO THE ELECTRIC POWER 

SYSTEM MODEL 

C o n s i d e r  t h e  f o l l o w i n g  power s y s t e m  model which i s  c o n s i s t s  of 

synchronous  machine  t r a n s m i s s i o n  l i n e  and  i n f i n i t e  b u s b a r  a s  shown 

i n  t h e  s c h e m a t i c  d iagram of  F i g .  ( 2 ) .  

Synchronous  machine  r e p r e s e n t n  l l on [ 4  ] 



AVR r e p r e s e n t a t i o n  acco rd ing  t o  t h e  b lock  diagram i n  [ 5 ] :  

Where 

KoF = 13 t K I F  = 4.8 , KoV = 50 , K1v = 7 , 

R e s u l t s  

Three phase s h o r t  c i r c u i t  was a p p l i e d  a t  t h e  busbar  f o r  0.4 

seconds and then  i t  was c l e a r e d .  The purpose of t h a t  was t o  

s tudy  t h e  behavior  of t h e  synchronous machine and moreover,  

t o  i n v e s t i g a t e  t h e  system transinnt and s t e a d y  s t a t e  s t a b i l i t y .  

F igu re  ( 3 )  i l l u s t r a t e s  thc t r + r u ~  11-n t c h a r a c t e r i s t i c s  of t h e  



c u r r e n t s  i I iq iF , i ld and i a g a i n s t  t h e  t i m e .  Also  
1 q 

t o  s t u d y  t h e  s l i p s  and t h e  e l e c t r i c a l  power a n g l e  6 a f t e r  t h e  

s h o r t  c i r c u i t .  

Because o f  o s c i l l a t i o n  found i n  t h e  r e s p o n s e ,  a l o n g  p e r i o d  

of t i m e  was neLded f o r  i n v e s t i g a t i n g  t h e  sys tem b e h a v i o r  a f t e r  

s h o r t  c i r c u i t .  

Moreover,  t h e  d e t a i l e d  i n f o r m a t i o n  i s  needed s o  a s  t o  a n a l y z e  

p r e c i s l y  what had happened d u r i n g  t h e  t i m e  p e r i o d  of i n t e r e s t .  

T h e r e f o r e ,  t h e  i n t e g r a t i o n  s t e p  A h a s  been  chosen  t o  s a t i s f y  

t h i s  c o n d i t i o n  H < 2 /  1 I A I l m  i n  o r d e r  t o  s o l v e  t h e  SDE v e r y  

e a s y  and f a s t  ( i n  o u r  a p p l i c a t i o n  H=0.2). However i n  t h e  p e r i o d  

between tI = 3 . 5  t o  tf = 3.55 t i . e .  t h e  p e r i o d  i n  which t h e  

d e t a i l e d  i n f o r m a t i o n  was needed)  H d i d  n o t  s a t i s f y  t h a t  c o n d i t -  

i o n .  T h e r e f o r e  Rungy-Xutta method h a s  been u s e d  w i t h  i n t e g r a t i o n  

s t e p  H = 0 . 0 0 1  w i t h i n  t h n t  p e r l l d  o n l y .  

F i g u r e  ( 4 )  i l l u s t r a t e s  a l l  of t lrv r e ~ u l t s  a l o n g  w i t h  t h e  

d e t a i l e d  i n f o r m a t i o n  w i t h i n  t h e  p e r i o d  of i n t e r e s t  (3 .5 -3 .55Sec l ) .  

CONCLUSIONS ' 

The p h y s i c a l  sys tem mathemat ica l  models  h a s  been s t u d i e d .  The 

SDE s o l u t i o n  t h a t  t a k e s  a  v e r y  l o n g  computer  t i m e  u s i n g  t h e  

c l a s s i c a l  t e c h n i q u e s  h a s  been i n v e s t i g a t e d .  

A new a l g o r i t h m  t o  s o l v e  such  SDE e a s y  and f a s t  h a s  been i n t r o d -  

uced i n  t h i s  p a p e r .  

The i n f i n i t e  norm of  t h e  c o e f f i c i e n t  m a t r i x  A h a s  been u s e d  

s o  a s  t o  a s s i g n  t h e  i n t e g r a t i o n  method and  moreover ,  t h e  i n t e g r -  

a t i o n  s t e p .  

Using t h e  s y s t e m a t i c  method g u a r a n t e e s  t h e  s o l u t i o n  convergence  

and i n  a d d i t i o n  s a v e s  a computer  t i m e .  The n i c e  p r o p e r t y  o f  

u s i n g  t h e  s y s t e m a t i c  method of  i n t e g r a t i o n  i n  s o l v i n g  SDE i s  t h a t ,  

on5 can  g e t  a  d e t a i l e d  i n f o r m a t i o n  a b o u t  any p e r i o d  o f  i n t e r e s t  

j u s t  by a s s i g n i n g  t h e  i n i t i a l  and f i n a l  t i m e  of  such  a  p e r i o d .  

The ment ioned a l g o r i t h m  h a s  been a p p l i e d  t o  t h e  e l e c t r i c a l  

power sys tem.  ' 



APPENDIX A 

Sys temat ic  Method Numerical S o l u t i o n .  

Consider  t h e  fo l l owing  f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t i o n s .  

X = F ( X  , t )  - - 

wi th  t h e  i n i t i a l  c o n d i t i o n  

Newton-Lebnetsa S o l u t i o n  

where 

t n = t o + n H  

Mul t ip ly ing  - dX by d - 1 
d r  $ =  I g i v e s  

-1 d 
Xn+l 'Xn+ I $ ( t n + r )  + ( t  + T I  X ( t n + r  ) d ~  

o n  d  
By i n t e g r a t i n g  t h e  preceding  equa t ion  one g e t s  

d' 
CI [ $ ( T )  - d  d  

d t 2  
X ( t )  + , T - d t  X ( t )  ] 1 d  T 

t=t n + ~ - ~  

where C i s  an independant  m a t r i x .  
- A ( t n +  T )  P u t t i n g  + ( t n + ~ )  = e and n e g l e c t i n g  t h e  l a s t  term 

L e t  C = 0 

H 

'n+ I = 'n + j e A T d r .  f ( x n , t n )  
0 
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Fig.  ( 2 )  : Schematic diagram of the power system. 





Fig. ( 3 ) :  Transient character i s t i c s  of the g e n e r e o r  

parameters. 







Fig. (4) : Transient characteristics of the generator 

parameters along with the detailed information. 


