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A B S T R A C T  

T h i s  p a p e r  p r e s e n t s  t h e  a p p l i c a t i o n  of a g e n e r a l  

method of mode l l ing  of c o n t r o l  systertls w i t h  s t a t i c  conver-  

ters i n  t h e  c u r r e n t  c o n t r o l  of a  s e p a r a t e l y  e x c i t e d  d .c .  

motor f e d  by a  d . c .  chopper .  A n o n - l i n e a r  d i s c r e t e  model 

i s  o b t a i n e d ,  t a k i n g  i n t o  c o n s i d e r a t i o n  t h e  t h r e e  i n t e r a v a l s  

of o p e r a t i o n  of chopper  (duty,  commutation and f r e e - w h e e l i n g ) .  

To d e t e r m i n e  t h e  P-I  c u r r e n t  c o n t r o l l e r  p a r a m e t e r s ,  t h e  

non l i n e a r  model i s  l i n e a r i s e d  around a n  o p e r a t i n g  p o i n t  

and t h e  c h a r a c t e r i s t i c  e q u a t i o n  of t h e  system i s  o b t a i n e d .  

To check t h e  r e s u l t s  a  program of s i m u l a t i o n  i s  made t a k i n g  

i n t o  c o n s i d e r a t i o n  a l l  t h e  i n t e r n a l  and e x t e r n a l  e v e n t s .  

1, L I S T  OF SYMBOLS 

i : I n s t a n t a n e o u s  v a l u e  of cornmutating c a p a c i t o r  c u r r e n t .  
C 

t. : Commutation i n t e r v a l  of chopper .  

ta  : Duty i n t e r v a l  of chopper .  

t 
-c : Free--wheeling i n t e r v a l  of chopper .  

k : Gain of  c u r r e n t  t r a n s d u c e r .  
i 

:,K,: C o n t r o l l e r  p a r a m e t e r s .  

'7 : I n s t a n t a n e o u s  v a l u e  of cornmutating c a p a c i t o r  v o l t a g e .  
C 

v : C u r r e n t  r e f e r e n c e .  
0 



2, INTRODUCTION 

S t a t i c  c o n v e r t e r s  u s u a l l y  p r e s e n t  a  b a s i c  c y c l e  which 

i s  d iv ided  i n  t o  s e v e r a l  i n t e r v a l s .  The problem i s  gene ra ly  

how t o  d e f i n e  t h e  f i n a l  s t a t e  a s  a  func t ion  of t h e  i n t i a l  

s ta te  which w i l l  be  a d i s c r e t e  n o n l i n e a r  r ecu r r ence  equa t ion .  

Here w e  d e f i n e  a  l i n e a r i s e d  model around a  s t eady  s t a t e  

o p e r a t i n g  p o i n t  t o  w r i t e  t h e  r ecu r r ence  mat r ix  MR such a s  

'&+ I = MR 65, 

where 6_Xn+, and 6Xn a r e  t h e  v a r i a t i o n  of t h e  f i n a l  and 

i n t i a l  states around t h e  o p e r a t i n g  p o i n t  . 
Then t h e  problem is  now t o  w r i t e  t h e  r e l a t i o n s  between 

6 X  and 611n+1 -n f o r  a  system which p r e s e n t s  v a r i o u s  s t u r c t u r e s  

du r ing  a  b a s i c  c y c l e .  

The above r egu r ious  method of modell ing a p p l i e d  i n  

t h i s  paper  has  been used i n  many a p p l i c a t i o n  f o r  d.c.  

motor f e d  by t h y r i s t o r  b r idge .  References [ I ]  and [ 2 ]  

p r e s e n t  t h i s  method f o r  c u r r e n t  and speed c o n t r o l  of D.C.  

motor. The c l a s s i c a l  c o n t r o l l e r s  have been r e a l i z e d  us ing  

o p e r a t i o n a l  a m p l i f i e r s .  This  method a l s o  can be a p p l i e d  

f o r  modell ing of such systems us ing  d i g i t a l  c o n t r o l l e r s  

[ 3 , 4 ] .  I n  t h e  above a p p l i c a t i o n  t h e  systems have e i t h e r  

one mode o r  two modes of o p e r a t i o n  (cont innous  o r  d iscon-  

t i nnous  c u r r e n t  o p e r a t i o n ) .  I n  t h e  c a s e  where t h e  motor 

i s  f e d  by a  d.c. chopper t h e r e  a r e  t h r e e  modes of opera- 

t i o n  (du ty ,  commutation and f r eewhee l ing )  which complicate  

t h e  a n a l y s i s .  The f i r s t  a t t empt  f o r  app ly ing  t h i s  method 

i n  t h e  c a s e  of chopper w a s  p r e sen ted  i n  [51  where t h e  

c u r r e n t  c o n t r o l l e r  i s  of t h e  p r o p o r t i o n a l  type .  

Then, t h e  system becames a  f i r s t  o r d e r  one. I n  t h i s  paper  

t h e  c u r r e n t  c o n t r o l l e r  i s  of t h e  p r o p o r t i o n a l  i n t e g r a l  

type ,  t h u s  t h e  systems i s  a  second o r d e r  one. 



3 ,  MODELLING PRINCIPLES [2,41 

The d i f f e r e n t i a l  equa t ion  of one mode of ope ra t ion  i s  

' w r i t t e n  a s  : 

t:, 
where X1 i s  t h e  s t a t e  v a r i b l e  of t h i s  mode .. . 

I 

t , t l  a r e  t h e  b ig ing  and t h e  end i n s t a n t s  f o r  t h i s  mode. n n  

Then t h e  s t a t e  equa t ion  i s  : 

where A = -F - 1 -1 
1 G1 and = F~ v1 

From t h e  s o l u t i o n  of equa t ion  ( 2 )  t h e  s t a t e  v a r i a b l e  a t  

t h e  end of t h e  mode can be w r i t t e n  i n  t h e  fo l lowing  form, 

L n - t l A  

mu l t i p ly ing  bo th  s i d e s  of equa t ion  ( 3 )  by e  w e  g e t  

wi th  

Equation ( 4 )  i s  a  symmetrical  r ecu r r ence  equa t ion  between 

t h e  s t a t e  a t  t h e  end of t h e  mode and t h e  s t a t e  a t  i t s  

begining.  This  f u n c t i o n  r e p r e s e n t s  a  very u s e f u l  t o o l  

f o r  t h e  modell ing of t h e  cons idered  system. Th i s  func t ion  

i s  i n v a r i a n t  on t h e  t r a j e c t o r y  ( X ( t ) ,  t ) .  I ts  v a r i a t i o n s  - 
v e r i f i e s  : 

where Y = A x + B - - - 



4, D E S C R I P T I O N  OF THE SYSTEM 

+2 Cur ren t  

P- I  c u r r e n t  c o n t r o l l e r  
P 

D .  C .  D . C .  - 
chopper - motor 

T 

Figure  (1  ) System block diagram 

A s  shown i n  F igu re  ( I ) ,  t h e  system c o n s i s t s  of 

s e p a r i a t e l y  e x i t e d  D.C. motor f e d  by a  D.C.  chopper 

(F igu re  2 ) .  The a u x i l i a r y  t h y r i s t o r  T2  i s  f i r e d  a t  c o n s t a n t  

i n s t a n t s  (t,). But t h e  main t h y r i s t o r  T I  i s  f i r e d  when 

t h e  c o n t r o l  v o l t a g e  e q u a l s  t h e  t iming v o l t a g e  (F igu re  3 ) .  

The c o n t r o l  v o l t a g e  i s  t h e  ou tpu t  of t h e  P-I  c o n t r o l l e r .  

F igu re  ( 2 )  Equiva len t  c i r c u i t  D.C. chopper 

-56- 



tn tA t;; 
The output voltage of the D.C. chopper 

"C t 

vo l t age  (wa) 

1 vol t age  (va)  

F i g u r e  ( 3 )  Def i n t i o n s  of some v a r i a b l e s  



5, PERFORMANCE EQUATIONS 

The wave forms of t h e  armature  v o l t a g e  and c u r r e n t  

a r e  shown i n  F igu re  ( 3 ) .  The system has  t h r e e  d i s t i n e t  

modes of ope ra t ion .  The performance equa t ions  f o r  each 

mode can be expressed i n  t h e  fol lowing way. 

6,  DUTY INTERVAL (MODE A )  

This  i n t e r v a l  has  a  d u r a t i o n  ta. I t  s t a r t s  a t  t h e  

i n s t a n t  ti-, when t h e  c o n t r o l  v o l t a g e  (V,) equa l s  t h e  

t iming v o l t a g e  ( W a )  a s  shown i n  F igure  ( 3 )  . A t  t h i s  

i n s t a n t  t h e  main t h y r i s t o r  T I  i s  ga t ed  on. The duty 

i n t e r v a l  ends a t  f i x e d  i n s t a n t  tb which i s  t h e  beging 

of commutation. 

The d i f f e r e n t i a l  equa t ions  of t h i s  mode a r e  (F igu re  4 )  

Figure  ( 4 )  Equiva len t  c i r c u i t  wi th  duty  

i n t e r v a l .  

Equat ions  ( 8 )  and ( 9 )  can be  w r i t t e n  i n  ma t r ix  form of 

Equation ( 1 )  a s  : 



And i f  t h e s e  equa t ions  are w r i t t e n  i n  t h e  form of s t a t e  

Equation ( 2 ) ,  w e  g e t  

Aa 

The d u r a t i o n  of t h i s  i n t e r v a l  is  tb. I t  begins  when 

t h y r i s t o r  T2 i s  f i r e d  by a  t imer  a t  f i x e d  i n s t a n t  tn a n d  

ends  when t h e  v o l t a g e  a c r o s s  t h e  c a p a c i t o r  e q u a l s  ( + E i )  

a t  i n s t a n t  tl;. The e q u a t i 0 n 6 ~ o f  t h e  system i n  t h i s  mode 

are deduced from F igu re  ( 5 )  and F igu re  ( 1 ) . -. 
"- 

Figure  ( 5 )  Equiva len t  c i r c u i l  wi th  commutation 

i n t e r v a l .  

du. 
'r - 

d t  + K i i = V  c) 

S i m i l a r l y ,  i n  mode f 01 low'ing 

-59- 

Equat ions  a r e  ob ta ined :  



$#CREE- WHEELIWG INTERVAL (MODE C) 
.C- 

Figure ( 6 )  equivalenf circuit wath frep Weeling 
interval 

! 

The equations i s  this mode are 



The f r e e  wheeling i n t e r v a l  ends when t h e  main t h y r i s t o r  

T1 
i s  tu rned  ON. Th is  occurs  when t h e  c o n t r o l  v o l t a g e  

equa l s  t h e  t iming v o l t a g e  

The c o n t r o l  v o l t a g e  i s  t h e  ou tpu t  of c o n t r o l l e r .  I t s  

equa t ion  can be w r i t t e n  d i r e c t l y  from Figure  ( I ) ,  a s  : 

T wi th  Pr = ( - K I K i  K i )  

The l i n e a r  t iming v o l t a g e  equa t ion  can be determined from 

F igu re  ( 3 )  
T - - tn) 

W a ( t )  = A, [ 1 ( 1 7 )  
T 

A1 
: i s  t h e  s l o p e  of t h e  t iming v o l t a g e  

T : i s  t h e  pe r iod  of one b a s i c  c y c l e  = ta + tb + tc 

tc : i s  t h e  f r e e  wheeling d u r a t i o n  = ti - 

9, NON L I N E A R  MODEL OF THE SYSTEM 

Using t h e  - E-function w e  can f i n d  t h e  r ecu r r ence  

r e l a t i o n s  f o r  each mode, 

each of t h e  above r ecu r r ence  equa t ions  r e p r e s e n t s  t h e  

r e l a t i o n  between t h e  s t a t e  a t  t h e  beging and t h e  end of 

t h e  aame mode. To jo in  t h e s e  t h r e e  r ecu r r ences  t o g e t h e r  

t o  g e t  - the  t o t a l  r e r c u r r e n c e  r e l a t i o n  of complete b a s i c  

c y c l e  (modes a ,  b,  c ) ,  we f i n e d  t h e  r e l a t i o n s  between 

t h e  s t a t e s  a t  t h e  end of one mode and beg in ing  of t h e  

nex t  mode. 



with 

Hba -1" 
- 0 

10, THE LINEARISED MODEL 

In the following analysis we try to establish a 

linearised model of the system about a steady state 

operating point defined by 

Refering to equation (6), equations(l81, (19) and (20) 

can be written is linearised form as follows : 

The joining relations between the end of each mode and the 

beging of the next mode (Rab, Rbc, Rca) can be determined 

using Equations ( 7 )  , (21 1 , ( 2 2 )  , (23) and the controller 
equation and timing voltage Equations(l8) and (19). 



Rab : 6E ( t  ) = -b n  

Rbc : 6E ( t ' )  = --c n  

- where : MB - Hac + 

Using t h e  l i n e a r i s e d  r ecu r r ence  equa t ions (24  t o  2 6 )  

and t h e  jo ing  r e l a t i o n  (27 t o  29) knowing t h a t  6 t n = 6 t n + l = 0  

( f i x e d  i n s t a n t s )  and 6 E a ( t n t l )  = e  A X  ( t n t l )  
a 

The l i n e a r i s e d  r ecu r r ence  equa t ion  of t h e  system over  one 

complete c y c l e  can be w r i t t e n  a s  : 

where t h e  r ecu r r ence  mat r ix  M- i s  

wi th  - 

t A  
e  

The express ion  f o r  a l l  c o e f f i c i e n t s  a r e  given i n  Appendix. 

Equation (31) '  can be w r i t t e n  i n  ano the r  form a s ,  



Using t h e  Z t r ans form,  t h e  c h a r a c t e r i s t i c  equa t ion  of t h e  

system can be determined 

11, C H O I C E  OF T H E  POLES OF T H E  SYSTEM 

The c h a r a c t e r i s t i c  Equation ( 3 4 )  i s  a  second o r d e r  

equa t ion  which has  two r o o t s  Z 1  and Z 2  r e p r e s e n t i n g  t h e  

p o l e s  of t h e  system where 

choosing t h e  p o l e s  Z and Z 2  f o r  r equ i r ed  response,  t h e  
1 

parameters  of t h e  c o n t r o l l e r  K 1  and T~ can then be 

determined 

I f  t h e  dead b e a t  response i s  chose,  then Z 1  = Z 2  = 0 

K, = 
An 

12, S I M U L A T I O N  

A program of s imu la t ion  of t h e  system i s  mode t a k i n g  

i n t o  c o n s i d e r a t i o n  t h e  d i f f e r e n t  modes of o p e r a t i o n s  and 

t h e  i n t e r n a l  and e x t e r n a l  events .  Th i s  program i s  based on 

Rung-Kutta numerical  method t h e  f low c h a r t  i s  g iven  i n  F i g . ( 7 ) .  

-64 -  



Initialization 

I * Motor parameters 1 
* Controller parameters 

I Mode 3 1 Mode 2 1 
I 

Mode 1 I 

4th - order 
Rung Kutta 

1 

J. 
1 Search of discontinuities I 
1 during the step of integration 

I 
* 

Calculation of the new step 

and parameters by linear 

I interpolation I 
(c. 

Logic of conduction 
1 

Figure(7) Principal flow chart of the program of 

simulation. 
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13, RESULTS 

The d.c.  motor  h a s  t h e  f o l l o w i n g  c h a r a c t e r i s t i c  

R = 5.27 ohm, L = 72.6 mH Ki = 1 volt/Amp. 

Eo = 80 v o l t .  

The l i n e a r  t i m i n g  v o l t a g e  c h a r a c t e r i s t i c s  

A1 = 5  v o l t  T = 5  m . s  

Choper c h a r a c t e r i s t i c s  

C = 4 . 7 4 ~ 1 0 - ~ F  E i = 2 0 0  v o l t  

S teady  s ta te  o p e r a t i n g  p o i n t  

i t  = I. = 3.8 A 

V o = 3 . 8  v o l t  

u  = 7.9 v o l t  

C o n t r o l l e r  p a r a m e t e r s  

The s i m u l a t i o n  r e s u l t s  a r e  shown i n  f i g u r e  (8 )  which 

r e p r e s i e n t  t h e  c u r r e n t  r e s p o n s e  due  t o  s t e p  change i n  
c u r r e n t  r e f e r e n c e .  

F i g u r e  ( 8 )  S i m u l a t i o n  r e s u l t  

-66- 



1 4 ,  CONCLUSION 

Thi s  paper  d e a l s  wi th  t h e  a p p l i c a t i o n  of a  gene ra l  

model l ing method f o r  e l e c t r i c a l  machines f e d  by s t a t i c  

conve r t e r s .  I n  t h i s  i n v e s t i g a t i o n  t h e  s t a t i c  c o n v e r t e r  

i s  a  D.C.-D.C. chopper. The u s e  of r ecu r r ence  equa t ions  

and m a t r i c i a l  j o in ing  c o n d i t i o n s  which joing t h e  d i f f e r e n t  

modes of ope ra t ion  pe rmi t s  t o  deduce an over  a l l  l i n e a r i s e d  

model. The c h a r a c t e r i s t i c  equa t ion  of t h e  system a l lows  

t h e  de t e rmina t ion  of t h e  c o n t r o l l e r  parameters  f o r  t h e  

d e s i r e d  response.  The p o l e s  of t h e  c u r r e n t  i s  choosen 

equa l  ze ro  i n  t h e  Z p l ane  t o  o b t a i n  t h e  dead b e a t  

response,  The s imu la t ion  r e s u l t s  c o i n c i d e  wi th  t h o s e  

which ob ta ined  t h e o r e t i c a l y .  

APPENDIX 

U = e [COS u t  - ( B  s i n  w t b ) / w ]  
- B t,. b  

= -e D s i n  wtb/Lw 

- B t b  
= e  s i n  w t b / C w  

= e -Btb [ cos  w t  + (B s i n  w t b )  / u ]  b  
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