
A simple anaiys~s has been carried out for determining criteria for filling 
inclined pipes carrying liquids. The analysis resulted in criteria which are weakly 
dependent on Reynolds number and hence liquid propefcies. Experimental study 
on upward facing inclined pipes, carrying Newtonian and non-Newtonian liquids, 
has been done. Aqueous solutions of carboxy methyl cellulose in water were used 
as the non-Nellnonian liquids. A piexi-glass open end test section was used for 
visualization o i  the iiquid free surface at exit. Comparison between theoretical and 
both presenr and eariy experimental results was made. The comparison shows that 
the theoretical criteria predict safely the critical Froude number for fiiiing inclined 
pipes. it has been concluded that for both horizontal and upward facing pipes the 
design value of Froude number is safely taken as Fr=0.725. On the other hand, 
for downward facing inclined pipes, the safe design value is Fr=0.92. 

Calculations of liquid Rows through pipes have been derived based on 
single phase (i.e liquid) Row only. When the pipe runs partially filled, two phase 
(iiquid and gas) flow may occur and the single phase-conventional-caiculations can 
be significantly in error. As the flow rate - oi a liquid -through an open end@ pipe 
is gradually reduced, at some point, the pipe ceases to remain filled and a free 
surface is formed within the pipe. This surface moves closer to the pipe entrance, 
as the flow rate is reduced, until finally the pipe runs partially filled. This problem 
is met in many engineering applications such as freely discharging pipes and 
interconnected tanks. 

Review of previous work has shown that most of the eariy studies have 
been concerned with efther two phase Row 1e.g. 1-81 or full-pipe Newtonian and 
non-Newtonian Row systems [e.g. 91. Thus, the counter current air-water flow was 
studied by many authors 1e.g. 1,2]-while others [e.g. 3,4] were concerned with the 
flooding phenomenon. Also, many publications [e.g. 5'61 were concerned with 
flows including air-water interface. Other studies 1e.g. 7,8] dealt with the 
characteristics of mixing layers. Studies on f~ril pipe Newtonian and non-Newtonian 
fluid flow are neornerous [e.g. 91 while the characteristics of open channel Row are 
widely presented ie.g.101. 

Studies on criteria for filling of pipes seem to be little. However, the 
available previous work-which was concerned with determining criteria for filling 



of Newtonian liquid carrying pipes - was reported by Krishnakumar et al. [Ill. 
They carried out an experimental work and developed empirical criteria in terms 
of tha flow Reynolds and Froude numbers for a horizontal and a vertical 
submerged end pipes. Similar studies for non-Newtonian liquids seem not to be 
available. Therefore, the present work aims at determining criteria for establishing 
full pipe Row of Newtonian and non-Newtonian liquids in inclined pipes. 

Figure ( la )  shows a schematic sketch of an upward facing inclined pipe 
at critical conditions. When the pipe begins to run partially full, the liquid free 
surface begins moving in the upstream direction. According to the prevailing 
conditions, it begins at a distance Xc upstream the open end. The corresponding 
critical velocity is Vc and the free surface falls a distance €in the normal symmetry 
plane at exit section. Figvre (1.b) shows an experimental photograph for a near 
exit partial filling condition. Neglecting the surface tension effects, assuming steady 
flow and applying the integral continuity and energy equations between sections 
1 and 2 gives j10]: 
conlinuity eq. : Al.Vc = A2.V2 (1) 
energy eq. : 

vz2 xcv: 
.sin 8 + - + A-- (2) 

2g 247 
Using eq. (I) to substitute for V, into eq. (2), dividing by D, eq. (2) gives: 

where Fro is the critical Froude number, Fro = V, / @ corresponding to an' 

unwetted distance % = X, /D , li is Darcy's friction coefficient and ; = E / D. 
AR is the wetted area ratio between the full and partially filled sections 1 and 2 
respectively. From the geometry of exit section, see figure (l.a), AR is given by: - 

AR = n /(n - tan-' (u/B) + a 8) ; e < 0.5 - (4) 
AR = rr/(tan-' a/B + a B) ; f > 0.5 (5) 

and AR = 2 fcr ; = 0.5 

and 8 = 2 ; -1 for ; > 0.5 

The free surface drop 2 is assumed to increase exponentially with <. - 
Also, two conditions are to be satisfied: the first is that ; = 0 as % = 0 and the 

second is that = 1 as = a, . These requirements are fulfilled by assuming : 



This function, also, aives a convex free surface which is similar to that shown in - 
Fig. (I. b). 
Similar steps with facing downward pipes will lead to similar equations with 0 
having a negative sign. 

The above simple analysis resulted in a general equation for determining 
criteria for panial filling of inclined pipes carrying Newtonian or nowNewtonian 
liquids. Inspection of eqs.(2) and (3) shows that the critical Froude number 
depends on the energy changes between the full and partially filled sections. Thus, 
the numerator of eq. (3) represents the change in potential energy while the 
denominator includes the increment in kinetic energy plus friction energy loss. In 
other words, eq.(3) shows that the critical Froude number Fr, depends on the pipe 
inclination "B", the friction coefficient "2 and the unwetted distance 2, . The effects 
of these parameters are discussed below. 

(i) EtIect of friction coenicient "2 
In order to investigate the effects of friction coefficient, the conditions 

corresponding to = 0.5 will be considered as critical conditions. Thus, Fr, is 
obtained from eqs. (3) through (7) as: 

It is known that I,  depends on Reynolds number "Re" for laminar flow while 
it depends on both "Re" and pipe roughness for the turbulent regime. 

The effects of "Re" may be examined by considering the smooth pipe 
case. In this case, the following full pipe 2.-Re relationships are considered [Q] : 

A. = &!/Re Re < 2000 @.a) 
and = 0.312 Re 12000 (9.b) 

"Re" is a general Reynolds number , for both Newtonian and non- 
Newtonian power law fluids given by: 

where K is the consistency index while n is the flow behavior index for a power 
law Ruid. 

Equations (8) through (10) are used for predicting Fr, and typical results 
are shown in Fig. (2). The figure shows the results for horizontal (€I= 0'1, upward 
inclined (0 = 20') and downward inclined (0 = -20') pipes. It is seen, generally, 
that Fr, is weakly dependent on Re for Re > 1000. Thus, for laminar flow Fr, 
decreases as Re decreases while it approaches a constant value for turbulent flow. 

The effect of pipe roughness is to increase the friction coefficient as it 
increases. This means that Fr decreases as roughness increases as can be 
depicted from eq.(8). 

The above discussion suggests that the value of Fr,, obtained by setting 
A = 0, may be taken as a safe design criterion. This is because higher values of 



Fr, - and hence Vc-wii! be obtained 

(ii) EMecl of inclination an 
As depicted from eq.(3) the potential energy change is affected by the 

inclination angie 8 . Equations (8) through (10) are used for predictions at Re = 
20000 and the results are shown in Fig.(3). The effect of inclination is discussed 
as follows: 

es: 
Equation (8) and Fig.(3) show that for upward facing inclined pipes, Fr, 

for any inclination angie is always lower than that corresponding to horizontal 
pipe (8 = 0 ). Also, eq.(8) shows that there is a limiting value of the upward 
inclination angle, namely B 38', at which Fr, = 0. This condition means that the 
pipe runs full irrespective of the flow velocity. On the other hand, for higher 
inclinations - i.e. B > 38' - eq.(8) is no more valid. This, in turn, means that eq.(2) 
- for free surface R o w  - is no more applicable and only full pipe energy balance 
that should be applied. Therefore, for higher inclinations - B > 38' - the pipe 
runs full at any Row velocity. Thus, the critical value Fr, = 0.725 - - 
corresponding to x, = 0.5 for the horizontal pipe with d = 0 may be safely taken 
as a design value for the upward facing inclined pipes 

es 
Equation (8) and Rg.(3) show that for downward facing inclined pipes, Fr, 

at any angle is always higher than that at 8 = 0' (horizontal pipe). 
Also, Fr, has a maximum value at B 2 - 60'. Therefore the value of Fr 

corresponding to %, = 0.5, 8= - 60' and A = 0 - namely Fr, = 0.92 - may be 
taken as a design value for these pipes. 

eel of upstream di 
Equation (3) shows that the changes in both the potential energy - i.e. the 

numerator in eq.(3) - and the kinetic energy, i.e. the denominator in eq.(3), are 
affected by x,. Figure (4) shows that , generally, as %, increases Fr, decreases. 
This is physically expected since lower velocities result in longer unwetted lengths. 
Also, the figure shows a steep decrease in Fr, at < > 0.5. This is mainly due to 
the steep increase in the kinetic energy term - i.e. the denominator - in eq.(3). It 
is also seen that for upward facing pipes Fr, decreases faster than in the case of 
horizontal or downward facing pipes. This is attributed to the additional decrease 
in the potential energy term - i.e. the numerator in eq.(3) - as exceeds the 
value of 0.5. 

A constant overhead circuit, shown in Fig.(S), was used in the 
experimental tests. It consists of a main tank, an over Row tank, the main Row pipe 
and a circulating pump. Control valves were used to control the Row rate and 
hence ihe Row velocity. Flow rates were measured using a collecting tank. The test 



section, shown in Fig.@), was established at the end of the main pipe. It is a 5 cm 
dia. plexi-glass pips of 15 cm length. The upstream end of the main pipe was 
connected to a rubber tube so that it can be tilted up with respect to the 
horizontal plane at the required inclination. 

Water was used as the working Newtonian Ruid while carboxymethyl 
ceiiulose (CMC) soiutions in water, at diierent concentrations, were used as the 
non-Newonian fluids. A capillary tube viscometer was used for determining the 
rheological parameters of the fluids. The shear stress shear rate data could be 
fined to a power law formula. Under one dimensional laminar flow conditions, this 
formula reduces lo: 

'" is the shear rate. where "rUis the shear stress and - 
d 

The parameters K and n are presented in table (1) below for the tested fluids. 

TABLE (1) Power-law parameters for the tested CMC solutions 

The experiments were aimed at determining the critical velocity "V," which 
keeps the liquid free surface at a distance X, upstream the test pipe end when the 
pipe inclination is 8 [see Fig. ( I ) ] .  

Under the test conditions, the control valve is opened gradually to increase 
the Row rate until the free surface achieves a distance X, upstream from the open 
erd under steady state condition. Then the flow rate is measured. This procedure 
is repeated for different pipe inclinations and different CMC concentrations. 
Measurements were restricted to upward facing inclinations because of the limited 
consrant level deriving head. This head did not allow the high velocities required 
for downward facing inclinations. 

Figures (6) through (9) show typical variations of the critical velocity V,, 
and hence Fr,, under the effects of varying 8, X, and CMC concentration "C". 

Figures (6) through (8) show that, as physically expected, V, decreases 
with increase of both 8 and X,. These trends were theoretically predicted as 
previousiy shown in Figs.(3) and (4). On the otherhand, Fig.(Q) shows that V, 
decreases as C increases. This may be discussed as follows. It is known that [Q] 
as the Row behavior index n decreases, the velocity profile-normalized by average 
velocity - becomes more flat. This means that, for the same average velocity, the 
near wall layer velocity increases as n decreases. Therefore, the near wall layer 
separates at a iower average velocity for iower values of "n", i.e., for higher CMC 
concentrations. 

elween TheorMi Experimental Resuits 



The present experimental results for facing upward inclined pipes carrying 
Newtonian and non-Newtonian liquid in addition to early results [I 11, for horizontal 
and vertical submerged end pipes carrying Newtonia iiquid, are compared with 
theoretical results. The non-Newtonian parameters, presented in table (I), were 
used for caicuiating the generalized Reynolds number - Eq. (10) - for these fluids. 
The dimensionless experimental results, for < = 0.5 are compared with the 
theoreiicai ones and presented in Figs.(lO) through (12). The comparison shows 
that the derived simple-criteria determining-equation (8) safely predicts the critical 
Froud numbers, and hence the critical velocities, which are seen to be always 
higher than the experimental values. This may be attributed to the neglection of 
surface tension and roughness effects in the analysis. These effects, as physically 
expected, tend to delay free surface formation and hence decrease the critical 
velocities. It can be seen, from Fig. (lo), that the disadvantage of discontinuity for 
the early obtained empirical criteria [Ill does not exist for the present derived 
criteria. It is workhnoting that, as Fig.(12) shows, only two points among thirteen 
data points were under estimated by eq. (8). However, it was mentioned by ref: 
Ill] that these two points were obtained for high viscosity liquids. The deviation 
bemeen theoretical and experimental results for these points may be attributed to 
the approximations used in the theoretical analysis. The experimental measuring 
errors may also add to the apparent remarkable deviation. Also, the error in 
measuring the unwetted length g, may result in a significant error in the value of 

Fr,. For example, Fig. (12) shows predictions using eq. (3) for = 0.2 and 0.08 
which compare well with the two prementioned points. 

Conclusions 
I. A simple analysis, for determining criteria for filling of open end pipes 

carrying liquids has been presented. The analysis resulted in a simple 
general criteria determining equation. Comparison with experimental 
results, for half pipe diameter unwetted length criterion, showed that the 
theoretically predicted Froude numbers are safely higher than those 
obtained experimentally. The comparison included both Newtonian and 
non-Newtonian liquids. 

11. The derived simple equation may be used for any liquid of known friction 
factor correlations. 

111. The results, for half pipe diameter unwetted length criterion showed that: 
(1) for both horizontal and upward inclined pipes the safe design 

value of Froude number is about 0.725. 
(2) For downward facing inclined pipes the safe design value is about 

0.92. 

C CMC polymer concentration, p.p.m.; 
D Pipe diameter, m; 

F,c Froude number at critical conditions, VJm; 

9 Gravitational acceleration, m/s2. 
K Consistency index, Pa. s"; 



n Flow behavior index; 

p~02'n D" 
Re generalized Reynolds number, 

58 unwerted upstream pipe length, m; 

x, dimensionless value of x,(% = X, / D), 
"C critical Row velocity, m/s, 
8 pipe inclination an le, degrees; 

P 3. fluid density, kg/m , 
I 2 Darcy's friction coefficient = 8 z,bV, . 
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( i  ) E x i i  sect ion  ( i i  ) Conditions at p ipe  end 

L 

Fig. (la) P a r a m e t e r s  a t  pipe end u n d e r  c r i t i c a l  condit ions.  

Fig. (1.b) The near ex i t  part ia l  Filling 

( X C =  1.5)  
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Fig. ( 2  ) Typical Fr,- R e  relationship. 
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Fig, ( 3  ) Variation of c r i t i c a l  Fr w i t h  i nc l i na t i on  

angle 8 for tu rbu len t  flow. 
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F i g ( 4 )  V a r i a t i o n  of  Fr, w i t h ? =  a t  t u r b u l e n t  f l o w .  

1) Main lank 

2) Over  f low tank ' 

3) Gale valves 

4) Rubber l u b e  

5 )  hlam supply pipe 

E l  P l rx i  glass pipe 

7 )  Measur ing  tank 

8)  Collect!ng l a n k  

9) Pump 

to the drain 

Fig ( 5 ) Exper imental  nppratus. 



F i g .  ( 6 ) E t f e c l  of u p w a r d  i n c l i n a t i o n  angLe 
- 

on  c r i t i c a t  v e i o c i  fy ( X c  - 0 . 5 )  

-. - 
xc 

F ig . (7 )  E f f e c t  of on  c r i t i c a l  

velocity, C = O  p.~!  m. (wa te r )  
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Fig. ( 8 ) Con! d .  ( C = 20,000 p,prn.) 
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Fig.(9 ) E f f e c t  of  concentration'^" 
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on c r i t i c a l  v e l o c i t y ,  (Xc=0.5)  
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Fig. ( 10 )  Comparison between theore t i ca l  and 

exper imen ta l  resu i t s .Hor i zon  ta l  p i p e  

Fig,( 11 ) Co!nparisoil between theoretical and experimental r e s u l t s ,  
" .  

for upriard £ i c i n g  p i p e s .  (-) t h e o r e t i c a l i (  @ ) water n  :l ; 

( A )  n-.0.94j ( 0 ) n - 0 . 8 5  and (0 )n=0.75. 
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Fig.(  12 ) Colnparison between t h e o r e t i c a l  and experlmeii tal  

results, f o r  v e r t i c a l  &brnerged end pfpes  (0 =- 90). 




