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ABSTRACT 

This paper i s  concerned wi th  t h e  f l a t  j o i n t  sub j ec t  
to. t h e  shear  and tors-ional  Zoeds.'l'he ob j ec t i ve  i s  t o  
approach a s  c l o s e l y  a s  poss ib le  t o  some appropr ia te  
mathenat ica l  ana ly s i s  f o r  t he  slost h p o r t a n t  param- 
e t e r s  . These parnii~eters a r e ;  Loads, Q u a l i t y ,  Geometry 
ar,d Dimensions of t h e  ma-Ling su.rfaccs .Several assun- 
p t ions  have been -1;aken i n t o  coasrideration t o  simp- 
lif y the proposed mathcmn-t i c a l  model ,The advantage 
of  t he  model i s  t o  g e t  t he  . ,optimal f l a t  joint des- 
ign  i n  n minimum t i n e  and l e s s  efTort .Calcul3tion 
of t he  j o i n t  stif fneas  and some basic  optinimi velues  
wouBd then be wi th in  the  reach  of the desi,gners, 

The r e l a t i o n s h i p  between t he  n o m l  s t r e s s "  Gn "and 
t h e  norrim1 def oimction" 6," of the two mating s u r f -  
aces  can be ~ v r i t t e n  a s :  

Where w a n d  m a r e  constunts  depending upon t h e  type  
of mate r ie l s  and t he  su r f ace  f l h i s h .  [6] 
The shear  compliance  as analysed by Xirsanova [5J 
and f o r  repeated 1oading; the  r e l a t i o n s h i p  betveen 
shear s t r e s s "  GmT1and shea r  dc;Pormationw &,llwas given 

U U by: 

d, = K, * cs ( 2 )  
2 m e r e  ICn is  t h e  shear  f a c t o r  i n p m  nun /N,A!.so, he 

r epo r t ea  t h a t  the  shenrcompliancc of the machined 
su r f ace s  i s  dependent upon t h e  s u r f a c e  f inis l i  and 
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t h a t  i t  decreases  with t he  i nc r ea se  of t h e  nomml 
s t r e s s  .From the  r e s u l t s  r epor ted  i n  Rcfs,  [I, 51 it 
can be seen t h a t  t he  r e l n t i o n s h i p  betxeen t hc  shea r  
compliance and t h e  normal s t r e s s  can be tv r i t t cn  a s ;  

There R and s aye cons tan t s  dependent on t h e  j o i n t  
n ~ a t e r i a l s  and su r f  ace f i n i s b .  TO deternine t he  s t a t i c  
s t i f f n e s s  proper t ies  of t he  f l a t  j o i n t  , i t  i s  neces- 
s a r y  t o  know a l l  des ign paraaletern in f luenc ing  t h e  
s t i f f n e s s  magnitudc.These paremeters my be : 

- Ea te r i n1  p rope r t i e s  of t h e  p a r t s  t o  be connected. - Rouglmess and f l a t n e s s  of t h e  imchinec'! mating 
sur faces .  - D i ~ e n s i o n s  and geometry of the  j o i n t  con tac t  
su r f  ace. 

The parameters a f f e c t i n g  t h e  s t i f f n e s s  of t he  mach- 
ined sur faces  have been ancilysed before  i n  Ee$s. 
f 1,4,7,8 ] It was found. t h a t ,  t h e r e  i s  no previous 
work t o  compute t he  s t a t i c  j o i n t  s t i f f n e s s  due t o  
t h e  n o n ~ a l ,  shea r  ,and t o r s  ioi ial  locds  . rl'hereyf ore ,  t h e  
ob j ec t i ve  of t h i s  paper is  mainly t o  approach a s  
c l o s e l y  as poss ib le  t o  some appropr ia te  mathematical 
model t o  c a l c u l a t e  the  s t i f f n e s s  us in^; des ign p:-ma- 
meters of t h e  j o i n t .  

1 - Fac tors  Af fec t ing  thc  S t i f f n e s s ,  
Prom E q . ( l )  i t  can be seen t h a t  t h e  elagnitudes of 
the  cons tan t s  D L  and m Inf lu-ence the  normal s t a t i c  
s t i f f n e s s  ,These constants  6epexl.d~ on; 

a-The mating su r f ace  rnzter lc l  : I n  genera l ,  when 
d i f f e r e n t  ma t e r i e l s  a r e  usci;,the constant  oc: of 
E q , ( I )  v a r i e s  inverse ly  wi th  t he  niodulu-s of e l a s -  
t i c i t y  of t h e  rnaterj.al,whj.Lc t he  cons tan t  m ' -  

yeinairis a t  a p p r o x ~ n a t e l l y  0,5 [I] . 
b-Surface f i n i s h  accl l a y  o r i en t a t i on :  Tile rtjughneas 

of t h e  su r f acc  of a given a n t e r l i a l  depmds on t h e  
inachining process and c u t t  ing condi t ions .  !I1Beore- 
t i c a l  models of contact  cond i t ions  have been con- 
s i de r ed  and t h e  r e s u l t s  s h o ~ &  t h a t  t he  sur face  
s t i f f n e s s  is  increased wi th  the  re6ucf:ion i n  su r -  
f ace  roughness .Experin,cntal invcst iga- t  ion  [ 2  
using mild s tee l .  specimens showed -t;hai;, t h e  s, i iff - 
ness  i s  i nve r se ly  p ropor t iona l  t o : t h e  su r f ace  
roughness. 

c-Hardness:The e f f e c t  of hardness on s t i f f n e s s  has e-en Trvpe q-tF iT - . . - - - . a t e d  u s m g  C .Ip-Zpecinens- at 5-ela-t i v -  
e l y  low i n t e r f a c e  pressur.es.The r e s u l t s  ind ice ted  
that t h e  h a r d m s s  had no e f f e c t  on su r f ace  o t i f f -  



ne3s.A similar investigstion was carrie 
i n c 3 n d d 3 d T f - F ~ f  aee - -fie- 
up to 160 B/lmc .It appears that elastic stiffness 
increases with decreased hardness. 
d- Flatness deviation and surface size: In practice 
the flatness devi.at-ion of a surface will increase 
with the size of the surface.An investigation [4] on 
mild steel specimens of constant area in the form of 
an annulus, with different outside dimeters showed 
that the flatness deviation is increased with the 
specifi1en.Recen.t aork by Schofield [7] suggestefi that 
the stiffness of large sarface which were subjected 
to flatness deviation,could be increased by the use 
of rougher surfaces becouse it wi.11 be less sensi- 
tive to flatness deviation. 

23ktherna t ical Model : 
It is apparent f r n m  :he factors discussed previously 
thab the Ss~~iiieSs would be proportional to the app- 
arent area of the contact surfaces provided that the 
surfaces are flat.Therefore,the stiffness of a flat 
joint can be determined directly from the dimensions 
and the geometry of the joint contact surfaces.The 
exponential relationship ( 1 )  between the normal st- 
ress ,and the normal deflection may be used to com- 
pute the normal stif r'ness ,where; 

For hand-scrcped contact joint s rface (cast-iron) 
with h=6-8 un and z=2-3 Spots/cmq.ns usually used in 
machine tools,the constant ni may be taken about 0,5 
and when one of the joint surfaces recessed(see 
Fi~.?),thc normal stiffness may be calculated by the 
following equation, 

Figure 1 shows the geometrical model of the joj-nt. 
To derive the proposed mathematical mode1,it may be 
assumed tliat, the deflection of the elements to be 
connected is smaller than the joint shear deformation. 
It may,therefore,bc neglectcd.Equation(2) presents 
the linear relationship between the deformation and 
applied shear stress,which may be calculated as; 

Therefore,the shear stiffness of the joint may be 
calcula5ed with the follovcing linear equation; 



The factor K is dependent on the normal stress, 
theref ore, thg shear stiffness may be calculated with 
the following equation. 

Figures 2and 3 represent the relationship between 
the shear stiffness and the joint recess ratios(R , 
R ).It can be seen tha'i,the shear stiffness of th8 

,es with the reduction of cbnnected elements increacq 
the joint recess ratio.If the normal skress is con- 
stant, the relatio is ].inear. It is clear also that, 
the recess ratios Ra and Rb have no position effect 

on the stiffness value,Vlien the normal stress in the 
joint increases through the decreesing of the joint 
area,the stiffness decreases g;radually.At the coris- 
tant Porce and R, =Rb = 0.6 the decrease in the 

stiffness value &ay be about 2076 nith respect to the 
stiffness of a closed joint, 

TORSI0T:AL STIFFXESS OF THE JOINT 
To derive the mathematical model which gives the 
value of the torsional stiffness,the following ass- 
umptions have been taken into consideration: 
-No plastic deformation occurred in the cross-section 
of the jointing surface due to the applied torsional 
stress,i.e.all deformation are elastic. 
-The resultant normal stress in the jointing surface 
is equally distributed. 
-The torsional deformation due to the shearing str- 
ess in the jointing surface can be computed by the 
relation(1) after Kirsanova i.e. dt= ds . 
Yhere, d is the tangential deformation due to the 
shear stless in the jointing surface( p. ) 
Figure 4 shows the elementary area( d+=r.dr.dq) of 
the jointing surface subject to the torsional stress; 
where, r is the radial distance of the elemen-tary 
area w.r.t. the torsional centroidal point.The tor- 
sional mon~ent about point 0 may be derived from 
Fig.4 using the following expression; 



The magnitude of the torsional stress-I+ may depend 
- -- -. 
on the value of the tang-ential joint strffness and 
the displacement of the elementary area which sub- 
ject to t h e  shearing stress.This displacement is 
dependent on the mclius r i.e., 

. Thus, the torsional stress can be computed as: 

The values I<, and pt are independent of the radius 
U 

r and the polar angle 4 .Therefore, by substituting 
the value  of 7 into Eq. (2 )  and integrating the 
equation on the jointing surface area,:;e have; 

27'- @ 
M, = pt/Ks . h  r3 .dr .dd (1 2 ) 

The integration represents a polar moment of inertia 
of the joint area.Por the rectangulcr jointing sur- 
face(as usually used in the machj.ne tool joints) 
with length a and width b, (see Big.l),the polar 
moment of  inektia can easiiy be computed as: 

Accordingly, the torsional stiffness may be computed 
by the folloy;ing linear equation. 

c, = nt / pt = Ip / Ks (1 4)  

For the rcctangulsr jointing surface with a rectan- 
gular reccss(see Fig.l),the following mathematical 
model may be useful to compute the stiffness. 

Or,at the constant normnl force F is ; 
3 3 0.5 

Ct'[Faf=bf/(l-~a.~b)] [af/bf +bf/af 



DISCUSSION OF TI-IE E'IODEL 

F i g u r e  5 shows t h e  a n a l y s i s  of ~ q . ( l 5 ) . 1 t  can  be 
s e e n  t h a t :  

- A t  t h e  r a t i o  b f /  af = l ( s q u a r e  j o i n t i n g  s u r f a c e ) ,  
t h e  t o r s i o n a l  ' s t i f f n e s s  is  minimum. 

- A t  t h e  r a t i o  b / a - 0.64 t o  1.56 t h e  t o r s i o n a l  
s t i f f n e s s  i s  iffpro&ed on ly  19 $ t h a n  t h e  minimum, 
i . e .  a t  bf = "f - The s i z e  of t h e  r e c e s s  h a s  n o  e f f e  - t i o n  o f  tHe minin-an t o r s i o n a l  s t i f  
a f f e c t s  t h e  s t i f f n e s s  magnitude . 

The mlat  i o n s h i p  between t h e  t o r s i o n a l  s t i f f n e s s  , 
t o r s i o n a l  moment and t h e  g e o m e t r i c a l  p a r m e t e r s  of 

I and Rb ) can  a l s o  be t h e  j o i n t i n g  s u r f a c e  ( b f , a f ,  a 

r e p r e s e n t e d  asshowen i n  F i g .  6 f o r  c o n s t a n t  no 
s t r e s s  and i n  Fig.7 f o r  cons t a n t  nor:m.l f o r c  

-- c o n s t a n t  normal s t r e s s  and- i h e  r a t i a -  b /a- eq 
o r  t a o , t h e  t o r s i o n a l  s t i f f n e s s  a e c r e n s e s  *;!hen 
s i z e  of t h e  j o i n t  r e c e s s  increasc:s.P.lso,i l  c an  be 
s e e n  t h a l , r . t  t h e  h i g h  r e t i o a  of t h e  i3 w i t h  low 
r a t i o s  of t h e  R , t h e  tors ionc .1  s t i l l f n 8 s s  d e c x a s e s  
slowl-y t h a n  aitR high r e t i o s  of t h e  R~ . 
t c o n s t a n t  nprrnal f o r c e  3' (~ig.7), the d e c r e a s e  of 
he c o n t a c t  s u r f a c e  of t h e  j o i n t  w i t h  t h e  increasing 

of t h e  s i z e  o f -  j o i n € i l g  r c c e s s  produecs h i &  normal 
s t r e s s  i n  t h e  j o i n t  and t h e r e f o r e ,  the  t a n g c n t i ~ l -  
c o n t a c t  s t i f f n e s s  and t h e  to r s iona l .  s t i f f n e s s  a r e  
incr.eased."uut, during t h e  continur?d decreas i i ig  of 
t h e  t o r s i o n a l  stiffness i s  decrcnsed due t o  the  dc- 
c r e a s e  of t h e  p o l a r  moment o i  i l l e r t i o . L t  can  be s e e n  
t h a t ,  the  ~ O T S ~ O M ~  s t i f f n e a s  -hq an optimk-i~ c o n d i t i o n  
occu r s  a t  the.'ge-om3€ric- r a t i o  bf/ay =1 w i t h  t h e  

j o i n t i n g  r e c e s s  Ra=Rb= O.6.This optinurn c o n d i t i o n  

has  a l s o  t o r s i o n a l  s t i f f l i e a s  mt,@.tude which i s  gre-  
a t e r  than t-ho,t of t h e  coniplotc jo i i l - t i cg  s u r f a c e  
around 8.8% . A t  t h e  high r a t i o s  of bf /af) . l ,  t h e  

optimum condi t j .ons  of the  t o r s i o n a l  s t i f f n e s s  may be 
.- . s t i l l  at t h e  s m a l l  r a t i o s  of Rb aid t h e  high r a t i o s -  - - - -  - - - -  - -  

of R a . I t  c an  be s e e n  t h a t , t h c  optim~un c o n d i t i o n  f o r  
t h e  c a s e  bf /a f=  1 , 5  o c c ~ ~ r r e d  a t  R,= O,% m d  Rb= 0 ,5  
and f o r  t h e  c a s e  bf /af  =2 occurred  a t  Ra = ? ,O and 



C ONC LUS 1 ON 
The stiffness of the flat joint is greatly affected 
by joint parameters; they are the loads, quality,. 
geometry and dimensions of the jointing surface.The 
joint recess has a pronounced effect on the joint 
stiffness,it increases as the recess size increases. 
Based on the results of this vrork,the folloving 
optimm conditions may be recommended : 
- For the joint subject to the shcar stress only; 
The recess ratios Ra and Rb have no position cff- 

ect on the stiffness magni'tude.b closed joint has 
the maximum stiffness value,but the designers may 
bctter use R, = Zb = 0,6 to reduce the difficul- 

ties in the joint produc"l?z.ln this case , the 
stiffness is decreased about 20 % . 

- For the joint subject to the torsioi~al moment; 
1, Rectcn~ular jointing surface gives better val-. 

ues 01 the torsional stiffness at thc ratio 
0,64> bf/af> I , %  . 

2. At a constant normal stress with the ratio 
b /a -2,the torsional stiffness decreases vrj-th f 2-  
the increase in the size of jointing recess. 

3. At a constant nor~ilal force, tile torsional stiff- 
ness has an opkirn~un conditi~ns,a.~.t. the re- 
cess size.5'hey are: 
-at b /a = ? , t h e  recess ratio is \=Rb = 0,6 i f  
-at bf/af=:l ,5, the recess ratio is Ra = 0,8 
and Rb G 0.5 . 
-at b /a -2, the reces ratio is R a s  l;Rb=0,4 f f- 

Results obtained from this work require an expert- 
mentrrl study to justify and cz:lfi_rm the computed 
stiffness values.Tlle effect of the elasticity,shear 
mudulus 2nd the surface quality on the shear constant 
should be cxperioientally investigated. 

BOI?ZTE L4TURE 
2 

A~ Joint area ( I P ?  ). 

af Length of the mating surface(uun). 

afi Length of the jointing recess(mdb 

bf Vbid-Lh of the mating surface (mnl), 
-. 

b,, Width of the jointing recess (mrn). 
L A  

Normal stiffness (N/ flin), 
-7- 



Shear  st i f f  ness  (N/ pn). 
T o r s i o n a l  s t i f f n e s s  (N ,m / p a d .  ) 

3 Shear  cons tan t  (ml /I?) , 
T o r s i o n a l  montent ( N,m ), 

R a d i a l  d i s t a n c e  of t h e  eleinentary area(mm.), 

P o l a r  a n g l e  of t i le elementary a r c a ( r a d . )  

Tors iona l  ang le  of t h e  j o i n t i n g  s 'mface ( rad . ) .  

T o r s i o n a l  deformation (/urn.). 
2 Shear  s t r e s s  ( N / n r ~  1. 

2 
Normal s t r e s s  ( N / ~ n m  ). 

2 
Tors iona l  s t r e s s  (l?/ml 1. 
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Fig.5 The r e l a t i o n s h i p  between t h e  torsional 
n_tiffnetiu und the  r a t i o  by/af a - - 



Ra 
Fig. 6 The effect of recess size on the  t o r s i o n a l  

s t i f f n e s s  at t h e  const~~l~t norn01 s t r e s s .  



Ra 
Fig. 7 The e f f e c t  of recess  s i z e  on the torsional 

s t i f  fncso at conntflnt normal f o r c e  . 
-i;i, 




