Sci. J. Fac. Sci. Menoufia Univ. Vol. VIII (1994)

TORSION OF AN ELASTIC NON-HOMOGENEOUS HALF-SPACE
HAVING A PENNY-SHAPED CRACK
by
Hassan A. Z. HASSAN!

Abstract  In this paper we study the effect of non-homogeneity on the stress concentration
factor at the edge of a penny-shaped crack situated in a non-homogeneous elastic half-space
parallel to its surface. The half-space is twisted by means of a circular rigid stump clamped to
its surface. The stump’s axis coincides with the crack’s axis. The shear modulus is assumed
to vary with two cylindrical coordinates r, z by a power law in the form i = pa g r* (c+2)°.
Using the Hankel integral transform. the problem reduces to a pair of dual integral equations,
the solution of which is governed by a pair of coupled Fredholm integral equations of the
second kind for two auxiliary functions. The quantities of physical importance are expressed
in terms of these functions. This pair of equations is solved numerically.

The coefficient of stress concentration at the rim of the crack is plotted as a function of
the ratio of the stump’s radius to that of the crack for different values of the crack’s depth.

The results show that non-homogeneity appreciably reduces the coefficient of stress con-

centration.

1 Introduction

The torsional problem of an elastic half-space without crack by means of a rigid stump (the
standard Reissner-Sagoci problem) was investigated by many authors. In {1]-{7] the half-
space is assumed to be homogeneous but in [8]-{12] it is taken to be non-homogeneous, which
is a case of geological importance since it may modelize a part of the Earth’s crust. Similar
problems for large thick plates are considered in [13]- [16].

The problem of homogeneous half-space with circular crack was studied in [17)-[18]. The
problem of non-homogeneous half-space with penny-shaped flaws was studied in [19].

In the present paper. we consider the half-space to be non-homogeneous. The shear mod-
ulus is taken in the form pg 3 r® (¢ + z)° where @ > 0. 4. ¢ = 0, y, ; are constants and r
is the radial coordinate of the cvlindrical system of coordinates with origin at the center of
the stump and z-axis oriented in the half-space. The crack’s surface {(z=h ,0<r<a)is
assumed to be stress free. The circular area ( 0 < r < b ) of the boundary surface { = =0 )
is forced to rotate through an angle Q about the z-axis but the part of the boundary surface
which lies outside this circle iz stress free.

The problem reduces to that of determining two auxiliary functions from a pair of coupled
Fredholm integral equations of the second kind. These are further reduced to a finite system
of linear algebraic equations.

\We have calculaled some numerical values for the dimensionless concentration factor for
different values of the geometrical parameters and of the inhomogeneity factor. The obtained
results show that the concentration factor decreases as the degree of inhomogeneity increases.
This is obviously a result of practical interest.
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2 Formulation of the problem

We consider the non-homogenecous elastic half-space {r > 0, z 2 0) for which the circular
area [ 0 < r < by of its surface ( z = 0 } is forced to rotate about the z-axis. The part
(z2=0, h<r.< = }is assumed to be stress free Fig. (1). The half-space is slackened by a
circular crack [ z = h, 0 < r < a } assumed to be stress free. The shear modulus is taken in

the form
p=pasr® (c+z), I
where a > 0. 5. ¢. p, 3 are constants.
M, .
o
———

Figure 1: Formulation of the problem.

For the torsional problems of bodies of revolution, the only non-vanishing component of
the displacement vector is the § component v{r.z}. which is independent of . Ir the case of
non-homogeneous and isotropic bodies this component must satisfy the equation 16]

0 l+adv l+a g 6v+62v__0‘ @)
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The onlyv noa-vanishing stress components 7z.. 7, are related to v through the equations :

g /v v
T {r 2} = y;(:/) and T, 2} = H3o (3)
The following boundary conditions holds :
(4)
(5)
(6)
(7
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3 Reduction to a pair of integral equations

Using the Hankel transform, the solution of equation (2) for the two regions takes the form

vm.(r,z) = r""(c-}-z)p/{A()\)K,, [(e+ 2)A] + B [(c+ 2)A} L(Ar) dA,  (9)
0 .
e (rz) = r""(c—}-z)”/C(/\)K,, [(c+ 2)A] J(Ar)dA, (10}

wherev =1+%,p= l—;-f, J,(z) is the Bessel function of the first kind of order v. I(z), Ap(z)
are the modified Besse! functions of the first and second kind, respectively, of order p and
A(X). B(}) and C(A) are functions to be found.

Using conditions (6}. (8) we get the following relations:

CA) Koot [Me + b)) = AQ)Kp1 [Mc + B)) = B por [M(c + b)) (113

The remaining corditions give the following pair of dual integral equations:

Ci(AL(Ar)dh = fi(r), (0<r<b) (12)

'\8

/ACI()\)J,(Ar)a’/\ = 0, (r>b (13)
[renond = pe), 0<r<a) (4
famnoni= o (>a) (13)

where -

‘ 7 K,(Ac)
= Nr¥ - R h
A O 0/01(/\) [Kp..;(/\C) 1] J.(Ar)dA
-3

NZE Koo [Me+h)
¢ /CQ(A)-"’—I‘f[«:((——C/\d)——)—}J,(.\r)dA. (16)
[ = ’

AT EH T - 1
fry = DMEEht C”/AC,(A)———————"-"}\‘, [Af,c;)h)v,(xr) d
-

7 ; (MR, ) 1
-2 / M(c+R)K,o1 [Mc+ h)]{']x‘ 1(c I\{‘p](l/\[:\‘\c + h)]
0 = '

1
2A(c+ h}K,poy IA e+ R
Cy\Y = o LN AmlAe) — BUNY (Ao (15
BiA) {1m
1id}

CaMt o= - S
wet it Kooy [Ae+ b))

Lo Mc+ )] + }Cg&.\}JV(,\r‘,(:’,\. (1
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Using the fraciion integration method {19), we gel the solution of the last pair of dual

integral equations in the form:

b
Cid) = \/X/ VE () Jy_ya( M) dL, (20)
(1]
G = VX [ VEUO deap() (21)
o

where the two auxiliary functions ©(t), #(¢) are determined from the following two integral
equations, which can be obtained by substituting (20), (21) into (12}, (14) :

B a 27 +

o \/: (I/ 1)
oz 2 . P \ I )dy = ——————=™ ) ¥
(1‘)-{-0/ ®(u) Ki{u, z) du o/ () L{y,2) (v +y2) ’

O<z<b),  (22)

0, (0<zr<a), (23

b a
q/(z)-2c1~2’/ ®(u) L{z.u) du+/ W(u) Kalu, ) du
[0}

o
and
Liwz) = V“:if: il Z/\I"”}xip[i(&j)h” Jyespa(A2) Jogyya(3ee) dA, (24)
Ki(v.z) = oz 07 A [KA—?‘]—?%_ 1} Jyey2(A2) Jucypz(du) dA. (25)
Ka(u.z) = —:)\/z;?Z,xQ(c+ﬁ)A',,_l(A(c+ h)}{l"“"”}fi’;(‘;;(”h”

1
2X(c + ) Kp—; [Mc + k)]

S SO i }Jm,,(xuum,z(,\r )dA. (26)

4 Formulae for quantities of physical importance

Quantities of physical importance may be expressed in terms of functions @(z) and ¥(z).
The shear stress 7. under the stump is given by

d [t D1} dt

1-2p  2v-2 @ RS el (r < b). 20

Ta(r.0Y = ua5 ' — € r .
:F1N / } J\ ar / \/f“~7‘2

The torque 3 applied to the stump is calculated from the formula
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The shear stress 75,(r, &) at the edge of the crack takes the form

K,
Ta,(T, h)!f—-a ~ _\/‘;‘2‘——"__’—0’; + O(l)v (?.Q)

where K, is the stress concentration factor at the rim of the crack given by

: 1
Ko = lim VT =@ ra(r, B = —popyf 5= (c+h)VP77a" Wia, (30}

w

YWe shall be interested in the dimensionless factor

Ko e+ h)‘/z“”l’(u.-l— v2) a* 7 Wia) 31)
= 72 5 :
M 47Y2T(v+1) ot dt
o
Also
¥ Ry - (v +y2) b~ 19(b)
= . (32)

M 2x¥2Q(v+1) ¢t »
v §(7) dr
| [ 8(r)

where K3 is the concentrated stress intensity factor at the rim of tkhe stump.

5 Special cases
In this section we derive results for some special cases.

CASE X : Letting o = # =0 and a # 0, one gets the correspondizng problem for the home-
geneous half-space having a penny-shaped crack. The two Fredholm integral equations
(22) and {23} now take the form

®(z) +/ Y(u) L(I)(u,i) du=2 \}g Rz, 0<r < . (33)
- T .
0

3

Piry-2 / d(u) L“)(z,u) du +/ U(u) I\’Qm(u,z) du=9, {(0<><a), (34
o

0
and :
LD(u,z) = V7@ / Ae™ Jyp(Az) Jya( At dA. (35)
0
Eu,) = VEu [ 2™ Jy(de) Jymha d, (36)
2

which is in agreement with the results of {18].

CASE II: Taking # = 0. one gets the corresponding problem Ior the nonbomogenecus
half~space having a penny-shaped crack with nonhomogeneity dependinz on the radial

coordinate by the power law y = p,r".
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Equations (22} and {23} take the form

(v + 1
——————‘/_7(J+!) 0 z¥

. { {in -
@(z}-rb/ W) L0(u,7) du = T

\Dtr)-Z/(bu)L””J:u)dqu/\I/ ) KD (uz) du=0, (0<z<a) (38

and
L.z} = Vi / Ae™ J,_2(0z) Juay(Au) d), (39)
0
KM (u.z) = Vzu / AeH T, (Az) Jpya(Au) dA, (40)
[¢3

CASE III : Letting a — 0. the crack is removed from the half~space.

The solution of the problem then reduces to that of a nonhomogeneous half-space
twisted by a rigid disc. Equation (22) reduces to :

KU _V2AT(w+1) v
@(IluL/ D(u) K (u.z) du= -————————F(V+1/2) Q z¥, (0<z<8), (41)

where

; KA
K (111) (w.z) = iz / [}\_;_(.:)_) - 1:, Jooy2(Az) Jusye{Au) dA, (42

whickh is in agreement with the results of {10] for v = 1.

6 Numerical results and discussion

We have investigated speciai case IT in detail aumerically. The two Fredholm integral equa-
tions (37) and (38) were recuced to a finite system of linear algebraic equations. Numerical
results for the dimensionless stress concentration intensity factor and for the dimensionless

torque have been obtained for various values of the physical and the geometrical parameters

as shown on figs. (2} - (6).
\We have noticed that for the inv estigated interval 0 < a/b < 2 5 the stress intensity factor

generally decreases with increasing the inhomogeneity factor a. This is clear for

i Small values of the dimensionless crack radius a/b.

% depth hjh

the dimension; iess crack

oihs and large crack radi. this {eature

oL we jave
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K,

Figute 2: The valties of A, for fifb=1 .
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Figure 3: The values of K, for A/b =2 .
0.1 v T T

0.08 -

RN

0.06 -

cRRReRR

[ [T T

Utide CIBI v D

0.04 -

217

a/b

alb

-3



Hassan A. Z. HASSAN

Figure 4: The values of K, for A/b=4.
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Figure 6: The values of M for 2/b = 1.
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Figure 7: The values of M for h/b = 2.
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Figure 8: The values of M for h/b = 4.
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