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Abstract 

In this paper, algorithmic approach for Fourier analysis of 
smoothed data is developed and applied to the annual sunspots 
number from the years 1700.5to 2000.5. The precision criteria of the 
representation is very satisfactory. 

Introduction 

A growing mass of evidence suggests that the solar activity 
affects our weather and long -term variations of the sun's energy 
output affects our climate. The literature on this subject covers a 
period of 300 years, and many distinguished scientists have 
contributed (see,e.g. the extraordinary number of articles on the 
site:httt://adsabs.haward. edu). Moreover almost every large solar- 
terrestrial symposium now includes at least one session on sun 
weatherlclimate investigations. On the other hand ,the basic measure 
of the solar activity is the number of the sunspots visible on the solar 
disk at any given time; the more spots ,the more active is the sun[3]. 

Now ,if the sunspots are a key factor ,that is ,a good usable 
indicator of solar activity for sun-weather relationships ,an obvious 
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condition must be met before sunspot's number can be used to predict 
changes in weather and climate: The sunspots themselves must be 
predictable. In fact it is very important to have a full understanding of 
sunspot predictability for sur, weather purposes. 

In the present paper ,we started the first phase towards sunspot 
predictability by developing algorithinic approach for Fourier 
analysis of smoothed data. As an application of the algorithm we 
considered the annual sunspot's number from the years 1700.5to 
2000.5. The precision criteria of the representation is very satisfactory 

2. Basic Formulations 

2.1. Hurmonic Analysis qf u Periodic Function 

.Let it be required to find a sum 

1 r r 

-aO + x a j  c o s . j x + ~ b j  sinjx , 

which. furnishes the best possible representation of a function u(x), 
given that u(x) takes the values u, ,u, ,..., urn-, ,when x takes the values 
x,, , .rl ,..., n ,,,-, respectively. Finally, m being some number greater than 
21.. The problem is to determine the (2r+l) constants tz,,ujand 

hi; j = 1,2, ..., r so as to make the expression (2.1) takes ,as nearly as 

possible, the m vaiues u, , u, ,. . ., u ,,-, when x takes x, , x, ,. . . , x,,,-, .To 
do so we shall make use of the method of least squares[l] and we get 
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where 

m - 1  

q r  = q j l  = cos I X ~ C O S  j k  = 0 1  . r ;  j O, l . . ,  r ,  
k = O  

in - I  

p,, = cos l x k s i n  q x , ; l  = 0,1, ..., r ; q  = 1,2 ,..., r ,  
k = O  

m - 1  

y ,  = y ,  = sin qx ,  sin t x , ; q  = 1,2 ..., r ; t  = 1,2 ..., r ,  
k = O  

m - 1  

d ,  = u ,  cos l x , ; l  = 0,1, ..., r ,  

m - 1  

c q  = u k  sin qx , ; q  = 1,2 ,..., r .  
k = O  

Equations (2.3) are called the normal equations of the least 
squares method. These equations represent a set of linear equations in 
(2r+1) unknowns a's and b's coefficients and could be solved by any 
of the methods adopted for linear systems. However, the coefficient 
matrix of this set could be reduced to a diagonal one by certain choice 
of the argurnentsx, and in this case the a's and b's are determined 
exactly and the problem is known as harmonic analysis. 

.In the method of harmonic analysis ,the arguments x, take the 

special values; 

For 

For 

these values ,the q's, p's and y's of Equations(2.3) become: 
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Consequently the a's and h's coefficients could t k n  be computed 
exactly from 

2 m-I 

a .  =- 
2 n  

I 
z u k  cos j - k  ; j = O,l, ..., r ,  

m k = O  m 

2.2.Practicnl Computations of the a's and b 's Coeflicienls 

The a's  and b's coefficients of Equations (2.5) could be computed 
eff-iciently [4] from 

2 k. 
uj =- {q, +a,, cos- J -QTj) ;i =O, l,...~, 

rn m 

where, for any j the Q's are computed recursively from 

Q k S j  = u k  + 'OS x j Q k + l . /  - ! 2 k + 2 , j i  (2.6.3 

by using the initial conditions Q,,,; = Q,,,,, = 0,starting with k=m-l 

to compute successively Q ,,-,, , , Q ,-,. , , ..., Q,, . 

2.3 .The Sum of the Squares of the Residuals 
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The sum of the squares of the residuals is given as [4] : 

In practice ,since we do not know r ,we would evaluate a's and b 's 
coefficients for r=1,2, ..., then compute sr2 ,and continue as long as 

6,* decreases significantly with increasing r. 

2.4.Data Smoothing 

A series of raw data { y, , y, ,.. ., y, ) is sometimes transformed 
to a new series of data before it is analyzed. The purpose of this 
transformation is to smooth out local fluctuations in the raw data, so 
the transformation is called data smoothing or smoother[2] .One 
common type of smoother employs a linear transformation and called 
a linear filter. A linear filter with weights (coy c, ,..., cp-,) transforms 
the given data to weighted averages xp-' c jy,- for t=p,p+ 1, . . ., n. 

j = O  

Notice that the new data set has length n-p+l.If zp-'c. J=O J = 1 the linear 

filter is called an p-term moving average. If all weights are equal and 
they sum to unity ,the linear filter is called a simple moving average. 

3.Numerical Applications 

.The used data are listed in the first two columns (and the forth, fifth 
columns) of Table I as the year and the corresponding annual 
sunspot'snurnber respectively. These data are obtained from the site 
:http:Nsidc.oma.be. in the sunspot archive. 
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*The third colurnn(and the sixth column) represents the smoothed 
sunspot's number obtained using a simple 2-term @=2) moving 
average of Subsection 2.4. 

3.2.The a's and b's coefficients 

*Using the smoothed sunspot's number ,the a's and b's coefficients 
of Equations (2.5) are computed in a recursive manner from 
Equations (2.6). 

.The number of terms r is computed by the artifice mentioned after 
Equation (2.7) and in this respective we find r =15O.Table A, gives 

the values of 'r' (N.S.) for none smoothed and 'r' (S.) for 
smoothed sunspot's number for different values of r . 

Table A: Values of 6 (N.S.) for None Smoothed and 6,' (S.) for 
Smoothed sunspot's Number for Different Values of r 

r 6,' (N.S.) 6r (S .) 

*'The numerical values of the coefficients a; ; i=0,1,2,. . . ,150 and ; 
. j= 1.2,. . . -1 50 are listed in Table 11. 

3.3 .Graph icnl Representntions 

Graphical representations of the sunspot'snumber for the years 
1700.5 to 2000.5 are displayed in Figure 1 for both the observed 
smoothed variations and Fourier smoothed variations 



Alogorithmic Approach for the Fourier ... 

3.4.Error Analysis 

Table 111 lists the absolute values of the residuals between the 
observed and the Fourier smoothed variations the of sunspot's number 
for the years 1700.5 to 2000.5 

In concluding the present paper, algorithmic approach for 
Fourier analysis of smoothed data is developed and applied to the 
annual sunspot's number from the years 1700.5 to 2000.5. The precision 
criteria of the representation are very satisfactory. 
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T a b l e  I : None Smoothed (N. S .) and SProothad (S. ) S u n m t  
Number from the Y e a r  

Y e a r  N. S.  

5. 
11. 
16. 
23. 
36. 
$8. 

29. 
20. 
10. 
8. 
3. 
0. 
0. 
2. 
ll. 
27. 
47. 
63. 
60. 
39. 
28. 
26. 
22. 
11. 
21. 
40. 
78. 
122. 
103. 
73. 
47. 
35. 
11. 
5. 
16. 
34. 
70. 
81. 
lll. 
101. 
73. 
40. 
20. 
16. 
5. 
ll. 
22. 
40. 
60. 
80.9 

Peat 

1750.5 
1751.5 
1752.5 
1 7 s .  5 
17%. 5 
1755.5 
1756.5 
1'157.5 
175%. 5 
1759.5 
1760.5 
17Q.5 
l7G?. 5 
1763.5 
1764.5 
1765.5 
1766.5 
1761.5 
1768.5 
1769.5 
1770.5 
1'171.5 
1772.5 
1773.5 
1711.5 
1775.5 
1776.5 
1777.5 
1778.5 
1779.5 
1780.5 
1781.5 
1781.5 
1783.5 
1784.5 
1785.5 
1786.5 
1787.5 
178%. 5 
1789.5 
1790.5 
1791.5 
17P.5 
17513.5 
1794.5 
1795.5 
1796.5 
1797.5 
1798.5 
1799.5 

N.S. 

83.4 
47.7 
47.8 
30.7 
12.2 
9.6 
10.2 
32.4 
47.6 
51. 
62.9 
85.9 
61.2 
45.1 
36.4 
20.9 
U . 4  
37.8 
69.8 
106.1 
100.8 
81.6 
66.5 
34.8 
30.6 
7. 
19.8 
92.5 
154.4 
125.9 
84.8 
6e.1 
38.5 
22.8 
10.2 
24.1 
82.9 
332. 
U0.9 
118.1 
89.9 
66.6 
60. 
46.9 
U. 
21.3 
16. 
6.4 
4.1 
6.8 
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Table I (Continued) 

Year 

1800.5 
1801.5 
1802.5 
1803.5 
1800.5 
l805.5 
1806.5 
1807.5 
1800.5 
1809.5 
l8lO.5 
1m.5 
m . 5  
m33.5 
1814.5 
1815.5 
18l6.5 
1817.5 
1818.5 
1.829.5 
1820.5 
182l.5 
1811.5 
1823.5 
1824.5 
lms.5 
1826.5 
1827.5 
1828.5 
1829.5 
1830.5 
1831.5 
1832.5 
18s. 5 
1834.5 
1835.5 
1836.5 
1837.5 
1838.5 
1839.5 
1840.5 
1841.5 
1842.5 
1843.5 
1844.5 
1845.5 
1846.5 
1847.5 
1848.5 
1849.5 

Year 

1850 r5 
1851.5 
1852.5 
1853.5 
18s. 5 
1855.5 
1856.5 
1857.5 
1858.5 
1fS9.5 
1860.5 
1861.5 
1862.5 
Pti63.5 
1864.5 
1865.5 
1866.5 
1861.5 
1868.5 
1869.5 
1870.5 
1873.5 
1872.5 
1873.5 
1874.5 
1875.5 
1816.5 
1877.5 
1878.5 
1879.5 
1880.5 
1BSa.5 
la(n.5 
1883.5 
1884.5 
1885.5 
1e86.5 
1887.5 
1888.5 
1889.5 
1890.5 
1891.5 
18s. 5 
1893.5 
18%. 5 
1895.5 
18%. 5 
1897.5 
1898.5 
1899.5 
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Table I (Continued) 

Year 

1900.5 
m . 5  
1900.5 
1903.5 
1904.5 
19Q5.5 
1906.5 
1907.5 
1908.5 
1909.5 
2910.5 
1911.5 
1912.5 
19U.5 
1914.5 
1915.5 
1916.5 
1917.5 
19l8.5 
1919.5 
1900.5 
1921.5 
1922.5 
1923.5 
1924.5 
1925.5 
W6.5 
m . 5  
1928.5 
1929.5 
1930.5 
1931.5 
m . 5  
1933.5 
1934.5 
1935.5 
1936.5 
199.5 
1938.5 
1939.5 
l940.5 
1 W . 5  
1942.5 
1943.5 
1944.5 
1W5.5 
1946.5 
1947.5 
1948.5 
1949.5 
1950.5 

Year 

1950:~ 
1W1.5 
1952.5 
1953.5 
1954.5 
1955.5 
1956.5 
1W.5 
19%. 5 
1959.5 
1960.5 
19fi1.5 
1962.5 
10Q.5 
1964.5 
1965.5 
1966.5 
1961.5 
1968.5 
1969.5 
1970.5 
1971.5 
1972.5 
1913.5 
1974.5 
1975.5 
1976.5 
1977.5 
1978.5 
1979.5 
1980.5 
l98l.5 
1982.5 
1983.5 
1981.5 
1905.5 
1986.5 
1987.5 
1988.5 
1989.5 
1960.5 
1991.5 
199P.5 
1993.5 
19%. 5 
l W . 5  
1996.5 
1997.5 
1998.5 
1999.5 
2000.5 
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Table II(Coatinued) 

No.of SLm spts 

Years -1700.5 

*.of Sm Spots 
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1 0 - C I  

1.WB7x1*= 
1.42109 x lo-" 
4.9738 x 10-l4 
7 .10543~10-~~ 
1.27898 x 10-* 
7.63833 x 10-l4 

2.557%~ l&*  
7.I05Ux fibs 
2.66454~10-14 
5 . 0 2 6 4 5 ~ 1 0 ~  
1.563lSx i+u 
2.94875 x 1O.U 
4.26326~ 1 0 ' 4  

2.06057~10-* 
1.08PBx10* 
4.9735xI!F 
7.95808x10u 
6.39488 x l V *  
4 .1WSx10u 
4.47642~ lVu  
6.68058~ 10-u 
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