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ABSTRACT:

in this rescarch different mothads of the interval analytical adjustment have
been introduced. Their quality has  been tesled by comparing Lhe results obtained

for a testing example " unidimmensional geodetic Jevel net ™. It will be shown that
an optimur soltlion can be obtained.

INTRODUCTION:

The adjustment-calculations have been established at the beginning of the
19th century using the least squares method. #t is assumed 1hat, the acridental
Considered erronr Tollows  the prabability Jaws, and the wost probable values and
the wean ervor can e calculated by measuring otlier guaatities.

H we renounce the probability theories and assume that the ingasurenen)
error will not cxcecd 2 certain Himit, so that [or all considered values, a higher
and a lower limit can be given. On usivg these inlervals of the considered values
in adjustment calculations, we will gct also intervals of the unlinown, which resulrs
[rom tonsidering all the values between the piven itz The variety of the results
based on the variety of the uscd data is an isvterval analytical question.

At the beginning of this research on Lhe problem of interval analytical adjust-
inent there s an introduction to the interval calculation. A comiputer language
will be introduced which contral the ellect of round error. Linear interval equations
will be introduced and the normal equalions (rom the modilicd equation will be
U msformed ta i, Diiferemt interval methads will be discussed for sodving the normal
i erval equalions and applied on a test exatuple (geodetic level nei).
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It will be shown Wthat an optimmn selution can be obtalned, Lbased on the property
of the M-Malrix ol the normal cquation matrix in geodetic nets.

To test the guality of rcsn!ls and the possibility of using the interval algorlthms,
the resulls will be compared with each other.

1-1 Basis of e interval calculation :-

1.1, Moore Tormulated in the 1960 s an Intervalanalysis which introduced
a new numbers-clement known as the teeval of real numbers {Nickel [1973] /11/,
Sclunitt- [1977/16f). His works constitute a main part in the Interval mathematics.
Hansen, kulisch, Nickel and others helped in the following years to develop this
branch. The aim of introducing the  interval-mathematics was to estimaua: the
Round error in numerical calculations on computers using quantity-theoretical
observations. Also to have under control its effect and zccumulation on the algorithms.

Nickel [ 1966 ] /9f asked for an errors-limit-arithmatics for computer, because

an algorithm built only on approximate vaiues without limits may be under certain
cercommencies numerically and lagically wrong.

There have been many trials in the last years to use intervat-calculations
in stastics and probability-calculations but till now there has been no sucgess.,

1-[. Delinitions and Thesis:

This part presents the important definitions and thesis of the interval analysis
I JEECK/3/1971, ALEFELD /1/1971 which will be needed later on.

Deiintion 1.1: A real closed interval [A)
IA):=1a a8, J_[af!llal\ \\ZJ
The quantity of all real closed intervals will be called [{R)

Delintion 1.2: Two Intecvals |A) and [B] are equal
[r\}:[BJ when a{ = bl ~ 32 = b2

Delintion 1.3: Connection ol two intervals [A] & [B)

From i\[R] by a calcvlation process « €[ « -, .,: ]
A *[B] = * b -~ ) b ="b
[a =« (o] {a |al\\zf\<a2 l\<\ %21

From this delinition:

ddition:

[al,a2]+[bl.b2]=la|+bl,a + b

2 2}

Subtraction:

[al’aZ]-[b]'b2]=tal-bz‘az-b|]
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Multiplication:
| ape A, bl bb , 1)2 P=1 min :‘|}hl . .'1|I12 , nZhl , az,l)2 1
‘ max [ a by, a b,y v ayby s agby 1l
Davision:
Lagsa,1 ¢ Ub,by)=la,,a,) - [Uby, t/b]

Deliniton L4 10 lower it a and upper limit a, are equal the interval 4] will

L‘lk repre=enied as pont interval .
= Al =1la, a] where a=a = 3,
Corrcs')rmdmg to definition 1.0.

The addition will have the neutral element (0,0] on 1he multiplication will have the
neutral element [t , 1]

The special character of the structure I[R) will be shown by the following two thesis
1.l and t.2.

1hesis l.l_sy__l;ﬁs_lribuliviq in 1 ji}
Cs gilt. ’
[/\] U] +[C]) < [A). (Bl + [A). [C)

Thesis 1.2 partial quamies-prggf:_rt}' in [_11_]

when (A] Z(B] and [Cl (D)

it {ollows
[A) +[C) —(B] * D)

Definition 1.5:Interval span ({A] ) of the mnterval [A] from | [R] is the diference beiween
Uie upper and fower Innits:

SPAN { [A) ) = a; -

The average [ormation with intervals will be taken as by guantities

Delinition 1.6: The .average of two intervals (A] and (B3] Irem 1 [R] gives an interval
containing real numbere which are elements [rom [A] and [B].

AN B : - {C | Ceglalac e (B))

Assuming that 3,2 bl and b27’,al, and the average

[AIN(8) are not empty and gives (A} [B) =
f_max{a ' by ], mm{a ' by 11

Definition {.7: The amount ol an interval [.f‘\] lrom I (Al corresponds to the amounts

greatest lumit.
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Lal e = max 4 all N 2, |

The jollowing part will shew how the intervul analysls can be realised through a sulioble
5

interval arithmatic. This arithinatic has to get:. -~ 'hOI,d “the 'round error automa-
tically through machin arithmatic so that result ingerval contains surely the exact
result. ’

|.7 The Realising of the intervalanalysis on the computer.

1.2.! Machine interval arithimatic.

In a computer there is a litnited quantity of numbers Lmachinenumbers) to be used
for the quantity of all the real numbers . To have the locking up property ol t!}e
interval we have to.approximate externally by .the formulation and by every arithmatic
operation [approximalion of both the lower and the upper limit to the nearest machine-
number]. This translormation  {from interval arithmatic into mashin artithmatic leads
to numerical-result interval with greater span than those of the exact result. intervals,
The following increasing thesis [SCHMITT [1977] /16/ is valid :

Thesis [.3 Increasing thesis

(A) * B} (A] * () ), = (A, * (8],

WEERE:  {A) * {13) £ exact interval operation
¢ IAa) Ll }M = Machinu operation allected by approximmation between exact

intervais.
[AJM ' [U]M = Machine operation between machine intervals.

There are many proposals for presenting intervals in computer.

lx, &) 1 More, Kulisch _
N : X = Lower limit, X = Upper limit.
X, o] : Nickel

X = mean value, G = symmetrical error limit
x = X - 6‘ : ' X = X LN

| X.,5,06) Nickel for unsynunctrical limits _
: - _}_'( = A _6' v b x + O-'
[ X, X ; XI] : Nickel {Triples-representation]

X = mean value by the real arithmatic.

The choosing of presenting method depends on the nature of the problem and the
internal-storeplace-organization of the computer. Real interval-arithmatic can also
be wused in computers, but this will lead to the loss of the locking up property of the
interval.

Therefore reals arithmatic can be used only for rough estimation of the round-ercor
elfect.

1.2.2. Computer-luterval Language

The pregrasn language has been developed on © . Elmansoura University to achieve
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conlrol on the round error automaltically by using the computer center [Nickel 11971)10/,
pe 19-221

Definition 1.8 {by NICKEL):

At =1 a, 3, a]l called triplex number where 3 < 3 a'a isnormally obtained by real
calculations. a is called the wecan value or nain value, it is “the most probable value”
[ not the arithinatic mean].

3

'y
e
1}

Fig. 1.1 "riplex nusber
A |.§_ ,"5 > 5}

Delinition 1.2: Triplex constants will be writien
Arsle, o, lwherey,r ) T real,, T

Pelinition .10 Assuming A ={a &, 2}

INF [A] gives a = inf [A] Resultiyp real
SUP LA| gives a: = sup [A), Resulttyp real
MAIN (A gives a + = mean value [A), Resulityp real
COMPOSE [r,s,1] gives . Aoz Leys,t), Resultiyp triplex

By COMPOSE the own parameters are real-values, Under conditions of t st

By connectin, <ariables in the Triplex-Program the priority rules have to be followed
{ sce Fig, 1.7

1 T R
where 1
| = Integer
T = triplex
R = real

*) in case of the division
T, otherwise |.

Frg. 1.2 Prwgrity rutes in Triplex-program.

|
|
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2. Linear Interval Cquations:

A linear real equation will have normally the Torn

AX=b ' : oz

A is a recal matrix, x and b real vectors.
Unidimensional and bidimeansional interval [ields are delined in the following way:

Detinition_2.1: If the cocliicients of a rmalrix are real Intervals, it will be called Inter-
valmalrix. 1t will be writlen as follows:
N = [ Quantity of natural numbers] .

Definition 2.2: Il the coellicientsol a vectar arereal interval, it will be called interval vector
and will be written as [ollows: '

{XJ:-—ka]] kenN

Cquations which have cocllicients as real intervals will be called Inerval equations and
have the {orm:

(AL (X) = {b) oo (2.2)

2.1 Solutions of interval equations:
DNEECK [19711 737 Tound solutions for Interval eguations assuming no singular interval
matrix [Alldet AJ0] Tor all A€[A] in 2.2 as solutions [Fig.2.1).
[ i ] The exact solution quantity [X] of the complex {X]::[XH{W A, x=zb for Ag¢[A)b ¢[b]]
The complex has a convex plyeder in n-dimensions space, and an unavailable arithimatic

method and unsuitable to be transfercd to a calculation computer center.
This leads to the locking up of the interval, :

Lit) I'he E\prirmun interval jocking up solution, which is the Interval-cover
[Xk=0inl [X], sup(X])
infl X | and sup [X] must not be clements of the quantity {X]
liti} the Interval-upper cover ~
BARE [In[ D{I -[I"]_,-__;:;[) ix| ||r?|;)l3(! r| ) rz C R

The numerical caleulations gives always an upper cover because of the known rounding of
the machine-interval arithmatic.

ig. 2.1. Complex representation X3

»f the cover and the upper cover of

(2] Ly o (b 22

(el [ 2 22 ]

orm Cowmplay
) Coever
| Shbeiulh WppReY™ Cover

2.2 Types of Crror:

in numerical calculations there are Lhree types of error [INUDINGL1973)/13/:
l- Closed error:this is difference between [X] and [X].
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2. Round error: which is not controlled in real aridimatic or theough the known approxi-

mation of the machine-interval arithmatic which Jeads only to an upper cover as
a solution.

3- Another  closed error, because the algorithms lead to uprealistic great, result
intervals lupper cover] | X] =2 [ X}

2.3 Experimental Investigations:

According to the task of this work there will-be a diilerence between the ouler
solution

[a.x=b] A¢(A)], belbl)

and the nner solution

LX | Aaelals Axeldb))

The outer solution represents the quantities of all real equations A. X = b which
fultils the interval equation. The inner solution gives the quantities of the real vectors X

which is fulfilled as interval vector [A) . 1X) = [b] [ SCHMITT{1977] /16/:. TFurthermore
the two cquation types can be written [A] L 1X] = bl

Once using an interval arithimatical Algorithm in areal equation the round error Can
be determined. The real coefficients of the starting system A. X = b will be trans-
formed to an interval by approximation to the nearest machine number. In other case

the [A) present interval matrix and [b] & [X] interval vectors, so the coeliicients are
real intervals.

Practical experience according to WONGWISES [1977] 17/ in treating linear equations
with the Triplex arithinatic (chap. 1.2] proved that the Interval-Gauss-Elimination-method

pave very pessiimistic error span. The reason {or this is that the | [R]} is not a mathema-
tical body.

Furtherinos~ areater equations i.e. absence ol pivot-Clement which does not contain
the 0. b ttos oo the matrix will be known as "muinerical singular® and the method
callapse=.  1ins beovaviour can be  theoretically expected "and quantitavely conlirmed.
In the oot i

there were many methods giving betler limits. All are iteration inethods.

ab fetm of the iteration ferm solution locking up ol an interval equation
2.2} is called © = unity matrix

S S IS ISR PR U TS R T IEEy - (23]

In all cases an approximale calculation of the {nverse of A is reguired. Presupposition
for the 5:;Ié|’lion locking up is the presence of siart interval, so that the solution contains
L)(]G_ I xM™M kAwCZY K method is the nost successul accordhng to the numerical

cxperience. Using this and other methods an interval analytical adiustment of unidimen-
tional geodetic level nets will be carried out.

G this position it has te be mentioned that, principally all the states for unidimen-
sional geodetic nets are valid for both ievel and gravimetric nets.
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3. Test Bxammple for level Net [Classic Adjustinent):

A level net has ns=40 puints and m=96 observed hight dilferences. The approxi-
tale lghts of all 1he n poiiits will be given, table 3.1, ’

All the 1y observations will be assuined  having the weights 1.

The level net will be adjusted using the provided observations [REISSMANN [1976)/14/].
To get a no singular normal equation matrix, the present degree ol Ireedem [vertical
moving] has to be eliminated by [ixing a point [ in this example point } ]. The obtained
adjustiient has a condition equation. To fulfil this condition we have 1o cancal the
corresponding peint |here point 1] from the residual cquaﬂon.z‘\ccordlngl)’ there will
be L = n-l unknown {rom the residual equation of .the form ¥ = A.X -L [REISSMANN
£1976], p.66 [14/) only the first six resedual equations will be written, [See Fig. 3.1,
tables 3.1 and 3.2}

~ fra]
v =7 - (sz+ " - + 0,0130
Y5 = - dx2 2, dx, - 0,0050
vy = | - dxz + g,0100
a - dxl| - - 0,0150
i 2 . dxj + 0,0030
Y6 - d::I| 5 dx5 - 0,0l40

I _

v = A A - L

The adjustment ol an test example (unidimensional geodetic level net) will be
down wusing computer-program specially put for it according to a public Datei of the
procedure solves a regular, symmetrical linear equation of the form A.y = r, where
A a nxn-Matrix, y and r n-dimensional vectors. (The structural diagram of this computer
program is shown in Appendix A), The results are given in Tab. 3.3

4. Interval analytical simplificd adjustment of unidimensional nets :

The classic adjustiment using the least squares method {REISSMANN [1976], p. 65/14/]
starting from the modified resdual equation .

VA . X-1 L&.1]
leads to a normal equation of the type '

A A x - AlpPL = 0
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Point Measured
nuraber Level Cy--.}

) 9.2040
2 748470
3 10.G780
A E.1200
5 15.9220
b 26.G450
7 172.%910
8 2N.8400
9 1844440
10 lea 249230
i 26.%2140
12 200650
i3 15.1170
tH 2044550
15 23.4100
te 30.CcH400
17 28.4%970
18 20+ 1680
19 21.9870
20 29.84%20
2 4C.110D
22 IL.5610
23 25.3890D
21 354450
25 I1+6220
24 25+42320
27 27.04%0
28 3t.0910
29 29.7040
o 2744810
31! 24.2630
iz 12.9050
33 ls.51130
34 22.1280
15 25.789Q
s 23131210
37 IC. 4890
kY t8.7970
9 19-49%0
40 lo.84950

Table 3. ¢
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Lines 1 - 43 Lines L9 - 94
o To Froum T bs, (m
S Ols. (m) . . oos-
2 1 l.B500 1& z tGaLv00
2 3 2.524n0 22 21 n.543J0
z 4 C.so9p 24 23 46590
4 | 1+2930 25 21 U R
1 5 6.51390 1& P L.Cu70
4 5 7.700¢ 15 22 7.9340
b 3 1. 3530 21 L2 &+ 1770
a " "15.9¢10 22 2y a.erdc
5§ o 17.%050 15 23 l.7720
s & (RSN 81 3] 41 1=1e9n"°
7 5 H.074¢ 23 JG Z.lcag
8 & l.192n 23 rgll 10830
& 12 Z.u27n 10 | 747910
5 7 Z.ULoo 29 24 .70
7 8 LN 1 25 24 Jeunzu
? 2 Lityg 20 25 1.52%0
7 u EERR R 27 25 N1.%7460
10 Yy 2.2C03n 27 /8 3.150
1Q it Bab( i AY 27 J.73tn
B 11 2.L720 v 27 7+5350
] 12 Je232C 26 27 49210
[ Yz lel125¢ 19 2t 6420
14 12 7.439¢0 1 16 Ge1340
13 12 12«%100 v J& U250
3 (4 179950 ia t e L7110
3 11 S5+0:230 Rl L O«atyqq
13 1% n.nicep Js rg:| H6+76230
12 fa LebLZEQ RYS 5 249490
{4 is 2.9730 37 b Z2:8010
14 1& §.3540 hY:| 14 1.5180
14 11 ¢.2020 s 28 H.3140
11 16 d.1lgqg 29 2 G+3740
15 14 720 0 29 Z:2910
17 1& 15240 a4 29 7.5590
I 17 15040 ig 29 l.9220
10 11 ILsobb0 34 s Jeb370
190 17 t2.28'0 7 34 1+6480
14 17 B.3190 13 14 G400
iy 16 l.92230 32 34 2.2270
la 17 l.8L60 34 e G.3400
19 2u 2.8810 31 hES J.2180
10 20 4.6640 L ¥ LIV 7.5480
20 17 3460 3z 3 1.342n0
2u 21 15.2120 1) 12 4.3720
20 25 47510 32 37 4.9770
20 7 2.2010 az 35 S+2970
20 26 c.uCH0 k]:! 37 17130
17 21l 11.5910 49 ly 7.9420

Table 3. 2,
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where ¢

M = resedual equation malrix -
s = weight matrix

X = unlanown vector

L - = absolute vector

The interval anatytical adjustment starts in the following way !

.1, The simplified adjustment with intervals:

It is well known that all measurements are accompanied by error arising [rom
instrument, method, measured results, and the experience of the person. This error
moves within certain limits [Defin. 1.1] which can be given for each observation as
an interval containing the right values. The value ol each interval will be determincd
and has lo be [lixed [rom variable to the other. Using this observaiion intervals [L.|
"in adjustment calculations, -the absolute member veclor L in [4.1]) will be translerrée
to [, and we are looking for the inner solution of the cover{chap. 2.3} According to
delinition 1.4 & 2.1, a matrix B with a point-interval coefficient, Point-interval-matrix,

weitten D, Accardingly, normal equation [4.1] transier ' to the following linear interval
equation: )

At e A X s At el N (75

This cquation is the most general representation of an ‘interval norinal equation and
the starting point for determining the solution,Equation[4.3] is known as modified interval
adjustment equation [SCHMITT [1977)/16/. ,

ft is impertant to notice that : difference in weight of the different observations
is unlogic and wrong, because only the reliability of the observations will be reflected
in the value of the interval span,smaller interval span will give more exact measurements.
[ is identical to the unit matrix and (4.3} will be simplified to the following form :

AUUA LX) = At

To summarize it is noticed that: interval analytical adjustment is in fact an
optimisation operation [BEECK [1971/3/). 1t renounces on considering the error according
to the probability. theories. Dby using observation-intervals, it gives intervals for the
unknown, allowing the determination of the exactness of the unknown.

SCHMITT [1977)/16/ wused successlulty the interval analysis as alternative for direct
solution of real equations by rounding-error estimations [unreal intervals [chap. 2.3]

The interval analysis has failed till now as alternative {or error estimation of the break-
through because of the too pessimistic results-intervals. It is hoped that this research
[see chap. 4.4) will help in considering the interval analysis to be an esseritial part
‘{ the adjustinent calcutations by presenting the algorithm leading to the optimum

dution locking up ; at least in the unidimensional geodetic nets.
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l L Fafan 3'1|AAV(
Pomk- Ny, ) heasuredt ()| achusk. H On| error (o) )

1 9.3840 ?.3840 a.a¢co
2 FA5Ue0 T.5454 G.0100
3 1G.C780 10.0785 0.a11y
i 0.1200 6.134s 0.0092
5 15.7220 15.920 0.00%%
2 2§.CH450 26,0353 o.0110
7 t7.9910 17.975G 0.Gl24
8 24%.84900 Z4.8381 0.0128
q 18444960 184277 D014
Ic 1642430 14,2371 0.0140
11 26-3240 2549133 0.012)5%
t2 20,0600 28.(:99) D012
13 184170 {51 14T L«D{25
14 20446550 20+461%¢0 0.0139
15 2).4100 21.6084 D.C1vs
15 InLCIRO 0.020C G0 ny
17 28,4970 20.501% 30145
18 201640 20.176G9 0.0154
{7 21.%870 2149804 0«07}
20 24.8420 24.p422 C.015%
2] 40.1 )00 40.0%94 . 0.015%2
22 J1.5410 31.554% 0+0154
22 25.38%0 2543861 Q.0140
24 15,4850 35.45234 0:015%
i5 31.4230 31.6208 00142
24 25,4320 Z5. 4350 0.0170
27 C 2740490 27.054L 0+0155
2Q 30.G6%10 J0.D8s2 0:0169
29 29.7Q40 29,7083 D.0)49
Jo 27.4410 274755 0.0147
31 242870 24,2852 Q0178
32 1%.9050 1?.9051% g.q17e
1 15.51230 15.5257 0.01858
2 2z2+1200 22.12%0 Q0172
35 25.7830 25.78CH 0.0171
3& 23.2340 23.21Cs 00171
37 20,1890 20,4910 0:0174
3o 18.797¢C 18,7955 0.0102
19 194990 19.505] 0,075
ac ID.8450 10,8549 00198

—

Classic  aoljuttment

(MEJ) vol. 13, NO.Z,Decemberl988

U.ﬂ{]'} .-

Fig. 3.3

o8
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g.1.1, choosing the gbservalions-intervals in the test example: ,

In classic adjustiment, the mean square error of the ubservation Li will be caleulated
mosmg o [0.6]
I

my = e meap square ercor ol the unit weight

Pi = weight ol the observation Li'
In the tlest example the true value ol a certain cbservation L, lies between L, - ml
to [Lj . mi]
The interval span is (2 . mi]. assuining P.I = 1 lor all cbservations L.I. For the test example

| Triplex-representation] chap. 1.2.1, we recieve the observation-Interval

L Li - m L.I ' Li + [4.6]

0’ 0!

From 4.6 we obtain the absolute member interval [or a reseidual equation ‘w.’1 [Triplex-
represcntaiion) '

[‘li‘mﬁ'li’ll*m(}]

The.absolute member interval is  symmetrical according to the observations intervals.
For example we present the Ist' 6 members of the absolute member interval vectors
of the test example in example 4.1, compare example 3.1.

Example 4.1

- - 0,0007 , + 90,0130 ) v 0,0267
- 0,0187 ) - 0,0050 , + 0,0087
- 0,0037 , + 0,0100 ) + 00,0237
- 0,0287 , - 0,0150 , - 0,0013 |=[L)
- Q,0107 R + 0,0030 N + D067
- 0,0277 - - 0,0140" , - 0,0003
L]

4.1,2. Criterion foc comparison between classic and interval adjustment:

The accuracy of the used interval method will be tested by comparing the result
interval of the iiterval adjustinent with the corresponding mean . __error_intesvatl
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from classic adjusument, Ior cach unknown. The mean _ error

interval® will be
lixed as {cllows [Triplex representation]:

X.o- X. SAam. 1 e, b,
1 \J mxi, P XI 1 Illxi i {h.3)
where !
X.l = adjusted Unlnown
My = Incan square ecror ol the adjusted unknown.
i :
The mean creor interval will be contain the best fit value ol he unknown only

according -to a certain probability. On the other hand, the results interval will surely
conlain the best fit value of the unknown assuiming that \he observations are within the
observalions-intervals.

Ibest results ol cemparison can ‘be oblained on comparmg the span of results intervai
and the mean : error interval.

4.2 interval adjustment using the left inverted malrix, also comparing the results
with the classic adjustment results:

The method has been proposed by BRUNKE (1977)5/ and tested on a EDMuet.
To avoid the dependant intervals [Chap.2.2] and the increase of the result-span’ Brunke

used a real matrix which will be muitiplicd with the abselute ember-interval-vector
L] to give the result

“cwmb an interval ~|.or.nal equation of the Jorm {4.4] by using the matrix rules to lind [ X}

Axapiatart Al {

BRUNKE 1977}, p.30/3/ used the Tollowing delinition:

Definition 4.1: A is a real mxn-Matrix and n< m and R ['\] R [i\t AJ nl R

LA} = Rang: ol the matrix /\] The matrix A'L' : [A AJ Al whlch is the left
inverted matrix of . A and .’\L A = £ |C = unity matrix] [rom 4.9 lA AJ alis
the required malrix, and the cow puter- Programs have been put to carry out the
solution.

4.2.1 Selution Using Triplex-Intervals.

To get the lock-up property of the solution [ X] Vriplex arltlnnallc has been used [comp.1.2]).
L] consits of L lower limit, L wean value and L the higher limit, it will be fermed
according to 4.7, {is used the Triplex-program)



C. 16 A. B. EL-ORABY

The calculation as [ollows :

[i] - Fixing point | leads to reduction of the unknowns
l 1o l =n-1

The Triplex - vector [1} will be calculated from | and the mean square error
ol the weight unity

- -1 1
[ii] -A‘Pandx\"_=[A‘PA] Al p

will be determined at P = C

[iii] - Using the multiplication A'll_ with [1) 10 get the Triplexsolution {x].

(iv] - Using the machine - interval - arithimatic {1 - 2 - 1], we get an approximation
with which [x] presents an interval upper covec contalning the solution.

On adding the approximate levels to {X] we get the (inal value of the unknown
X; as triplex number x.. A triplex unknewn x gives x the lower limit K the most probable
value and x the upper limit of the unknown x.
The results are Tound.in table 4.1,
From table #.1 it is clear that the mean value of the unknown is equal to the most

probable value of the unknown frotn the classic adjustinent (see del. 1.8, compare Tab.).3
and Compare &.1.1).

To compare the quality of the method used, the spans ol the unknown irom the Interval
adjustment has to be compared with iean ercar interval as in Tab. 4.2, It is
clear that the span ol the unknown has a mean value ol seven times the mean .
etror-interval and ranges between 3,32 [at point 8} and £.87 [at point 39} This way
does not prevent the dependence of ihe intervals in the calculation. In order to see,
the value of increase In the span due to exlernal approximation, the same solution
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FNTERVAL ADIUSTMGENT

C.

Lower Limilz | golfwitk eod wprer Lewak 5\'1'%"'\‘_1
P";;‘}_" (™) vrlug () [ ) Ax __(_W\)
1 2 3 4 5
1 ?+385% F.3B6( 23860 .0000
Z 745099 7:545¢4 745810 C.0708
a 1C.C277 1C.G?05 10.12%% L. 104
I GalCHy Bl dhig 0.1852 G.0607
5 150599 L6724 1549630 G,07719
13 25,7075 26.0162 26,085 CeO774
7 179141 17.9750 18.C242 012179
i 2047651 24.98238) 28,9109 0.1455
] 16.3192 18,4277 13,511 Caldas
0 IR Yy 16:237) l6.3287 C.1824
11 24.0317 269163 27.0010 L.164a%
12 279949 20,0593 28.121% L+1248
13 15.039] 15.114¢ 15,1942 L1597
14 2045527 2N. 639 20.7268 G.1722
15 23.5102 21.608¢ 23.7073 C.l1948
16 29+9230 IN.LZOL 3D. 1165 Cai®di
L7 28.4( 41 20.504y 28,6039 C,1987
18 L 200842 2N. 1759 20.2670 re2224
19 210547 21.9850 22.115) 0.2578
¢ 24.7238 24.8422 21,9810 C.23680
21 19902 1C0.0994 4O. 200 O«.2180
2 J1«4453 11.551y Ilebb3Yy Le2i7a
23 2642575 25,3180} 75.L029 0.245]
24 IL+3323 35,9524 15,5793 L2917
25 31.4962 M .6200 11,7054 0.2%80
26 254499 25.631%0 25,2774 G.2827
27 2649148 2FLLSHL 27.1%17 t.2781
20 2949014 IN.LB862 30.22n3 £.2842
29 295447 2%.7082 29.4u5CY u,2832
30 2742372 27.4975, 27.5120 0.2759
no 24.122] 29,2652 24,4084 0.,285¢4
‘32 12,7647 19.206} 20.U55) L.2%980
33 th.d70y4 I5.5257 1S5.4816 0.31as
hL] 219901 22.12%0 22.2848% L2979
is 25.46300 25,780y 25.92304 0.2998
34 2)-1008 21.12104 23.400% D.299%3
37 20.3142 20,4914 20,0464 G.3094
18 18.6182 Ip.795¢5 18,9512 L3174
kY 19.3525 17+5053 1946577 C.3047
40 1C.6903 In.05"e 11,0190 o.3201
SPpan of ohservabivms = v.02Fh ()

Table §.)

17
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ITnterval _ Y Classic
Aclfuskment -
Poenk | Span CXJI SrEan (] Span %)/ SPan (my)
SN, (Y (™) &
1 - 3 .
1 0,000 0,0000 _
2 . 0,C711 0,0200 3,56
3 0,1018 | 9.0222 487
: 90,0611 0.0184
5 10,0767 0,0198 %T%H
6. 10,0976 0,0220 i iy
7 00,1221 0,0248 5'92
8 0,1458 0,0252 5'75
9 | 0,1689 0,0286 244
10 0,1827 0,0280 653
11 0,1693 ,0270 e'29
12 0,1250 0,0248 5! ok
13 00,1601 0,0270 5'g3
4 0,1737 0,0278 8 a2
15 0,1971 0,0292 .75
6 0,1935 0,0288 652
18 0,2228 010312 oeo7
19 0,2584 0‘05q2 7,56
20 | 0,2572 0,0310 523
21 0,2184 0,0304 2048
22 0,2181 0,0308 5' 08
24 0,2420 . 0,0%18 2 6
22 0, 2491 0,0324 7,69
26 0,2833 0.0340 I
27 0,2?89 0‘0530 3,45
28 0,2847 0,0338 82
29 00,2838 0,0328 840
}1 0|2865 0|0556 ?.59
A2 00,3004 0,035G 84
3 0,312 0,0370 84
35 0, 3004 0,0346 8'ea
56 0,2999 0‘03”2 B,??
37 0,3102 0,0352 584
23 Q,3180 .| o,036% 874
39 Q, 3052 0,0344 8188
40 0,3287 0.0396 849
Table 4.2 Mean 1+ 7,01

M!'ﬂl-\"‘n‘-\m U“’!L{C
H Hax:‘mqm Vc‘l'(l..{c

]|
n
1]
1l
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has been repeated using real interval i ithimatic.

4.2.2. Solution using Real Intervals:

The absolute-member-vector |L] will be replaced through three real vectors:

L, containing the *lower limit
L the maost probale value

L"J upper limit L2 ol the absolute ‘member-vector.

These calculations do no) allow any apnroxlmmion. Table 4.3 presents the results
ol lhe test example.

Comparing these results with those in table 4.2 we [ind that:

— On wusing real interval arithmatic the span is sinaller to the [acloe 0.92 [point 4Q)
and 0,72 (point 2] compared with the Triplex-caleulations.

~-The extemal approximations increased the span in comparisen with real interval-arithmatic
results with about 18%.

To summerize we [ind that:

The interval calculation through the lelt inverted-matrix does not eradicate the
elfect of the dependence of the intervals, A great interval-uppercover for the adjusted
unknown which has a mean value ol seven times that of the mean error-interval of
the classic adjustment has been obtained.

Ihe span incrcases as the distance from the f{ixed point increases, and this is another
mdication ol the cxplained dependence. Fromn these fact it is clear that the interval
adjustment through these left-inverted-matrix is not suitable to be applied on unidimen-

sional pgeedetic nets. For better results different methods have been experimentally
examined INICKEL [1978)/12/.

4.3 Interval adjustment by the krawczyk-method and comparison with the classic
adjustment of the test exampe:

The krawczyk method is suitable for solving linear interval equations. Therelore
it can lead to the solution locking up of the interval-normal-equation [see eq.4.3]).

4.3.1, krawczyk method:

This is an Iterations method pri<ented by WONGWISES [1977)/17/ fer solvmg systems
of the form

A(XJ:b

..... [#.10]
The iterations steps are:
[ XI. ne| JJ= l I.IE"I_}_I {\JI. X[”I I . '_‘i‘-ll:) Jn [ X[nJJ _____ [QIIJ
wiere L = Unity matrix L
B A

P comparc t2.3] ]
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INTERVAL ADJUSTIMENT

Cwith 4pai athmalics)

TPOI'ﬂt Lower |y Asliustedd Upprer Lrmig S[70 (v
A {ry vatue (m) tm) .
1 2 3 4 5
o I 9 ddog 9. Jasu L.0uno
4 7olilol 7T.h I L7204 L1580

3 -0 360 a2y 12.1211 L.Nnasz
4 Lall ?r d. 1A D.tenz ! C.C0512
o 1S ey 16 .72 19.90459 LaQ&27
b AT JPTII K ] ?éd.L 7ab L1 0N
7 LM Tennz 17.2700 .uz2oy Ly lN74
1} 2.17T7H R R LN 2. Lel 231
% [ RV ST 10,0277 If.450% LS
1c Yoo 0,7 1a.227 (AN RS L+ 1Y%

il 27 2u.4 0] 240w 35y Le1392
12 Slhosg i ) 2ra ny LI I B 3] L.1070
12 1hal a7 111 1S 1010 Ll 354
11 PR FFALR] LIS L P FAY I R L1 L1477

14 Tietoct Jaaahiny 21,097 L1771

l& MeR ol it 24 10,1137 L1675

17 e TR ILITN U L227 Lel?41

1o 2.l 735 2t .1 Ty 20,779 L.204]
17 Slhelie7n 21, 22,1020 L.223s4

an THhaTN? 'Mail2y PRSI L2170

21 LI a1 70y M0 1967 LelRNS

L2 Al LGNy M ay L1903

23 2Uelute I ETR A | L% 2y L.2251

o 0. 3uzn bR T 35 L0 n.22119

25 RSN A Jlevdiy L7IN3 Lae2292

24 2% a4 B 20.6300 ?u.told2 (- 2510

pr F e 2705 zi. 02 lL.252%G

21 TY.YLnT WLy 302165 Le2006

29 2¥atrnz 27.700) 29.b6)7% L2502

G 2523074 27.1701, 270015 [v25]9

Jl 2.11332 29,2652 29.2392) L2441

iz 177t 12.5C5) 2.7 L2751

2 1Y.3p2> 15.525%7 15 66%2 L2817}

a4 2200022 2139y 22,2715 L2727

s 29.01)1 25200y ?5.917% Ge27492

& 23002 21330, t3d.1602 L2755

37 2L 3ugg I M R Z2U.0ul3l L-2941

Jd LGty 13.7757, Ia.va¢e L.2%0C0

19 193667 175000 IEXY R LT L.277)

‘c 10«70, It .05y tl.lusy C.3013

Sran a{p abServ;HonS = 6027l (m)

Table 4. 3
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Thus, there are fhree important guestions:

[ i} How to obtnn the vajue of =l 2

i ftions i (s locki (<19
i) Under wluch conditions is the method couvergent, so that rosulls locking up
las severe wonoton interval veglor serics: ’

W ooty
which converges at the interval cover 7
{iit) How can p! - N
The solution in krawczyk method will be as [oliows :

‘ - - -1
- Qpposit 10 olher mecthods, B ‘ will be used for A and not [0 ')
- The method converges when the matrix norm {matrix-porm of matrix A:

AL : = max {:: RN
[ ][l]n

pe-ot oA [ {1.12)

To avoid increase in interval which leads to the mwnerical singularity a “delect guessing”
is vsed. The defect malerix R deltned as

Ri=E-B A we get
oy . Nl - A%, ¢ AU TR
(X240 = Lyl R X , L4.13}
where X €[X): =B b
: S ,

Il more details explanations are required refer to WONGWISES 11977) 7 17 /. A triplex
program has been lormmulated {or this method which consists of four procedures.

.3.2. Interval adjustment by the krawczyl-method
To apply the krawezyk method on an interval-equation of the form
b i\
Ap o IR - Al plL}

which has absolute member-vector assumed to be real interval vector, we have to replace
the b with a real interval vector |b) by changing the procedure. Otherwise, the procedure
ol WONGWISES/17f {1977] has been slightly changed. The required data has been taken
from the tes1 example. Table &% present the results obtained.

Comparing these results with theose in table 3.3 shows that the mean value of the
resuits interval is not identical with the most probable value of the classic adjustinent.
The maximum difference between mean value and the most probable value of the classic
adjustment s 0.01G2 m (point 9). These diflerence are of accidental nature. Therelore
it 15 better not to use the mean valye as the most probale vaive. It 15 easy te examine
il the result interval contains the most probable vailue of the ciassic adjustment.
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vals,
These result intervals ace synunetrical corresponding to the symmetr|cal exlt Interve

On comparing the span dx Leoluinn 5] with the result lnlerva]—spanit is formed as
lollows : . . ‘

Upper limit lcelumn #]-Lower limit [column 2], we find that the result span is
maximum 0.003 m Ipoint ¢ & 1] greater than the span dx (Tab. 4.1 & 4.2]

The mean dx is smaller than the dx in the left inverted solution which may be
attributed to the ellect of the approximation in each calculation which may be dependent
on the size ol the interval span.

The result span is compared in table 4.3 with the mean-error interval.
By examinaticn of the span in tables 4.5 and 4.4 we find that:

The span LX) does not increase with increasing the distance from the lixed poinit.
On beginning from  the test cxample wilh an observation-interval-span = 0,0274 llor
all observations, we gel for point 2 the greaiest interval span 0,0807 m and for point
40 the smallest interval span 0272 n. Correspondingly, the spans [X] are maximum
4 times lpoint 2] and minimum 0,7 times {point 40] greater than the span [mx]. The
spans [X] increase with respect to lhe mean-error-interval by the factor 2. We ha\fe
.to pay attention that, the result interval contains the..real values, while in the classic
adjustment will be within probability <1} {or the confidence interval.

The unrequired dependence ol the inlervals {ollowed by increase in the result span
on using the krawczyk methed is smaller in applying it to, the test example compared
wilh that obtained by using the lelt-inverted solution.

4.6 Optimum _interval locking up of the interval normal equation using the M-Matrix

property, and comparison with the classic_adjustiment in case ol the test example:

LEvery norimal gquation maltrix At p Aol unidimensional net shows the following
sigh distribution i the modilied adjustinent:

B

Example 4.1 sign distribution o the nurmal equation matrix.Applying on the test example
will have: '

300 -l .00 0 0
0 3 - 0 -l 0 0
0 ¢ 50 -1 - 0 ¢
0 0 o & -1 -l 0

0 0 6 0o 9o o ... 2
Sxample 8.2 : Normal equation matrix of the test example. Moreover the normal equation

matrix presents according to Varga a defined M-Matrix which is delined as follows
[BARTH [1978)/.2/). '
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c_,\'nt N -, - .
P Ny, L°"‘E°:13L """k( Mean (mJ[ ""PF"-Y‘,J;"“L Span Celx)im)
e ——— — L

] 2 | = | s 5

1 93659 ?.3000 F.3060 L.po0p0

F{ 7.5C70 F.5Hu01 ?.L8u5 L.080&

3 It 022 1t.enl) 10.12L2 L0227

4 Bl ds a.12314 B.1632 0.D5%&

5 19.80%7 15.%9223 15.¥54% L.0645

[ 2a.(i(AC 26.07C3 26.L725 G.Os42

7 t7.9c0n 179012 18.C]1t8 G.05608

a 2%.04(07 29,8409 24,0529 L.C740
9 4.0 101379 18.49658 L.055]

10 tha2101 BEER A HE] 1d.0nCY L.G701
1 26607 24.9237 28.9581 G051
12 . 2U.0 390 20.0 442 26,0809 L.-gu440
1] 151672 PR I54149%Q L0814
i 20 a0 %0 20680 20 b2 L0553
15 2).L015 214167 2l.54v8 0.0642
16 (e At.1 291 JL.LSTH C.054%
12 Sty ? 28.510¢9 28,5401 L.0582
18 2L 140y 2.1 74¢ 20204y G+Gé0D2
i 21.74%2 21.902¢ 22,0161 L0647
20 I¥.0117 21n.8421 2M.0725 G.0507
2\ N7 72 HN.1008 4D.1 )42 C.0549
2 d1.5373 31546172 Jl.b712 0.0517
13 . 203549 25.2387; 254174 0.0606
24 G437 1IN %60 35,4882 U.0563
25 11.068C Jlab2h] Ji.e5G) 0.0521
26 2. 0090 2G9.6302 250606, C.0507
27 2740245 27.05]0) 27.07948° 0529
20 r.Cnc It.0064 30.115%, 0.90507
29 2954030 297112 29.72194 0.0552
10 27.4534 27.4793 27.5061 c.0518
31 2. 2970 24,2702 249.2910 C.0454
212 1¥.000C "19.905¢ 19.923t% C.0518
13 15.497] 1552 1S+561t 0.0538
14 - 22.1159 22.1387 22.157% 0.0414
15 25%.755% 25.7784 25.6C08 CeCH4B
L6 23,2072 213318 23,158%5 C.0474
37 2044703 ° 20.1004 20.60489 0.0134%
a0 io.?773p In.?9%u 1B.U)65 C.043]
A9 1294372 19.509 1%.%208 C.0231
4a .10 G284 1D.852) 10. 84642 c.cz7e

= 02 {m)
= 2

3PN of obServitigng

Ilergliion Mt b e

Ta b{g ['i’_
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labio&.5

l
i

]

L

Tabterval - classic
Acljustment
Pomt | sPanm cx) FLIA Cmy) | Srdn () SPI (my)
M. () (M)
1 2 3 4
1 0, 0001 0,0000 -
2 0,0807 0,0200 4,04
' 0,0761 0,0222 3,52
2 o ,Og()? 9_1018” 5 ¥ 2f
5 0,0647 40,0198 3,27
& 0,0645 0,0220 2,93
7 0,0607 0,0248 2,45
8 0,0742 0,0252 2,94
9 0,0555 0,0286 1,94
10 0,0703 0,0280 2,3
11 0,0694 0,0270 2,57
12 0,0491 C,0248 1,98
13 0,0618 G,0270 2,22
14 0,05564 0,0278 2,03
15 0, 0663 0,0292 2,27
16 0,0570 0,0288 1,88
17 0,0584 0,0290 2,01
18 0,0603 0,0312 1,9%
19 0,0669 0,0342 1,96
20 0,0608 0,0310 1,96
21 0,0574 0,0304 1,88
22 0,0539 0,0%08 1,75
23 0,0607 0,0%20 1,90
24 0,0564 0,0318 1,77
25 0,0523 | 0,0328 1,61
26 0,0508 ' 0,030 1,49
- 27 U,05%1 0,0330 1,61
28 0,0589 C,03%38 1,74
29 0,056 0,0338 1,67
30 0,0519 0,03354 1,55
31 0,0456 0,0356 1,28
32 0,0519 ©,0356 1,46
33 0,0540 0,0370 1,46
34 Q,0415 0,0344 1,21
35 0, 0449 0,0346 1,30
36 0,0478 0,0342 1,40
37 0,0366 0,0352 1,04
38 0,0435 0,0364 1,20
40 0,0279 0,0396 0,70
Mean Frol

HFrnimum value

Maxinium VJ{H(
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Detinition 1.2 © A real matrix A = [ ) | will be cailed M-Matrix exactly when

i 0 ler all’ Lo k and une of the Toltowing condilions is Tullfitted:
e s

li]  Ais not singﬁlar and A-l"g, 0

(it]  The diagonal =2 laiiJ ol A is positive and the spectral radiusflE - D‘l Alct .
[i3)°  There is a M-Matcix B < A

liv] All values of A have positive real part.

Lv) From A X2 0 results that X 2 0 for all vectbrs x.

It may be noticed that for interval equations of the form: ’

(Al(X)=1bl . e (.15
where each matrix A € LA), it can be proved that a M-dMairix is the optmum proper
of the iteration sclution. '

The [ollowing thesis is valid:
Thesis #.1 LGARTHLI974] | /2
For a M-Matrix interval] [A], which can be divided into

1L] lower three corner matrix
D] diagonal matrix and
lU] upper three: cornet matrix

Liaf= L) )« LUl

The total steps method [Jacobi] and the single step-method [Gauss-seidel], both methoc
converge by

x)1 = (x°!)

"
lorwards the optimuin tocking up LX) of the interval cover of the systemn [4.15]

Total steps method: -

DY s crT -t s M g o™ e = oyt
Single steps method:

s ot ) - o™ o ™ ™ ) e = ot

Thesis %.] gives an example how can the numerical experience within the scope ot

the interval calculations be exact and provable. Based on these thoughts, the interval
adjustment used the normal equation of the form.

AP AIX) = (A pL) (AP A = M-Matrix)

as a start to obiain the optimum solution according to thesis 4.1, While the u:ed program
is carried out with machine-interval-arithmatic using appreximation lsee chap. 1.2.1},
therefore, the solutjon can be only an upper cover. A better interval upper cover, consegu-
ently ithe wterval cover |, can be obtaincd with other type of imerval arithmatic -
Therelore, the resulting solution can be considered as " Optimum-arithmatic-upper-cover®.
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Table .6 presents the results.

The mean value diilers maximum with 0,0009 m [point 3 15 in comparison Wll‘h
the mean value obtained from krawczyk method [tab, 4.4]. T:|1c reason for this dilference
is the average.lormation in the interation [chap. 8.3.2]. The mean vai_ue_ of table 4.6
dilfers only a small ‘amount from that ol table 4.t [lcrawczyk-methor:ij |n_sp|te_ of the
19 iteration steps compared with only 2 in [kraweczyk). The reason is the first interval-

locking up % UjJ and not the iteration-steps number.

Table %.7 presents the result interval span, the mean-error-interval span and the
catio ol the 1st 1o the 2nd.

The results discussion of this part can be sumineti ed in the following:

The interval analytical adjustiment of a unidimensional net using wodilied obs‘crvatigns
lead to a norimal equation of the form (#.16] While the normal equation matrix fulfills
the M-Matrix property, the optinum solution can be obtained by using the total steps-
iteration method, which is based on the machine-interval-arithmatic and cai be only
an upper cover. The ist solution locking up must be

(x99 2%

as eg. in the krawczyk method.Under these conditions [chap.4.1),the best fit value of

the unknown will be surely [ound within the results interval. The spans ace in the average
1,9 times greater than the " mean error interval spans ".

From these  results the following conclusion can be formulated: in a great net
starting with certain number of points or certain range [which must not be reached
always| the optimuin focking up is smaller than the mean-crror-interval inspite of approxi-
mation, and noticing that mean-crror-interval will continuously increase according Lo
the error propagation laws.

This range will be reached in the test example at point 39. The interval adjustment
methed presents a real alternative for error calculation in the adjustment of unidimen-

sional nets. A final judgement of the span in the test example Irom the dilferent interval
methed will be in the following chapter. )

4.5 Comparison of Resultis:

Comparison of the results-span represents the best way to express the quality
ol the interval ancthod adjusuinent mcthods. Figure 4.1 represents the spans of the
results oblained by the dillerent methods for the test example. This graphical represen-
tation shows that the interval adjustinent of unidimznsional nets using the M-matrix

property gives the' optimum seolution Jocking which may be an alternative to the classic
adjustment meihod. )

On comparing he interval algorithin on the number of the iteration steps, it was
{ound:

- classic adjustment Tab. 3.3 7 sec

Tei{inverted Interval adjustinent tab. 4.1 ~ 46 sec.

Interval adjustment through krawczyk tab. 4.4 ~ 70 sec.

Interval adjustment through M-Matrix property tab. 4.6 ~ 173 sec.
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INTERVAL ADIUSTIMENT

C 11~ MATRIX )

Pumk  |[Lotsew ca Upper
o Lot Com) Ncm"? it e Com) SEan (ol x) (m)
1 A 2 . 5 ‘ .I‘ 5
1 . 9.,1659 9.336U 7.3060 (.0000
2 FahCr 75470 Teb057 L0754
3 10135 160011 100104 C.U7Y7
4 [ N =1 N.1233y Uele2l L0545
5 15.04926 1952232 15.:9523% Lllé)2
& 760LL 7D ZaeLU0Y 2608 714 CuslL9
7 17:9419 17.9d12 iB.1Ls L.0585
2} THLHIGT 2a 159 296012 L0702
? lgsart1 In.417% RS L.US533
10 14+ 21¢2 1ha«2y 16.2790L [.Capl
il 260901 16,924 26,9585 L.0679
1z Zh-1 409 28.0 411 28.0LB79 L0967 .
13 1.1 0n5 15-1104 15. 1188 C.059¢
1 2Leu208 &N 20.6754 L.0551
15 2).5p47 21.617¢ 21.4503 C.06%54
14 JC.Cf 12 IN.G2%2 10,0576 {.05%7
[ 26,4022 20.5110 28.539% L.0572
ia S L 2Ce1747 20,2045 L.0574
e 219490 21982 22.1.156 LeQb5?
20 29 U116 29.012) 2h.6724 0.0607
23 MCLL770 404 106y MO IHS (.0549%
22 Ilahar7 J1+%6°3 I.5507 L0529
2) 25%.357) 253074 25.417¢ L0402
24 %4321 IN.Hb6G] 35,404 L+0558
2% 3695 Ilet247 31.6499 U.0513
26 . 2546077 25.631y 25,6402 G+0502
27 "27.0271 27.0L52) 21.079% G.0522
26 JC.LE7Y IN.Catby 301154 0.0582
29 27032 297512 29.7192 ¢.055%
30 27445137 27.4793 27.L050 L.DS1]
3] 242474 29.27C] 24.2%28 0.0452
32 [9:66C3 - 19.906¢ 19.%317 U.05123
33 151973 15524 15.L50¢ 6.051%
J4 22,1 vac 2241267 22,1573 O.0411
35 2547581 25.778% 2h.L007 L0444
36 23,3079 23.3314 23.3554 Ls0474
37 | 2c.m704 20.48088 2C.5Cs8 L«Dla3
30 1047721 10-7%0p 18.b) 66 L0413
19 194871 19,501 19.52C0 t.021232
qp iC. 030 1C.852) 10,0663 LeN270
Table 4.6 SP3n of obserystions= 60276 G

Lterakion pumbe;- = 19
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Interval -~ classrc
Aol ustment
ol = %) A =
Polnt Can O [ Iean omya SPan Oy JSrancmy,
1 2 T T
—
! 0,0001 0,0000 -
2 0,0757 0,0200 379
J 0,0749 0,0222 3,37
5 9.92%¢ 0,0184 3,08
2 0r0812 0,098 3110
6 0,0627 0,0220 2'ga
7 0,0586 0,0248 536
a. 0,0705 0,0252 2’80
9 0,0535 0,0286 187
10 0,0683 0,0280 ERA
. 0,0681 0,0270 2'52
12 0,0470 0,0218 1,80
1% 00,0601 0,0290 2)23
14 Q,05952 0,0278 2060
15 Q,0656 0,0292 2125
e 0,0558 0,0268 5%
17 0,0574 0,0290 138
18 0,0596 0,0%12 1191
19 00,0661 0,0%42 193
3 09008 90,0310 1,96
21 0,057 0, G304 188
22 0,0530 0,0308 4093
25 0,0505 O,GﬁED 1‘89
24 010560 0|0518 1,?6
25 0,0514 0,0324 1‘59
26 0,0505% 0,0340 135
2? 010529 0‘0550 1’59
28 0,0584 0|O558 1'75
29 0!0560 0|0558 1|66
3 o ohs 0, 0354 1,54
4 0,054 0,0356 1,28
52 0\0514 0,0556 1‘44
33 0,0536 0,030 e
34 0,083 00344 132
3 0 Sune 0.0%46 1,29
36 0,0475 0.0542 K
37 0,0364 0.0352 122
38 0,0435 00364 1%
39 0,0334 0,0544 059
40 0,0279 0,0396 050
\_—_"‘_\_P_\*\_—-_\__\—_—*\*——_\__\*_—-
| Mean = 4 92
. Table 4.7 —_—
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INTERVAL ADTUSTRrTENT

( KRAWCZY K )

- " - ‘wikte [F] > f
P‘H.‘i“: 'Low::rh.‘L)l il t?t“qie (.:{m Lﬂm‘t: () | SPan Ceiy) Gm)
1 2 3 ‘4 5
I st 943846\ 0939 1.0117
2 7.00L0% 7.5970 B.0J61 L7705
2 LER AN 1. 077 10.5039 C.B477
i Tealildeo HER IR HNaviGe L+9609%
5 (R TRt 159232y lo.4u21 G.9570
4 TLenl &0 Zaali 3l A TeliL L HETH
? 17aha 17.%74% 1B.J904 l..8201
f AL P WU R EIFN 2oL 1U7) (6972
¥ liteC G110 1a.432) J0.77ue L6924
14 16t 137 Laa21y 16,1702 45810
L) 2ee 774 264719y 27 elNy? G.4775
12 27000 20.05% 20U 2s LobbG3s
13 IR 1 1 1My 15090 H.5690
1y il s rao2 20.u745 L4717
15 2367 210607y 23.740h L.2u12
lu 29.6035 n.227 10+ 162y 0.2783
17 A O T 2507 28.6103 U.26'6
10 .30 20, 17w, 20.3212 fi.2022
19 Zl.upnn 21.707Y 22.1470 L3561
20 2006007 UL 01y FhL UL U373
2l 197000 ne 1019 40.223) G.2422
22 JM26a 31.555, Jlewbaz L2559
23 She2030 thed0 1 258600 . 3064
21 JLaelani7 16,456 I5.6h0C C.3007
5 17104 Al+4621) Jl.u2nz L. 1092 .
5 Shedchin 254630 25.0702 UeH63%
27 207902 27058y 27.3204 L.5273
20 277091 in.Ccn9| 3J0.3099 C-5996
29 299101 29.70%3 Ju.ncy C.5977
a0 27.2126% 27,470y 27.7549y L5508
3) 22.999% 2042447 2495353 (b+5362
az [2+45G1N {7-904] 20.2294 L5465
N 1Se1702 16.5267 1S 0022 L.710%
[ 3 2laU(ns 22,140y 22.47%4 Leb777
| J5 2S«944¢C 25,7402y 26+120u C.4758
i 3s 229970 23.332, 23.6400 U.6699
l a7 201218 020 20.04085 L.712%
| Jo 1040y 18.7969 19,1524 D.210%
39 19+ 11389 19.508) 19-u280 G. 8404
40 ILa%0 ). 1G.h%69 1142134 LLFL0Y
Table 4.8 SrPan op

observations

T 000274 (i
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The iteradion steps in the step Rteration s 19, in the krawezyk methed i
2. Noticing that these expences are possible, so those bolh critaria will be con-
aidered ol ecotd mapor e,

4.6 Short Note 1o the Adjustment of a [ree Unidimensional Net, also to interval

adjustment of Observation with Limited Validity :

In case of adjustment valid under certain conditions the observations mus’
be adjusted’ using the correlation-equation. A solution through the interval-
adjustment under certain conditions wil! not be suitable.

I a unidimensional net will be free adjustinent test example Level net),
the normal equation matrix based on a degree of freedom [therefore singular]
must be transformed to a regular matrix. This can be achieved by increasing
a column and a line in the normal equation matrix [GOTTHARQT {1978) /6 /|
To see the reflection ol this change on the results the test example has been
free adjusted and starting from this normal equation an interval adjustment using
the krawczyk-miethod has becen carricd out.

Interval adjustment through total steps and single steps iteration method
is wpossible because I)—l ((J“ + 1, n el =0)

does not exist {see thesis 4.1

The Iree adjustment has been carried out using the computer program. The
net was then transformed on point against the modified adjustment [see tab.

3.3L The interval-adjustiment was then carried out using krawczyk method,

The resuits are summerized in table 4.8. Comparing these results with those
in table 4.4 paying attention to the unrealistic great span, the results of the
modified adjustment through the krawczyk-method do not need any comment
to explain their quality. It is clear that the sign condition of the normal equation
matrix alter simplified observations and not the krawczyk-method which leads
1o these good solutions locking up.

SUMMARY

Alter mtroduction of some definitions and thesis from the intervai-calculation
theory fotiowed by a short discussion of the computer interval Janguage.
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It has been shown that on introduction ol abserved intervals every .nt_}rmal cquam{n
is teanslerred to the modified interval equation, for which the de{pm:on and tha_:SJs
of the interval analysis are valid. After that, different methods of the interval alilﬂl)‘lll“ﬂ[‘
adjustiment have been introduced.  Their quality have been tested by comparing _l:
results obtained for a testing example [unidimensional Level netl. The left invers
Matrix of the reduced-equation matrix of the independent interval gave u‘nreallsetfr
result span. |f we pay attention to the sign distribution of the norm_al-equat%on matrix
we can obtain an optimum solution through the M-Matrix properties of the normal -

i i 1 5 i i i - to the used
cquation matriz. The solution obtained will be only an upper cover duc' Qe
|ula\chinr:~illl(_'l'val~m;1ll\l::||:al'lL,'s. This will be obtained tﬂruugh the Interval-total steps, Using

a securced [irst solution of krawczyk algorithmus. _
This interval adjustment method presents an alternative to the error propagation,
based on the optimum proparty of the solution and the obtained results. All programs

and examples of this research have been set and calculated in Ccomputer center of Elman-
soura University. :

1= ALEFLLD,G. New opinions on numerical calculations. Math. Naturw. Unterriclil.
HERZBERGLER, L. 26/ 1971 pAi58 - 467,
MAYER,O.

2- DARTH, W. Optitnum solution of Interval equations. Computing 12, (1974)
NUDIMNG,LE. p- 17 - 123, :

3- BEECK, H. interval Analytical Methods ‘in Linear equations with interval-

coefficient and dependent on error analysis. phD.Technical
University Munchen (1971).

g- BICRBAUM, . Interval-Mathematic, Literature Survey. 2nd Ed., Institute for

Practical Mathematics, Karlsruhe University, Internal report
No. 76/n. )

2= DRUNKIL, G. Interval analytical balancmg ol expandable nets. Diploin project,

karlsruhe University, (1977).

6- GOTTHARDT, Z. Introduction to Balancing Calculations 2nd Cd., Kaclscube (1973).

7- HEINDL, G. Balancing  aiming mmaximum  minimum  error. DGR., series A,
REIMHART, E. MNo.38 (1976 ).
8- HUSSAIN, F. - lmportance of interval analysis by numerical goeditic calculation:

AVN /1971, p. 123-133.

9- NICKEL, K. The nced of error lunit-arithmatic  for

calculation, centers.
MNutierical Mathematics 9/1966 p. 69 - 79.
10- NICKEL, K. Numerical Mathemnatics L

Lecture, Karisruhe University, (June
1971}
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1= NICKEL, K.
12-  NICKLL, K..
13- NUDING, E-

l4-  REISMANN, G.

15-  ROTHMAICR; D.
16- SCHMITT, C.

17-  WONGWISES, p.

lnterval-Mathematics 1o Karlsruhe Symposivm (1973} interval
Mathematics, ed, by 1. Nicke), Lecture notes in coinputer

Science 29, (LY75), p. 251-202,
termathemancs. 2ZAMM 38, (1978), p. 172 - 1835,

Optimal selution of interval-eguations Inst. for practical mathema-
tics, Karlsruhe Uni., Internal Report No. 73/6.

The balancing Calculations. #th Ed., Derlin (1976).

The triplex-algel compiler of the UNIYAC 1108 Inst. for practical
mathematics, Karlsruhe Uni., internal report No. 74/1.

Some consideratioins using interval analysis in adjustment ¢om-
putations. DGR, series B, No.221 (1977}, p. 87 - 97.

Cxperimental investigations of the numerical solution ol linecar

equations with error estitnation. ph.D. Karlsruhe University
{1977).
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APPENDIX {A)
. Program ol cla.ssic‘z‘\diustment {or unidimensional level net

l- Parameter - list
7. Description the flow chart program

.1- Parameter - list:

INPUT 5
Name Type
N integer = Total number of net - peints
M integer = Total number of observations
PN integer acray = Vector of points number
H real array = Yector of approx. levels
K integer = Point number for given observations
DH real array = Observations Yeclor
P real array = Weight matrix
CUTPUT:
Mame Type
PN as given before
H as given before
Hi real array’ = Vecior of the adj‘usted levels
MH real array = Vector ol the mean square error for the
adjusted levels
MO real

=mean square error for weifht unity

2. Description the Flow Chart
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Description of the Hlow chart fo; the program.

O
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MO = VWV (oL

IMH,I - 0,C
i . 1
' i -1 (1)L

MHeg Ly o VB, |
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