
Sci. J. Fac. Sci. Menouf ia  Univ. Vol. V l I I  (1994) 

TORSIOX OF A S  EL-ASTIC NON-HO?/IOGETEOUS HALF-SPACE 
HAVISG -4 PENNY-SH-APED CR-IICK 

by 

Hassan -4. Z. H.~SSAN' 

Abstract In this paper we study the effect of non-homogeneity on the stress concentration 
factor at  the edge of a penny-shaped crack situated in a non-homogeneous elastic half-space 
parallel to  its surface. The half-space is twisted by means of a circular rigid stump clamped to  
its surface. The stump's axis coincides with the crack's axis. The shear modulus is assumed 
to  vary with two cylindrical coordinates r ,  z by a power law in the form p = p,,o r" ( c+  i ) g .  

Gsing the Hankel integral transform. the problem reduces to a pair of dual integral equations, 
the solution of which is governed by a pair of coupled Fredholm integral equations of the 
second kind for two auxiliary functions. The quantities of physical importance are expressed 
in terms of these functions. This pair of equations is solved numerically. 

The coefficient of stress concentration at the rim of the crack is plotted as a function of 
the ratio of the stump's radius to that of the crack for different values of the crack's depth. 

The results show that non-homogeneity appreciably reduces the coefficient of stress con- 
centration. 

1 Introduction 

The torsional problem of an elastic half-space without crack by means of a rigid stump (the 
standard Reissner-Sagoci problem) was investigated by many authors. In [I!-[i] the half- 
space is assumed to be homogeneous but in [8]-1121 it is taken to be non-homogeneous. which 
is a case of geological importance since it may modelize a part of the Earth's crust. Similar 
problems for large thick plates are considered in [13]- 1161 

The problem of homogeneous half-space with circular crack was studied in [I?]-[lS] The 
problem of non-homogeneous half-space with penny-shaped d a w  was studied in 1191. 

In the present paper. we consider the half-space to be non-homogeneous. The shear mod- 
ulus is taken in the form pa.: r* (C i z)' where u 3 0. 3. c = 0 . pa,: are constants and r 
is the radial coordinate of the cylindrical system of coordinates with origin at the center of 
the stump and =-axls oriented In the half-space. The crack's surface ( = = h , 0 r < a ) is 
assumed to be stress free The circular area ( 0 5 r 5 b I of the boundary surface ( : = 0 i 
is forced to rotate through an angle R about the :-am but the part of the boundary surface 
wh~ch  lies outside this circle is stress free. 

The problem reduces to that of determining two ausiliary functions from a pair of coupled 
Fredholm integral equations of the second kind. These are iur:her reduced to a finite system 
of linear algebraic equations. 

\ \ e  have calculaled some numerical i,alues for the iiimensioniess concentration factor for 
different values of the geometrical paramcters and ol the in:'ion:o~ent.iry factor. Tlw obtained 
results show that tfw cunce~~rrntion factor decreases as rh,e clesrw of iu:?ornogericit~ i r~ r r ease~ .  
This is ob~iously a result of practical interesr. 
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2 Formulation of the problem 

if 'c conside: the  non-hornogencous elastic half-space ( r  2 0: z > 0 )  for which the  circular 
area ( 0 < r 5 5) of its surface ( ; = 0 j is forced to rotate about the z-axis. The part 
; = 0. h < r < x 1 is assurned to be stress free Fig. (1). The half-space is slackened by a 

cii.cular crack ( z = h: 0 5 r 5 a ) assumed to be stress free. The shear modulus is taken in 
the form 

p = p,,3 rU (c $ =y:  (1) 

where Q 2 0 . 3. c. pU,3 are constants. 

Figure 1: Formulation of the problem. 

For the torsional problems of bodies of revolution. the only non-vanishing component of 
the dispiacernenr vector is the 6 component r(r .  -1.  which is independent of 0 .  12 the case of 
non-homogeneous and isotropic bodies this component must satisfy the equatior. :l6] 

The only no3-vanishing stress components 76..  72, are related to v through the equations : 

a az. 
7 .  = ( and n.ir.n) = p - .  

d= 
The follow:ng boundary condit~ons holds : 

( i l  
T,, t r .0 )  = 0. ( r  > bj 

?"'!r.0? = Rr. (0  5 r 5 b )  

-( 11 !s: (r. h )  = ; j j i(r .  h /  = 0. ( 0  5 r 5 a )  
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3 Reduction to a pair of integral equations 

Using the Hankel transform, the solution of equation (2) for the two regions takes the form 

m 

v")(r: 2) = 7'-"(c + .)'j { A ( A ) I ~ ' ~  [ ( c  + z ) w  + B(A)Ip [(c + z)A]} J,iAr) CA.  (9) 
0 

d 2 J ( r .  z,j = rl-'(c + z ) ~  C(A)I ip  [(c + z)A] J,(Ar)dA, (lo! 

where u = 1 - :. p = y. .I,(=) is the Bessel function of the first kind of order u. Ip (x  j, K p ( x )  
are the modified Bessel functions of the first and second kind, respectively, of order p and 
.4[Xj. B(X) and C ( A )  are functions to be found. 

Using conditions ( 6 : .  (8) we get the following relations: 

C ( A )  I$-, [A(c  + h)]  = A(A)Ii,-l [ A ( c  + h)]  - B(A)Ip-I [ A ( c  + h)j . 

The remaining corditions give the following pair of dual integral equations. 

where 
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Using fracrion integiai,ion method [19]. we gel the solution of the last pair of dual 
in!egral cquabions in the form: 

E 

cl(,i) = A 1 "2 @ ( t )  J ~ - I , ~ ( A ~ )  d l ,  (20) 
0 
3 

C 2 ( h )  = / d q(f1 J*+lp(At) df, (21)  
0 

(shere the two iunctions V ( t j .  d ( t )  are determined from the folloffing two integral 

equations, which can be obtained b!. substituting (20) ,  (21j into (12 ) ,  (14) : 

and 

r 
A',( Ac) 

1 J v -1p (X~!  J V - Y ~ ( X ~ )  dX. I ~ . ~ ( U . X )  = vG [ A [-- I<?-, ( Ac) ] 

4 Formulae for quantities of physical importance 

Quantities of physical importance may be expressed in terms of functions @(I) and r k ( ~ \ .  
The shear stress rbz under the stump is given by 

The torque If applied ro chc stump is calculated from rhe formula 

> 
[ .% 

:,--.;:- / v " q ; : : , O ! : - .  .., - 
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The shear strcss rs,(r, h )  a t  the edge of the crack takes the form 

where Ii. is the stress concentration factor at  the rim of the crack given by 

Lie shall be interested in the dimensionless factor 

where lib is the concentrated stress in tens i t  factor at  the rim of the  stump. 

5 Special cases 

In r h ~ s  sec;ion we derive results for some special cases 

CASE I : i e t t ~ n g  a = P = 0 and a f 0, one gets the correspond~r.g problec ior the homo- 
geneous half-space hanng a pennyshaped crack. The two Fredholm i-:rgral equations 
(22j and (23j now take the form 

r,.hicl: is in qreement with the results of / I&] .  

C-ASE I1 : Taking .3 = 0. one gets the  corresponding probirm 5: :he o,xnorno~i.riec;t:~ 
nalr-spaic ha\.in< a penny-shaped crack x i t h  nonhornogenei~y &pen&:; on the ri~iiini 
zoortiinate by :he power law 9 = p,r' 



Equations (22) and (2'3) take the form 
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CASE 111 : Letting a - 0. the crack is removed from the half-space. 

The solution of the problem then reduces to  that of a nonhomogeneous half-space 
twisted by a rigid disc. Equation (22) reduces to : 

where 

which is in a p e m e n :  x i th  the results of [lo] for v = 1. 

6 Numerical results and discussion 

We have investigated specid case I1 in detail riurnerically. The two Fredholm integral equa- 
tions ( 3 i j  and (3s )  were reduced to  a finite system of linear algebraic equations. S~imericai  
results for the dirnensionles: stress concentration intensity factor and for the dimensionless 
torque have been obtained for various values of the physical and the seornetrical parameters 
aa shown on figs. ( 2 )  - ( 6 ) .  

\Ye ha:.c noticed that for ;he investigated interval 0 5 a l b  < 2.5 the stress intensity factor 
pnerally decreases x:ith incrrasicg rhe inhomogeneity factor a. This is clear for 

8 i i Srnnii -:aiues o i  the dizensioniess crack radius a!b. 
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Flgure 3 The values of I<, for h,/b = 2 
Ii, 0.1 1 I 1 
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Figure 4. The values of K, for h l b  = 4 . 
0.03 1 I I I I 

Ii, 
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Figure 6. The .<slues of hf for h / b  = 1 

F~gure 7.  The values of 1bf for h / b  = 2 
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