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ABSTRACT :

In design of high starting torque squirrel cage induction motorya proper
estimation of  the cage winding thermal behaviour under different operating
conditions must be camied out. This estimation is an essential step of motor
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design. According to its results the design scheme can be approved or
modified to ensure the building cf a reliable motor. =

This peper presents a mathematical model that calculetes the thermdfl
behaviocur of wedge-type rotors under different operating conditions.
The model is based on the concept of building an eguivalent thermal
network of the bar. The number of lumped thermal meshes, and in turn
the number of required differential equations, depends on the number of
Tictitious sub-sections into which the bar cross-sectional area is
divided. The model considers skin effect during the starting period as
well as the temperature effect on the current density distribution and
the bar resistance. Further more, the prcposed model has the zbility of
applying the topological network analysis.

Therefore, and regardless of the number of subsections, the process of
building the required eguation system can be carried out by a relevant
ccmputer routine.

The written computer programme, simulating the mathematical model
can be integrated with any design routine of high-starting toraug
squirrel cage induction motors. It calculates the ctemperaturs behaviounr
at a group of successive locations on the bar-depth in additien to the
temperature distribution =a2long the bar-depth at different instants
during starting tcwards steady-stats. Effect of wedge shaping on the
attained maximum and operating temperatures had been studied ;
especially after frequent restarts under rated or different
load-ratios. The analysis of the computed results Torms a
knowledge-base which supports the choice decision about the
wedge-shape, operational limits and thermal information required f{or
protection systems.

1. INTRODUCTION :

High starting torgue squirrel-cage induction wmotors are the most
widely used industrial machines due to their weli known benefits
compared with other drives. One important design aspect of these motof%
is the rotor cage thermal behaviour. It must be properly estimated in
order to improve the motor reliability. Also, rotor-cage temperature
information has become usefrl in adjusting the protection systems of
large motors, and in the design of inverter driven variable speed small
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end medium sized motors.

Mathematical efforts have been done to compute the time variation of
temperature at several locations on the rotor circuit [1-3]. Part of
these efforts is based on the thermal network concept. The other part
makes use of the Finite Element (FE) analysis method.

According to the designer point of view, the FE-method 1is coupled
with some difficulties such as the 1level of discretization and the
conditions to be examined {2]. Actually the thermal network concept is
more convenient for electrical engineer where the corresponding
analysis is very easy te be integrated with the machine design
routines. The only drawback of the method oased on this concept is the
need tc build the thermal equation system by hand [4]. Therefore, it is
a tedious work ; especially when different operating conditions are to
be studied.

In this paper the mpentioned drawback of the thermal network method
is removed by applying the Network Topolbgical analysis. A relevant
computer routine has been written to take over the whole building
process of the thermal equations, which are built in form of a state
equation ;

8 (t) = A . 8(t) + 8(t)
The order of this equation depends on the numbé( of observation points
that is equal to the number of sub-secticns (N) ; into which the
rotor-bar cross-sectional area is divided, Fig.(l) . The matrix A is
function of the reduced thermal conductance matrix G of the proposed
thermal network. The vector B(t) includes the heat sources applied to
the nodes. These sources are mainly the copper losses produced within
the subsections, where iron losses can be neglected as discussed later.
Solving the constructed equation system, the .temperature behaviour at
the different locations of observation and the temperature distribution
at a given instant along the bar-depth can be calculated under the
following types of operation
1. Continuous operation: the motor may start and accelerate to steady
speed under & given load.
2. Succesive restart operation : the motor may restart and accelerate

each time to steady-speed in successive manner without stop
under rated or cyclic load.
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Fig. (1) : Cross-Sectional Subdivisions of the Bar
- and the Equivalent Thermal Nenwvork.

2. MATHEMATICAL FORMULATION :

As mentioned above, the proposed mathematical model is based on the
thermal network concept. Therefore, a thermal pattern of the rotor-bar
nust be suggested in order to build the correspanding thernal network.
The mathematical formulation passes through two phases. In the firsc
phese, the thermal network is constructed to simulate the heat transfer
swithin the thermal pettern of the bar. In the second phase, the
topologically built first order differential equation system is solved
under the requested operating condition tc get the «corresponding
temperature behaviour.

2.1. Thermal Pattern and Equivalent Thermal Network :

Although the proposed mathematical model can handle with any
conductor shape ; the wedge type is chosen for sake of explenation. A
repetitive thermal pattern around the air-gap has been chosen with the
following oorders

~ Circumference wise ; one slot pitch about centre-line.

- Axial wise ; one iron packet.

In this pattern the cross-sectional area of the bar can be divided-~
into N fictitious subsections. Each subsection will be represented by
one node in the equivalent thermal network, Fig.(1). Dimensionally, a_
node representing a subsection is assumed to be located at 1its centre

of gravity. It is also assumed that the gopper loss consumed 3in each
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-~ subsection is the source of heat produced ‘in this section, a;d is
- located attached to the corresponding node. Further, the thermal
network has two additional nodes ; the iron and the coolant nodes.

The coolant node (N+1) simulates the surrounding c¢oolant in the
air-gap and the internal ventilating ducts. The 1iron node (N+2)
simulates the laminated iron core portion belonging to the thermal
pattern. In the presented analysis the eddy current and hysteresis
losses (iron losses) are assumed to be negligible. This assumption is
taken cdue to

- The rotor frequency during the run-up period is decreasing.

- The thermal resistances between the slot and bar are too large.
Therefore, the main contributor to the heating of the rotor is the bar
copper losses (IZR), either under starting or running conditions.
According to the above assumption about the iron losses, it is expected
that the iron temperature will be approximately constant.
Dimensionally, the iron node is taken as the plane going through the

« axes of the two neighboring teeth and the level located at one third

. the core deoth under the slot bottom as well as the iron surfaces
facing the coolant ducts. The heat transfer paths within the therma!l
pattern, and in turn between the suggested nades of the -equivalent
thermal network, can be described as follows

- Conductive transfer from subsection node to the other , 1i.e.,

within the bar itself. Each of the serial branches (1), (2), ,
(N-1), includes the thermal conductance of the corresponding path.
~ Conductive transfer from eacﬁ subsection node to the iron node
Each of the shunt branches (N+1) ,(N+2) ,.... ,(2N) includes the
equivalent thermal conductance of two or three parallel paths.
- Convective transfer from the last subsections node to the coolant
node. The serial branch (N) includes the c¢orresponding thermal
conductance.
Convective transfer from iron node to the coolant node. The shunt
branch (2N+1) includes the corresponding thermal conductance.
- The number of nodes and branches of the completed thermal network
» depends on the number of subsections
number of nodes Nn =N+ 2

number of branches Nb = 2N + 1



M. M. I.

EL-SHAMOTY

The thermal conductance included in each branch is calculated according’

to the relevant rules in the heat transfer theory.

2.2. Heat Balance and Thermal Equations :

Thermal equations of the configured eauivalent thermal network can be

written on the basis of the instantaneous heat balance at each node.
Each of these equations has the following form
£q,-Egq,+d,=(n.C 8, (1)
where ;. . B
v := node order 1,2,3,...,N+2
tqiv = sum of rate of change of heat transferred towards the node.
Zqov := sum of rate of change of heat transferred outwards the node.
dv = rate of change of heat produced at the nade ; equal to
either the copper loss or iron loss.
C = specific heat.
b4] = mass related to a node. .
8 := temperature rate of change at the node = d&/dt .
The sum of heat transferred towards and outwards of the vth nods.
depends on the temperatures of the neighbouring nodes and the
temperature level of that node. It depends also on the thermal
conductances of the attached branches.
Assuming that 9, = Iq - Zqo then
q, = gx,z .(61 - 62) + gm“z .(61 - anz)
Q, = -4, (8, -8, + 8.3 (8, - 8,0+ Eynez (8, - B4.2?
Q. T " &, (B, -8 + €,,. (8, -8+ Banez (8, - Bz
(2)
QY T T8y n Oniin T8 8y, net R
+ gN,N#Z <6N - 6N¢2)
qN#l: EN.l~l¢1 ( N - eN¢t) + g\l‘l,Noz'(aNq.i- 6N+2) =
[ 3
Guez™ 7 By nez e, - aN¢z) Bonez e, - N»z>
" Eunez (8 - 6N02> - _gN¢x,N.z‘(aN+1 T Gyen)
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Where g, " is the equivalent thermal conductance of the paths forming
the branch linking between the node v and the node u.

The above notation can be rewritten in matrix form as

Q=G . &(t) (3

Where ;
1z reducible thermal conductanee matrix , [N+2,N+2]

:= reducible vector of node temperatures, ([N+2]

1o &

By deality, the & matrix has the same structure as that of the
~educibls electric conductance matrix, Known in the "Nodal Analysis“ of
slectric networks. With }elp of notation (3) , the reducib¥e ‘system of
first order differential equations describing the temperature behaviour
can be written as

(L) = A . 8(t) + B(t) (4)
wthere ;
A = constant matrix , (N+2,§+2] = X' . G (5-1)
B(t) := X' | D(t) (5-2)
D{t) := reducible colcumn matzrix of produced heat attacned
to nodes , [N+2] {(5-3)

The matrix X is 2 dizgonal matrix, [N+2,N+2], in «which each dizgonal
elapent is :-

1w {5~
(5)’.),1/ mv . Cv (3-4)

and
)v o = 1'(mp.cv> (5-3)

The equation system (4) is a dependent one and must be reduced by an
equation. As discussed before, the temperature of iron node can be
assumed constant. Accordingly, the iron nods is taken as reference node
having 2 reference temperature 6ret . The corresponding equation is
eliminated fror the equation system (4) to become

9(t) = A.8(L) + B(t) (B)

This 2quation gives the reduced indepsndent equation system. [Its

Q
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solutson yields the behaviour of the temperaturge-rise at the diffareagt .
nodes ; except the iron node

[ 4
fae] = e(t) N
Thus, the vector of the temperature behaviour at the different nodes
will be
[(THETA] = &e(t) + tﬂraﬂ (7)
The ecuation system (B8) has the form of a state equation with the
solution
a(t) = e .8¢0) + AP B(t) . (8)
This solution is composed of two solutions:
(a) The homogeneous or transient solution
(e1, =™ . 8 (9-1)
(b) The particular integral or steady-state solution "
- -1 -1 -1 " -
Ls]sL = A .B(t) = AT K .D(t) (9~-2)
where
AT . N -
e = the transition matrix
T 2 ‘l'2 3 Ta
= I + A . T + AT 1 + A 3T + .. (9-3)
T = time interval
8(0):= initial vector of temperatures for next interval
= (8, + (8], (8-4)
In addition to the above solution, numerical methods can be applied.
Whatever is the method of solution, the calculation of D(t) is required
from interval to interval with t:,Ml =t + T This reduced vector hes
mainly the copper losses consumed in to the subsection nodes.
2.3. Copper-~Loss Calculation : -
A deep-bar cage is designed to have large resistance at stators

frequency , instant of starting , employing the 1influence of skin

effect. Due to large rotor resistance, high starting torque c¢an be
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exerted; Beginning at thi& instant, the bar-current is forced to flow
within the upper portion of the bar. Accordingly,it can be assumed that
the bar-resistance and the slot leakage reactance are dependable during
the period of run-up on the penetration depths hpr and hp( ,
respectively [8,3]

g_(&)

f e
or 0010/[—5- . T » mn (10—1)

.. YR .

o
1]

- - A-
hpi. = 0.015/_/ . ﬁ . —50'— B m (10—2)
Where ;
s := slip , f := supply frequency , and
gC(S) := copper tempe;ature dependent conductivity.

As the rotor accelerates, the rotor frequency decreases (f2= sf) and
both hpr and hp‘ become greater. Finally, each will be equal to the
oar-depth and the bar current will be distributed over the whole bar
cross-section. Under running condition the rotor resistance has its

nominal value reducing thereby the rotor copper loss.

It is seen that the bar current density , J(t) , will be time
varying from point to point =along the bar-depth [7).

; I (t) n=
ity = — [ ¢
b =

2(n.m. %) w(-1)" e—(nnk/hf.L

.cos{2ny/h)} -
t h?L e+ (nmk/N)Y

_y// (eosh(y/AA) . cos(y/AA))Y + (sinh(y/AA).sin(V/AA))2
(sinh(h/AA).cos(h/AA))® + Ccosh(h/AA).sin(h/AA))®

<

Ki— .sin(wt + a ) ] (11)

where ;

Im(t) = maximum Zinusoidal time varying bar current ,
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‘= equivalent height and width of &he bar ; regpectively 9]
Yy = depth of the subsection node ; measured from the upper
conductor surface.

a := ratio of bar width to slot width at any depth = 1.0
K® := a.p/u = p/u (12-1)
P and p = resistivity and perneability of conductor material ;
respectively.

a = g + tan-i[tanh(V/AA).tan(Y/AA)] -

- tan"[cotanh(h/am.tan(h/AA)] (12-2)
AA = % . Y 2% (12-3)

With help of the above relation, Eq.(11) over the time interval , the
r.m.s. velue of the bar current density , J(t) , is calculatsd to get
the copper loss occurring in ezch subsection

<D(t))v = {90(9) . GC . J(t)]v ) W (13)
where ;
» o= 1,2,3 ....... ,N
pc(a) = specific copper loss
- 1000 . _
) HEREDN . "/Kg (14-1)
¥ = copper density = 8952 s Kg/m3
255
<Ec(9)>v = g,(20) . fjg*;—gz (14-2)
EC(ZD) = 57. R n/mmz_f}

2.4. Calculatjon of ImCLD :

The maximum sinusocidal tine varying rotor-ber current is calculated
assuming a conventienal equivalent-eircuit pPer phase ; but with slip
varying rotor parameters r, and #,. The bar resistance, andg then r, is
calculated each time interval taking into consideration the resistance
Penetration depth, hPr » and the effect of the average bar-temperature.

Similarly, the rotor specific permeance, and then X, is ecalculated each




o

Mansoura Engineering Journal, Vel. 20 , No. 1 , March 1995

time " interwval taking = into
consideration the inductance
penetration depth, hp.t . Thereby

the rotor resistance and leskage
inductance are renewed each time
interval ; until skin-effect loses
its influences. Here, h = h. =

pr pi
the bar depth.

3. COMPUTER SIMULATION :

An essential feature of " the
suggested math;;atical model is the
ability of applying the topoloéﬁcal
analysis (5,68]. The wmain computer
programme includes two adequate
subroutines GRAPH and INCMAT to
dail with the topological
formnulation of a proposed thermal

network. According to the given

number of subsections N , the
subroutine GRAPH follows the
predescribed thermal netwark
configuration , Fig. (1) , to

construct the list ¢f branches

LINKS [4N+2,3). In this list, each
branch is represented twice 1in the
forward and ovackward directions of
heat-flow. Each time, the branch is
defined by its order, start-node,
and =2nd-node. With help of LINEKS ,
the subroutine INCHMAT builds the
reducible incident matrix INC
{N+2,2N+1] . This matrix reflects
the nodal configuration of network.
The rows and columns are denoted

by the node and branch orders

E.11

|

[nput Data:
- Atotac Specificarinas

- Design Data
-N,200),,
- Numiper ol Resrare : NRST

« Load Rarios List : LRLINRST)

Topalogiea) Formulation of The
Teangition datrix EXP:
T CALL GRAPIL = LNKS [4N+2.3]

T CALL INCMAT = INC [N+1, 2N+
S CALLDIAGG = DIAG (2N+1),
=

AINVR [N+
= CALL MULTIP G{N=1, N+1|,
A[N«1, N+1|
where :
[GI={INC{|DIAG(INC]'
(A = (A-\l:\'\'l-\‘).(G)LI
* CALL TRANS - CXPIN+LN+1(
where: = K
EXP= ¢

N L Y |
=[+ ,-\l—“ 1":\?.;"35-‘"“-

FCALLINVR =D AsT= A ‘

1

T=0401, 2 {81, o=l

)

| LR=( LRL),,

i

‘T‘;\Lgtsl.m = se=iD |
» CALL LOSS == - MaXimum Rotor Cusrent

- \'e¢tur of currene Density

i - Veeror of Copper Losses ¢
|

DIN=1}
- B{r): (B) =(AINVR) 'i)\_}

Stlution : . . 1
Homugenious Soluaon § 0], = IEXP0],
Parnicular Intesrad 18] = \WTH B i

| Caplele Solanion {te] = IEJ|IT [Hl: [0 l?‘, L
L fnnalise Nexd Sntersal [ |.. =13 ]I;' ol Ji

T

Prine: T, (0]

m=mrl m o= NRST

Fig. (2): Flow Chart
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(1,2,3, ...,N+2) and ((1),(2),(3),...,(2§+1)) ; respectively.

b %
Any element (IHC)nm may be (+1) , (-1) or(0). As <£8ch bdraench links

betwveen two nodes, the sum of elements in each coloumn of INC must be~

2ero : only (+1) and (-1) in correspondence with the start and end
nodes ; respectively. Rest of the c¢oloumn elements &are =zeroces. The
reduced INC-matrix [N+1,2N+1] is obtained by =liminating the last row
corresponding to the iron node N+2.

The subroutine DIAGG is concerned with the calculations of the matrices
DIAG and AINVR . Each is a constant diagonzl matrix stored in form of
one coloumn list. The matrix AINVK [N+1] is built according to the
relation (5-5). The matrix DIAG [2N+1] contzins the equivalent thernal
conductances of the network branches;

Serial branches : (1),(2),¢(3),...,{N)
and Shunt branches : (N+1),(N+2),...,(2N<1).
A serial-branch conductance simulates one thermal path between twa

successive nodes in the node group 1,2,3,...,81. A <shunt branch

conductance simulates two Oor three thermal paths :n parallel existing .

cetween each of the successive nodes and the reference node 1N+2. With
the above topologically formulated matrices, the conductance ratrix G

1)

and the constant matrix A and its inverse can be built

[G] = [INCI[DIAG]{INC]' (15)

[a] [AINVK](G) (5-1)

Zach is reducad and has the dimension [N+1,N+1].

Now, the transition matrix [EXP] = feAT} can be caleulated for the
sre-chosen time interval 7 according to the expansion given in Egq.
{9-3). The above calculations are performed Jjust one “ime to begin
thercafter the repvetitive procedure.

The Fflowchart given in Fig.(2) illustrates the calculation process.
Relevant subdbroutines are written to get the system solution ; interval
by interval. Thereby, the tenperature behaviotr at N locations of
observation along the bar-depth can be calculated ; under differentc
operating conditions.
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A7 RESULTS AND DISCUSSIONS :

The figures (3) through (12) demonrstrate the .capabilities of the
suggested mathematical model and the corresponding computer programme
as a2 helpful tool for calculating the expected temperature behaviour
#ithin a cage deep-bar. The specifﬁpatipns of the tested machine are
500 Kw , 6000 V , 50 Hz , 125 (synch.) r.p.m ;

ratio of starting toraque : 0.5 ;
ratio of starting current : 3.3 ; and

rotor bar : wedge-type with BETA bi/bz = 0.3
designer cross-sectional dimensions
upper bar-w®dth’ » b, = 3.9 mm.
- lower bar-width s bz = 7.8 mm
bar height (or depth) , H = 24.0 nn

It follows now some brief discussions about the calculated results.

4.1. Simulation Criterion ; Effect of N :

In order to criticize the simulation degree. of heat transfer, the

nuzber of subsections N is taken as criterion. During this ecriterion,
the ratio of the upper bar-width to lower bar width is held constant at
the designer value; i.e., BETA = 0.5 . Figvre (3) shows the temperature
behaviours during the run-up period towards the rated full load speed
for N = 1,3,5,7, and 9 . Odd numbers are taken; to have the node
corresponding to the mniddle section at the same location for all N.
It is also seen that each node location (or subsection) has an
individual temperature behaviour. During the run-up peried , about 20
sec. , increases each behaviour to reach a maximum value within 5§
seconds. It is seen that the upper section has the h{ghest oehaviour.
As steady speed is reached, begin the different locations ta attain the
same steady state temperature. The comparison between the temperature
behaviours at the middle sections , Fig.(4) , dictates that the nunber
of subsections must be taken not less than seven C(N.NLT.?) . Figure (4)
gives also a comparison of the corresponding behavicurs of current
densities. The evident identity is expected whers the <current density
does nat depend on the number of subsectioas.

4.2. Effect of The Ratio BETA :

One of the design aspects that must be carefully studied 1is the
effect of the ratio BETA on the temperature behaviour and temperature
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distribution along the bar-depth ; Fig. (5) to (8). This ratio has also
its effects on starting and maximum torgques ;i.e., the torque/slip
characteristic. Therefore, design modifications have been done to get
for each value of BETA the proper bar dimensions H and b2 , Fig.(13).
These dimensions ensure that the motor will follow ,to great extent,
the =same Torque/Slip characteristic ; irrespvective of BETA. The
temperature behaviour during run-up period toward the rated full 1loead
sceed has been calculated for different valuves of BETA ; having the
same number of subsesctions (N=7). Figure (7) shous these behaviours. It
is evidant that the ratio BETA hes a2 remarkable effsct on bvoth the
attained maxiaum and steady-state tsmperaturss. Although 8eta = 1.0
rasults in lowest temperature ©bDehaviour Figures (5,5,7) ; it is
recommended to take BETA within 0.3 to 0.7 . In this rarge, optinum
torque and temperature behaviours are ensured. Fegarding the
temperature distribution along the ber deoth, Figures (8.9) , it 1is
seen thet the upper section has the highest temperature for all wvalues
of BETA ; except BETA = 0.1

4.3. Effect of Operating Conditiaons :
The effect of operation conditions on the temperature behaviour is
seen in Tigures (30 ,11 , and 12). Here, proper BETA and nunbe:r of

suosections are taken, BET4A = 0.5 and N = 7 . To start the motor under

a given load and run continuously und=r this lcad ; it is seen in Fig.
(13) that th2 temperature Sahaviour 1s the sape during the run-up

period. Only steady state temperature is affectezd to become smaller
with smallzr loads. This behavicur 1s expected as long as the aotor is
not loecked by load during the run-up period.

Successive restarts, without stop under raced lopad or different load
cycles, have 2 great effect on the attained transieni and steady stat=
cernperatures Figs. (li , (12). Therefore, loading cveles without
puuses must be carefully configured in order to prevent faulty roctors.
S. CONCLUSIONS :

In this paper a special computer programme has been written to
analyse thermally the desp bar squirrel cage rotors under different
operating conditions. The presented mathematical model is based on the

equivzlent thermal necwork conecept which is more cuonvenient €or
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electric machine desighners. An essential feafure of this nodel 1is its
ability of applying the topological network analysis. Furtaer more, the
model takes into consideration both the influence of skin effect on the
rotor current , as well as the effect of tempereture on the bar
resistance and current density.

Accordingly, the prodramme is able to be integrated with design
routines concerned with the design of high starting torque squirrel
cage induction notors. Thereby the temperature behaviour at defined
locations of observation along the bar-depth can be estimated to a
reasonable degree of accuracy. Actunally, the number of these 1locations
must be reasonable , not less than seven ; in order to reduce the
number of equations.

The demonstrated results show the capability of the programme to
study the effects of design , thermal , and operating aspects on the
bar temperature behaviour.
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Fig. (4) : Comparison between the temperature behaviours in the middle

Subsection for different N, Beta = 0.5, and the corresponding

baheviour of current density.
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Fig. (10} : Effect of driven load on

temperature behaviour.
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