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NODAL LINE FINITE DIFFERENCE METHOD POR THE ANALYSIS
CF PLATES WITH VARYTABLE FLEXURAL RIGIDITY

BY
DR. ENG. YOUSSEP AGAG »

INTROGDUCTION

The application of gemi-analytical methods for the anglysis
of two and three dimensionsl structursal problems has been the
subjsct of considerable research interest in recent years. These
methods sre sgpeciaslly advantageous for the sitructures having
regular geometric planes and simple boundary conditions. The
finite strip method as a semi-analytical procedure has been rec-
ently developed by CHEUNG (1,21. 7his method can be conaidered
88 a8 speclal form of the finite elemsnt procedure using the dis-
placement approach. Unlike the finite element method, which uses
polynomial displacement functions in all direciions, the finits
strip method calls for uege of simple polynominls across thne wid-
th of the strip and harmonic serieg in the longitudenal direct-
ien. These series should satisfy a priori the boundary condit-
lcns &t the ends of +the strip, The most common geries uped ars
the basic functions, whicn are derived from the solution of bean
vibration differentisl squaiion. These basic functions have been
worked out explicitly by VLAZOV 3] for the varicus end condit-
ione. This method has provad to be an economical and accurate
meang of treating 8 cluss of structural problems.

Mora recently a new @gemli-analytical procedure named " Tue
nodal line finite difference method " (H,L.¥.D) has been devel-
oped by the auther [4] for the anslysie of elastic plates with
two opposlte simply supported ends. In this anelysis, a trigono-
meiric series im used £fo express the displacement wvariation
along the nodal lines, Basic function other than trigonometric
series, is used by the auther I51 to analyze «lastic plates with
two opposite clamped ende., In this analyeis, an iteration proce-
dure has been used to overcome the coupling property of the sta-
tic egquilibrium equations., The nodal line finite differsence met-
hod permits the direct formulasiion of the plate bending problems
by reducing the pertisl differential equation to an ordinary
differential equation, This method is similar to that the finile
sirip mathod since euach uses harmonic sarles to express the dis-
placement variation along the nodsl lines. The nodsl line linite
difference method has an advantage over the finite sirip metnod,
gince the number of the unknown parameters along 8 nodal line in
this method is squal {to the number of terms used in the basic
function. This is greatly lese than that of the finite striy
method.
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: The object of the present work is to demonsirate the versa! -
1i1¢y of the nodal line finite difference method in the analysiu
of pistes with varlable flexural rigidity. In general, variable
flexural rigidity c¢reates numerous mathematical difficulties.
The complexity of the " exact " soclution depends copsiderably on
the sxprosslons representing the flexural rigidity and that of
the epplied loading. Ths problems related to plates with varia-
ble flexural rigldily <¢an seldom be g@olved by the snalytical
methoda., Consequenily the saclutions are usually obiained vis
approximate and numerical tschniques.

The proposed techniqua 1s used to analyze rectangulsr plates
with varlable flexural rigldity under distributed and irlangulsr
types of loading, In thils analyslie, & trigonometric serleg has
been used to express the displacement variatlon along the nodal
lingsa. In order to slmplify the analysls, the variation of plate
thickness I8 consldered as 8 single vardiable function of the
dirsction perpendlcular to +the nodal lines. In addition, it is
apaweed that no sabrupt change of +the plate thickness vccurs in
that direction., Although the present formulation 1s resiricted
£o the trigonometrle series fitted the slmply supported and con-
ditione, basic functions corrasponding fo a variaty of other
boundary conditione could be adopied.

METHOD OF ANALY3IS

a8 - Nodal ling finlite difference equation

In deriving the differentis)l equation of equilibrium of rec-
tangular plates with variable thickness,lt is sesumed that there
ig no abrupt varistlion in thicknese of the plate. The flexursal
rigidity B in thisg case 18 no longer a constant but a funciion
of the coordinste x and y ¢f the plate surfece. Thas differential
egustion which represents the eguilibrium condition of an elem-
ent of the plate with variable thicknees takes the following
form:

B {w""+2‘ *.,1;_1_*/!/;} + P 3« (W'“*W'”} + 2 B:{**‘/.;,wfﬁ)

+ (B +B"Y(w +w") - (1-v}(B"w’-2 BWH4B Wy = q (1}

Ag a particular epplication, 1let us conslder the case of
elastic Adsotroplc platea In which the flexural rigidlty B isg
8 function of x coordinate only and constant in y direction. For
this case, equation (1} can bs wrltten ae follows:

Bo(w 42 wawy 2 B w T ew ) ¢ B {w e vw” ) = g (2}
+ ,
where { ) = 52 . { ) =a §§ and
Et?}
B = X is the flexursl rigidity of the plate

12(1*}?) with variable thickness 1in x direction
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Fig. 1 shows some selected different creoss-sections for pla-
tes having variable thickness in x direction.
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In applylng the nodal line finite difference method to caslc-
nulate the deflection and the internal forces in 2 given rectan-
gular plate with wvarlable thickness, let us begin by dividing
the plate into a mesh of fectitiocous nedsl lines ss shown in
Fig. 1. According t¢ the prescribed boundary coenditions of the
twd opposlte ends perpendicular to the nodal linee, s basic fun-
ction has to be chosen to express the displacement varistion
along the nodal lines. The displacement function st each nodal
l4ne i85 expressed as a summation cof the chesen baslc function
terme multiplied Lyy 8 single variable funciions as a nodal line
parametoers, The displacement funcition st any nodal line labelled
k shown in Fig. 1 can be written In the following form

?'*
W, = bt fm‘k{x}.Ym{y) {3}

me 4

Let us restrict our attention here to plates with two oppos-
ite aimply supportad ends perpendicular to the nodml lines. The
choeen bagle function fitting the boundary conditions at the tw-
ende of the nodsl lines is a trigonometric seriew in the form

m o e
Ym(y} = sin — ¥ = Bin £m ¥ (41

Hegolving the load intc serles similar to that of the choser
basic Punction and substituting sequations (3) snd {4} into equ-
ation (2} we get
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For each term of the basic function equation (5} takes tne foru.

S

'YL ) 2 o 4 . o+ a5 2
gk(fm,k”ggmfm,k*gmfm,k)*Qﬁk(fm,k“gmfm,k3
=+ Py 2 - .
* gkkfm,k-gmfm,k} = 9pLk LB

By applying the central finite difference technique in the
x direction, equation (6) can be written as

:;%H“[Céfm,x-e*cgfm,k-z*Cifm,k*c;fm,k+1*Cgfm,k+23 = Amx {7)
where ol = % fog . +2 e T
02 o 5 (ogloe L -(1248¢7 )0 + (459500, 1,
cz " f—(2+vw;§?§k_g*{10+4¥i+2¥i¥§1+‘+’i3"(x~53”"?5}“‘“73 .
gi *'%’[{4*w§}“§~1"{22*4W§)“%”V§“k+§3 *
A R N AT I
‘Fm=£“r>n:i‘ S I dk:g}j ang

Ax= 2 is the conptant interval between
the nodal lines

Equation {(7) can be written in the following form:

R 3 .4 .5 .
{cm gm gm C& ijifm,k—Q fm,k~1 fm,k fm,k&? im,k+2}
[ 3 mﬁflz q \?}!\J
. m, k
Bok

Bquation {(8) repreessnts the central nodal line finite diffe-
rence equation for the plates of variable flexural rigidity in
ona diregtion only (x direction)

Application of equation (8) at sach nodal line of the plate
glves a system of aimultaneocus algebric equatione, which can be
written in the matrix form aag folliows:

= 9%
31, 3, {P}m (
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whare {S]m is a sgquare band matrix,
if}m is the vector of the unknown nodsl line parametsrs

and i?}m is the losd vecior.

The square band matrix [Sly whos2 band width equal 5 can e

atored in & rectangular matrix having the dimensiocns of Kx5.
Where M is the number of the nodal Iines of the plate.

b = Internal forces

For the elastlc isotropic plates having variable tfthickness
in one directiion {x direction the internal forcas per unit
length at any point sre given by

M, = - B(xJ{ wo o+ Yw?) 7

M, o= - B{xY( w” + »w" )

Mpy= ~ Myy= BOX3(1-¥) W ? (10
QG = - B{xI{ w7 + w7)

Q, = - Bx} w + ™)

¥

By aspplying the central nodal line finite difference tech-
nigque, the internml forces at any nodal line labelled k can bhe
written in the following form:

2&"‘ , - 2\. - . 4 "
X,k ”'8k'§?§éf fm,k~1"<g*v¥%’fm,k§ fm*x*1] mrn %%j

}‘2-"" . B & . :
Kx,x :«Bk ﬁfzi[me¢k-1”‘2y+%&)fm,k*vfm,k&12 ain g&y

Z
M
ﬁx};,k By ?Em( y)}ﬁiy m,kw1+ £ ks1d €08 f?
.3 > {113
"
Qp x =By Tasks (o o2t 20, - (B0 i

2 o N
Qy | =By _N%«z:ty [ =200 E o £ ) oo Aoy



. 18 YOUDTED  AGAS
¢ -~ Boundary conditions

The boundary conditions are the conditione et the edge.
which must be prescribed in advance in order to obitain the solu-
tion of a spesific plate bending problem. The application of the
nodal lins finite difference method In the analysis of rectangu-
lar plates in Dbending requires the divislon of the plate into
a mesh of parallel nodal lines, The $wo opposlte ends perpendic-
ular to the nodal lines control the cholse of the basic functicn
digcribed the diesplacement varistion slong the nodal lines, The
other ¢two opposite ends can take any combinsition of boundary
conditions.
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The analysis of plate bending problems via the proposed
technique requlres the application of the central nodal line fi-
nite difference equation 4t esach nodal line withen the plate
ingluding the edge nodal lines. If the pivotal nodal line k is
at the left or the right edge(fig.2), two fictitious nodal lines
cutgide the plais must bHe introdugsed. According to the prescri-
hed boundary condltions at the sdge nodal lines, the parameters
of the exterior nodal lines have to be axpressed in terms of the
edge and the two adjacent interior nodal lines. Thus the parame-
ters of the exterior nodal lines can be written 1n the following
form: '

1 - Simply supported edge [ w, = 0 , {w'+Yw }x =01
foe = P |
fm,k-? = fm,k&? 4 _%;;éil_f ?' ; {12
fm,k~2 - fm,k+2 B o E 5 ;

H H
Y G- A AR S
s B 13
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2 - Clamped edge Lw =0, w, o=

fm,k = 0 ]
fok-1 ™ Tmoxer
fm,k—z = fm,k+2
3 -~ Gulded edge { w% =0 , {w
fm,k = 0 )
fm,k~? fm,k+3 >
fM,k*Q fm,k@Q
4 - Tree edge [ { w- +'¥w”3k = 0
fpx & 0
Lkt = Ty ke
fm,k-2 xﬁngm,k -2 %fz}:,kw fm,k-i»z )
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NUMSRICAL EXAMPLES

The proposed tschnigue has been used to angiyze thin slastic
igotropic rectangular plates having wariable flexural rigidit
in one direction. Two opposite sides of ench plate are consider-
ed as simply supported, while the other two sides can take any
combination of boundary conditions. Four examples have been sel-
ected to demonstrate the efficiency of the proposed technique,
Only the odd terms of the baslic function are used because of
symmetry in direction of the nodal lilnes. Informaiions regarding
boundary condltlons, type of leasding and variation of thicknese
of the plate are 1llustrated 1in Fige. 3 and 4.

Squars piate wimply smupporisd
o four sadgew

i £1
[
1 83 g R =T
R
‘ e
Tinear variable flsxural
) > 3 4 5 : rigldity
A Pl R St SR SRR G -
A . &t
¢ ) i v
. g‘;__w:::_m A q
3 =
aen~linear varisble hicknees
& x
Pig: 3.
q 4 qf:
TSt ERN NSO EERT NSRS RN NN BN ELAN] TR R AL NURRIS AN RO BERERI W) A HINN b iEsrs e
ltﬁ 2‘@ iié ‘o
%%‘ e P Ve |
l&fl Bf gé |
—" - — .? o
t E L
R L. .
F 3 = B & o B & o a
g -§“~§
3 3 f
3
a a 5 5
4 : k
3 E
3 . A
; 3 B
E ose | ase 5e el e | ’
—— ..ﬁ...‘._ - v ) o < o f - - . _{W }




Mansoura Bulietin Vol., 10, Foe.d, June

HESES N s e
: . i

1 - Analysis of square plate asimply supported on four sides sub-
ected to traplzoidal distributed losd. Fig. 3.
Hg» Of tﬂms - ? - 3 - 5 = ?)Ax =4 ’é}f'z‘%; ’gf;& =

1. = L.

15

Square plate with linear varieble flexural rigidity has bee:
analiyzad. The ylgte in divided Into a mesn of itwenty five nodal
lines 1.0 &x = €/24, The analysis 18 carried out for selected
number of terms of the basic function. The results obtained are
summarizsed in Table I. -Comparison 1s done with those of the
finite strip, the finite element and the exact goluticn Tesults
pressnted in Table 5 (REFFERENCE [27). The results demonstrate
&8 close agreement with theas known solutions.

Table I, Square plate #ith linsar weriable flexural rigidity aimply supported on fouy
giden undar trapssoidsl diatributed loed { Pig. 3)

Source : Fropowesd Techalguw Saurce ; Tablm & Haferssae [23
Fodal Line Pinlte Diffesrence Pinite Strig|Ploite Blemenii Sysst
Pofsaon'n ax = €225 ., 2% Nodai Lines moa 72 RBlewsois
mElo 45 Bguetlons 26 Rguatione] 21} Kguational
v o= D16 Foint NC. of Terme
E 3 % ki
. 3 L1994 D.1988  0.31987 0. 1967 G, 1991 0. 14564 B.19%6
Dufisction wi 2 £.3080  ©.3049  ©.304% 03045 5.3078 | 5. 50473 6. 3106
i 3 G321 0,323 Q. 2% 0,.32% (3.3872 0.3234 3.)268
w108, 4q,0t | 4 | 0270 0.2678 0.2677 ©.2677  a.ami2 0.2676 0.2734
5 0. 1545 90,1527 O.1%28%  Q,1526 G.15%0 So1%2% ¢. 15887
1 .83 4,21%  £.814 G814 0804 €, 749 G.837
Bomsnt ¥, 4 1.26% 1,242 1,241 1,251 1.2%% 1.233 31.26%
2 TLATR 0 1.4%2 0 t.aWm 3430 LYY 1,442 1.483
n*¢IT3/4qag2 4 1 1,507 1,489 1.4BR .48 1,552 {455 © 4.500
5 i, 180 1.129 AP $+1 1,124 1, 189 $.108) 1.13%
i 0.%%% 0.%1% 0.513 G.513 0.497 (:.5G2 0.563
Komant ny 2 i%,?O‘B 1,127 1,116 1,115 1.174 1.09% j.2%32
3 0L 1.8TT 1.5%%F 1.548 1,547 .57 1,526 1.673
ly.TT}f4un2 s | o744 1,604 1396 1.594 ¢ 660 1.573 1,478
5 1,226 1,112 1,103 I3 1.1718 1,08 1.9
¢ - Anslysis of rectangular plates pimply supported oz four gid-
.28 subjected to uniform load of intensity q. Fig. 4-a \
(NC. of terms = 7 ,ax =&/40 ,38 = ¢/t , /A= ¥/a ,v = 0.7

Rectangular plates with different ratics of rectangularity 2
and thicknesse ratios 2 have been onalyzed. The analysis deals
with the affeet of thickneas ratios € on the defleetion and the
internal forces of the plaste. Due to symmetry, only half of the
plate {divided intc twenty ome nodal lines i.e 4ax = £/4C)
conasidered in thne anmlyeis. Regarding the central point of the
plate, resulte are presented in a form of umerical factors in
Tables 1, 2 and 3 (APFIEDIX I}, These numerieal factors are plo-
tted in curves shown in Flge. 5-a, %-b and 5-c.
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The curves show decresse of the central defleciion and inv
rease of the ceniral moment My with the increase of the thizks-
eas ratio 3L (for different ratios of rectangularity A ) ag ex; -
actad. It should be mentloned that, while the central moment I,
increases with the increase of the thickness ratic 3¢ for tro

ratios of rectangularity A £1, it decreases for the ratios o
rectangularity £ > 1.

3 =~ Analysis of square plates clamped on aides AC and BD, simpl.
supported on the other two sides subjected to uniform loao
of intenaity q. PFlg. 4-b.
{B0. of termg = 7 , Ax = 7100 |, 52 - t@XtO sy w043

Square plates having haunches with increased thickness Lowa-
rd the clamped edges have been analyzed, The analysis aims al
the study of the effect of thickness ratio 3¢ and lenzth rstiof
of haunches on the deflection and the internal forces of the
plate., The analysis was perfoermed for half of the plate {(divided
into & fine mesh of fifty one nodal lines i.e ax = €/100) bec-
auge of gymmetry. The regults waes obtained in a form of numeric-
al factors especially for the central point of the plate and the
middle point of the c¢clampad edgem. These factors are given in
Tables 4, 5, b6 end 7 (AYPENDIX I). Moreover thewe numerical fac-
tors are plotted againat the thicknese ratiod for different len-

gt ratios R in a form of curves shown in ¥igs. €-a, &b, 6-o
and é-4. :

An inspection of Fig., 6-n leads to the conclusion thatl, tne
increasse of elther the thickneas ratic ¢ or the length ratio 4
of the heunch decreamees the deflection at the central peint ol
the plate. It csn slec be concluded that, the ceniral moment K,
and ¥y decrease againet inereasing the tfhickness ratic €. On
tha other hand, increasing the length ratio 5 may decrease or
inerease the central moment Mx and My. This is clearly illusira-
ted in the disarrangement of the lengih ratio curves {0 <(350.5)
given in Figs. 6~b and b-c.
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A close gtudy of Fige, 7-a, T-b, T7-¢ and 7-4 reveul that ine
haunch effect coneldered in the present example is gimilar bt
the one in the third example. Tharefore, similar conciusions eann
be drawn.

CORCLUSION

The Importance of the nodal line finite difference methou
pregented harein, lies in the srge with which it can be applied
te bending probleme of reciangular plates with variable flexural
rigidity. Usling thls method,it enables one to overcome the math-
matical complexities of the solution of these types of probtlems.
Pour sxamples have been selected to demonsirate the efficiency
of the proposed technique. A problem for which known solutions
are available, 13 presented in the first example. This problen
wan selected so that a comparison beiween these known solulions
and the proposed one ¢an be done, The resulis obtained demona!-
rate a close agreement with the avallable solutions, The oither
three examples aim at the study of the effect of the plate thic-
¥ness variation on the structural behaviour of the pglate. The
results indicate the considerable effect of plate thicknesu var-
jation on the deflection and the internal forces,
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2 - 3quare plate clamped on two opposite sides, gimply suppor:.
cn the other two oppoeite sides Fig. 4-b
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3 « 3quare plate clampsd on one
other three sides Fig, 4-_¢
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NOTATION

W = transver
& = lengih o
4 = length o
.S ¢ = (dilstance
E = modulus

t{x} = varisble
¥ = polason’
B{x)} = variable
By = flexural
Bo = flexural
2 = ratio of
2 d = thicknesn
oy = flexural
fﬁi,i{ = nodal 1i
Ym = ghogen b
q = load int
[8] = gquare b
if} = nodal 14

{?}m = load vee
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