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ABSTRACT

The problem of solving the exact mathematical répressentation
of electrical power -systems is too complex even using digital
computers. It becomes more difficult if the system performance
analyses within a long period of time is needed (e.g. the limit
cycle analysis).

" This paper presents a new alqorithm for solving stiff differ-
ential equations (SDE). This algorithm can also be used in
solving the discontinuocus and nonlinear differential equations
with high degree of accuracy. Moreover, one can easily change
the iteration steps as desired so as to obtain any detailed
information within the period of interest,

- To show the algorithm power and accuracy, an application for
solving electrical power system model is introduced.

I. Introduction.

The study of systems may be divided into four parts: modeling,
development of mathematical equation description, analysis and
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design. The development of models for bhysical systems, such as
electrical power ones, along with the thorough understanding of
the system is essential for the success of the design. The equat-
ions that describe the systems may assume many forms; differential
equation aescription is of interest [1]. To solve such differen-
tial equations, the method of integrétion should be studied
carefully.

There are many characteristics, upon which the integration
method can be chosem, such as accuracy, simplicity, stability
of the solution and ability of solving discontinuous and non-
linear equations. Classical techniques can be used to solve:
simple differentiai equations [2]; however, such techniques fail
to solve the so called "stiff differential equations(SDE)". )

Recently, the systematic method [3] is successfully used to
solve it. '

This paper presents a new algorithm for solving SDE depending
on Both systematic and Rungy-Kutta methods of integration. For
complex models, such as electrical power system.one in which
the analysis should be considered within a long period of time,
Rungy-Kutta will be difficult and a computer time consumer.
Also, the systematic method with a large step of integration
can not give any detailed information if needed. The proposed
algorithm will use the norm of the coefficient matrix A to
determine the step of integration and consequently determine
the type of integration method.

Application of the proposed algorithm to the electrical power
system model is introduced 'to clarify the power and accuracy of
this algorithm.

II. Statement of the Problenm

Determine the set of differential egquations that represent the
system model in state space form. Then, the stiffness test of
this differential equations noud be performed as follows, so as-
to assign the method of integratiun.

Let the system model be in the following state space form

X = AX + buU
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and Ak be thexkzﬁ elgen value of the coefficient matrix A.

Thén, the stiffness féctor K = A Tax
A min
where »
- RN Amai = maxy / Ak / + and
- A
min mink / k /o
K= 1,2,3, ... ve. ,n

if K >> 1 , then the set of differential equation is stiff one.
The infinite norm of A 1(A I } need be calculated ( the infinite

norm of A is defined as
n
HA s max 02 fagy) ]
3=1

The problem now is: how to solve the SDE fast, and analyze
the solution within a long period of time with the facility of
getting any detailed information if needed?

II1I. Systematic Method of Integration

Assume that the system model is in the following state-space

form: .
X = AX + bu ces oo {1)

Using ngwton-lebnetsa method {arn Appendix A), the numerical
solution of equation (1) will take the following form:

Koey = X+ O (A,H/2) [ 2f (v +H/2, X+ ¢ (A,H/2). £(t_,X )]

- A ¢(a,H.2) f (t /X)) e (2)

where H 1s the integration step,

/tn = to + nH . is the time interval

Assuming A = 0 in equation (2) will directly give the
Rungy-kutta numerical solution form. '

Assume that,

ho= S U 3
2
in other words the number of iteration steps N = logé ~§~...(4)
where 1

h = —— . e ce (5)
IEIN
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Now, to use equation (2) in soving the stiff D.E. without using
pungy-kutta assumption, the transition matrix need be calculated
numirically as follows:

n-1
; 2 h
T
odB,H/2) = P’ at N ()
o
Let N = 0 , then
h/2
o, AH/2) = 5 P ar = ATl [(2M2 g L (9
o
where I is the identity matrix
SN2 L4y g cer el (8)
o
2ah/2_ 2_ _ '
e —(A¢O+I) -Acpo(zxdso«tz:t)+I—M1 + I (9)
comparing equation (8) and (9) gives
¢4 = % (A oo * 2 1) .o cen ... (10)

It is easy then to verify that

N-1 :
e AP opgy v e e AT
i.e. by = by-q (2T + A 4y o) cee (12)
Note that 9, Can cacily bce calculated approximately from - the
equation
h/2 2
§+1 8+1
b= & fTar=_> A (0/2) cer el (13)
o 6=0 ( 6+1)1

Note that in the systematic method, the matrix A is taken into
consideration.

Moreover, the integration step H can be decreased to get
detailed information as long as it satisfies the condition
H> —2 e (14)
liall
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From the first glance, it seems that the increasing of H will
consequently cause increasing of N and this makes the computation
of transition matrix longer. This is not true, since H

15

not directly proportional to N (egn 4)and P A N e

be calculated once.

Solving the SDE by using the systematic method of integration is
not only easier and faster than Rungy-kutta method, but also will

guarantee the solution convergence.

The algorithm for solving the SDE will easily continue according
to the flow chart shown in Fig. (1),

IV. APPLICATION OF THE PROPOSED ALGORITHM TO THE ELECTRIC POWER

SYSTEM MODEL

Consider the following power system model which is consists of
synchronous machine transmission line and infinite busbar as shown

in the schematic diagram of Fig. (2).

Synchronous machine representatton [4]
Yq = [V sing - (1+8) y q - r id] wO
?q = [~V cos g+ .(1+8)y - riq] W,
ve = g 7 re del v
Y = - i
1d [-ryq 114! Yo
W1q [-r1q l1q] wo
s = [PT T ¥y iq + wq 1d]/T
§ = S wo
. - . - —
X4 0 X3 Kog 0 1d~} ¥y
0 X 0 0 i ¥
q aq a |_1]'g
Xad 0 Xf Xad 0 te Ye
Xaa 0 Xaq. Xyg 0 tia Y14
0 0 0 X i ¥
aqg 13“ L}1q~ __1q_l
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AVR representation according to the block diagram in [5]:

%1 = WV X,-1.3 x 1072 %, y/0.828 x 1074,

.7 %

Xy = (X, - X,) / 0.26 x 1077

X, = (X, - X, / 0.26 x 1077

Xg = (S =K / 1.27 x 1072

X = (X5 - Xg) / 3.39 x 1072

R, = (Xg - X;) / 0.94 x 1077

Xg = Xg

Xg = (X7-%g) / 0.93 x 1072

Xyo = (29.5 X;=135.88 X_+106.38 X.)/0.94x10""

Xy = (Xyq = Xqq) / 0.026

Xyp = [0.93K_(9.3x107%Xg+X,~Xg) /9.3 x 107 2+K, . (X, =0.74
—O.74x11)/0.626 + KKy (X, = 0.914 X,)/0.026
+K¢ KTV (X1”0.974 X3) / 0.626 - KFBKFVF—XTZ/KT)
/ 0.66 / L

X13 = (X12 - X13) { 0.005

Xp4 = (KgpgKyg = Xqy) / 6.1

Ve = (Kp X5 - Vp) / 0.05

Where
Kop = 13+ Kyp = 4.8, Ky =50 , Koo,
K, = 0.87 , Ky = 0.087 , Ky =75 , Ky =0.27.

Results

Three phase short circuit was applied at the busbar for o.4
seconds and then it was cleared. The purpose of that was to
study the behavior of the synchronous machine and moreover,

to investigate the system transirnt and steady state stability.

Figure (3) 1llustrates the transient characteristics of the
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currents id-, iq ' iF , i1d and i1q against the time. Also
to study the slips and the electrical power angle § after the
short circuit.

Because of oscillation found in the response, a long period
of time was needed for investigating the system behavior after
short circuit.

Moreover, the detailed information is needed so as to andlyze
precisly what had happened during the time period of interest.

Therefore, the integration step H has been chosen to satisfy
this condition H < 2/ |la || in order to solve the SDE very
easy and fast (in our application H=0.2). However in the period
between tI = 3.5 to tf = 3.55 (i.e. the period in which the
detailed information was needed) H did not satisfy that condit-
ion. Therefore Rungy-Kutta method has been used with integration

step H = 0.001 within that perivnd only.,

Figure (4) illustrates all of the results along with the
detailed information within the period of interest (3.5~3.55sec)).

CONCLUSIONS -

The physical system mathematical models has been studied. The
SDE solution that takes a very long computer time using the
classical techniques has been investigated.

A new algorithm to solve such SDE easy and fast has been introd-
uced in this paper.

The infinite norm of the coefficient matrix A has been used
s0 as to assign the integration method and moreover, the integr-
ation step.

Using the systematic method guarantees the solution convergence
and in addition saves a computer time. The nice property of
using the systematic method of integration in solving SDE is that,
one can get a detailed information about any period of interest
just by assigning the initial and final time of such a period.

The mentioned algorithm has been applied to the electrical
power system. °
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APPENDIX A

Systematic Method Numerical Solution .

Consider the following first order differential equations.
X=F (X , t)
with the initial condition

X(to) = X

Newton-Lebnetsa Solution

o g
Xn+1 = xn * é d X (tn *or)odr
where
t =t +n8H
n
, dx =1 _ .
Multiplying ax by ¢ ¢ = I gives
Ho .a
Xne17%0* é $ (E +1) ple+0)gqs X (t +1 ) dr

By integrating the preceding eqguation one gets

' H
- -1 ! | -
Xopq = ¥t L1 08 (t +7) d ©+C] ¢(t) 3F X(t) )
o] t=t
n
d i T
C ¢(t)=r X(t) | - 7 U 77 At +1) dr 4+
dt t=t o o n
’ n+1
2
cat s (04 xm + g Sxopy 7 ]
at? dr de t=t_ -1
T Tn+1
where C is an independaﬂt matrix.
~A{(t,.+ .
Putting ¢(tn+T) = e n and neglecting the last term
H
_ A(t_+1)
Xn+1 = Xn + [ J e n dtr + C]
o]
e 2 5% X (t) | -ceBt g x(t) |
t=tn dt
t=t
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put H/2 AT

o(A, H/2) = [ e ar
o

Then, the systematic method numerical solution;

Ropq = X+ oA, H/2) [ 28 (t +H/2, X + ¢(A,H/2).

£ (£ X)) = A ¢ (BH/2) £ (£ ,%)]
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Fig.(1): Flow chart of the algor-
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Fig. (2): Schematic diagram of the power system,
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parameters along with the detailed information.



