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Abstract

Sepcrable ron-linear programming has been treated in non-
linear programming materials (see the definition of separable
nonlinear  rogramming).  This paper concerns with a
contributed treatment to an integer separable non-lineay
programming problem, substantiated by two examples to
prove our theory. 1Vhere as the separable programming
approach is at least competitive and probably superior for
solving any-convex separable program, it should be used on a
noin-cor:vex problem as well using high speed computers.
1 . Integer Separable Programming (objective function ) .
Def : Functions that can be broken into single variable
components as in the form '

f(X):Zn:fj(Xj) ) X=(x1"x2’....,xn) | (LD
=1 ‘

Where each of the fjis a continuous function of a single
variable x; , are said to be separable. For example, any

linear function

J:

is obviously separable , with each of the component functions
being f; (x§) = ¢;x; . So is any quadratic form that lacks cross =

product terms :
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(%)= Yex? )
j=l

Optimisation problems with non-linear separable objective
functions are commonly found in life . For example , any
objective that calls. for minimising the total variance of a number
of independent random variables ( such as investments ) would
posses the separability property, as would the objective of
minimizing raw - material costs at a plant that orders each raw
material from a different supplier .
On the other hand, some special forms of objective functions can
be made separable by certain transformations of variables . The
“simplest and most useful transform is applicable to the non-

separated term x; x; defining '

yi = (L/2)( %+ %)

i =(1/2)(% %) (14)
then , it follows that

Xj Xj = vi - Yj2

Thus , the term x; x;, in the objective function is replaced by the
separable expression y;® - y;* and the two linear equations (1.4)
are added to the set of constraints.

Now, consider the separable programming problem

n '
MaxZ = Elfj(xj)
subjectto AX =b r (1.5)
and X =0
where X= ( xj,.... Xo ), Aismxn,bismx [ and the f are

continuous functions . The linear constraints are in standard form
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. We begin by- approximating each of the functions £ (x)as

closely as is desired by a piecewise linear function F. (x .

This is done by determining a lower bound x j and uppeJr bound
X; on the valie of x;; choosing r; +1 break points

(or values of x;) , denoted xjo , Xj1.... .., Xir, where

on :-)»(—] <Xj] <Xj2 <... <Xjrj =Xj
and computing for each of these values the ordinate

fi = Glxj) k=011

"

The function  1j (XJ) is then the piecewise linear curve that is
produced by joining the points

jo - £jo) > by s £ ) by i)

with rj successive straight - line segments ( X; may be zero)
Algebraically, any general point x; in the mterval

Xj SXj Xy Can be expressed as a unique convex

combination of the two end points:

Xj=hjx Xk +Aj ke X k4 (1.6)
where
A’jk+}\‘j,k+1 :I,andkjk,kj’kHZO (1.7)

The approximated objective value of x ; isthen

Fili) =2 Fic + Agcnt Fjicas (1.8)
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To represent the piecewise linear function f, , it is necessary to
use logical restrictions in addition to algebraic relations. Any x;.
in the entire range  x. <x, < Xi i together with its

approximate objective value , can be expressed uniquely in
terms of the variables 2., Ay, A5 as follows :

z Mk X ik ; (1.9)
k=0

i
where 3 Ay =land Ay 20,k=0..,5;(1.11)
k=0

provided it is also required that

(i)  Atmosttwoofthe A; j can be positive , and
(ii)  Iftwo are positive they must be adjacent ( i.e.
if A and Aj are positive , then either t=s+1
ors=t+1)
Now, the approximating problem is constructed by choosing
points that define a piecewise linear approximation for each
f(x;) and then makmg substitutions of the form (1.9) - (1.11) for
each vanable x; The i constraint

Z aj Xj =b;
j=1

becomes

n Tj

s > ag Ay =b
pad = ij i i (1.12)

where aj, =aj Xjk and the problem becomes the
approx1matmg problem :
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no. n 5
Max Z=Z fJ(XJ)E Z Z fjkhjk
j=t =1 k=0
v 0
s.t. Z aijk l]k Ibi 5 i:l,...,m
j=1 k=0
. (1.13)
z R’_]k =1 R j=1, , N
k=0
and A‘jk =20 VJ&k
and to restrictions (i) and (i) Vj , j=1,..,n

Which is identical to the original separable program

n .
Max Z = ij(xj)
j=1
st.  AX=b r(1.14)

1.,

it

and  Xx;<X;<xj,

and nearly identical to the original separable program(1.5) , such
that, x; and §j agree with the feasible region. The closer the
approximations f. are to the given functions fj , the closer
(1.13)1sto (1.5) . i\Iotice that, in forming the approximating
nroblem (1. 13) there is no need to construct a piecewise linear
approximation to any function f; (x;) that is already linear.

Theorem 1.1 If the* piecewise linear functionsf; are integers

then the optimum X; are integers .
Proof : From the relation (1.9):
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rv
3
Xj = 2 A X (1.9)
k=0
and since each Ay should be zero or one , then X; must be
integers

2.  Integer Separable Programming ( non-linear constrained)

- To extend and make the separable programming approach
described in article 1. applicable to non-linearly constrained
problems , we use Miller's [11] method . For the purpose of
integrally , we use Theorem 1. 1 . The procedure involved is
essentially the same as for linearly constrained problems , except
for that piecewise linear approximations which must be
constructed for the constraint functions as well as for the
objective function .

Thus every non-linear function appearing in the problem must be
separable, in the sense defined in article 1. Let the general
formulation of the convex separable program is:

MaxZ:Zn:fi (xj)
=1

s.t. igij(xj) <b; i=1,..,u

o A=kt @1
, . ?
Zglj(xj) = Zaij Xj Zbi ) i=u+1,..., v,
j=1 j=1

n
& 2. 8ij (Xj) 2 b; Ci=v+l,.m.

I

j=1 )
where the functions f; are concave , the functions g , i=1, ..., u
, all j,areconvex. the functionsg; 1=v+,. ,m,allj,are
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concave ; and the a; and b; are real numbers. It is not necessary
to formulate the problem in terms of non-negative variables .

2.1  The Algorithm
To solve the problem (2.1) , we begin by forming an
approximating problem ( the same procedure asin a article 1)
Foreachj,j=1,...,n,let x;and ;j be a lower and upper bound
on the value of x; , and choose a set of r; + 1 integer break points
Xk, k=0, 1,..., 1 satisfying

Xjo =X

j <Xjt <Xjp <o <Xjpo =X

For each of these values compute the ordinates
Fu-fiby) 22)
and
8 (xjk). i=1,...,,u
Sik = § @ X > 1=u+l,.,v
gij(xjk), i=v+1l..,m

(2.3)

The ordinates fj and g;x define piecewise linear functions f; (xj)
and gij (x j) that can be taken as approximations to the original
functions fjand gj.

Let a new set of variables A;o,Aj;,....A i, be defined for
each x;,j=1,..n.

Then, making substitutions of the form (1.9) through (1. 11) for
each variable x; , including a substitution

.
ilx;)= éokjkgi,-k
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for each of the constraint functions §. , i=l,..,m, weget
the following approximating problem in the variables Ay

no, n ¥
MaxZ = Z fJ(XJ)E Z Z fjk}“]k
=1 j=1 k=0
n n ]
s.t. Zg‘] (Xj)E Z gijk}"jkpbi , 1= 1,...,m,
j=1 . i=1 k=0 >(24)
T
A‘)k =1 ,jle,...,n
k=0
<
and Aig 20 ,Vjandk p is {:}
>

and subject to the following restrictions foreach j,j=1,....n
(1) At most two of the A o can be positive , and
(i) If two are positive , they must be adjacent .
The values of the variables x; associated with any particular
solution A are given by

.

3
Xj—‘—‘ Z AijJ‘k, _]=1,...,n
k=0
(2.5)
and hence it must be integer if x; are integers ( theorem 1.1).
‘Observing that the approximating problem (2.4) is identical to
the problem 5
. n.
Max Z = Zlfj (X})
J:

-
sit. el L i=l..m,{(26)
| Z

and X; <X <Xj ,j=L..,n
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which is itself an approximation to the original problem (2. 1),
assuming that the lower and upper bounds x; and XJ are in the

feasible region.

3. Examples

To prove theorem 1.1. and applying the previous algorithm , we
have to introduce the following two examples. The first example
with xj all integers while the second one with x;x are not all

integers, for the same problem .

Example
L Max Z = (x-1)+(x0-1)
Subject to X +2 X, <5
X1, X22> 0
Solve :-
f1(x1) = (x-1)* , Fa(x0) = (x-1)?

Break Points of f 1(x;) Break Points of f »(x,)
X10=0 fi0=1 X20=0 HHo=1
x11=1 £1:=0 X21=1 £1=0
X272 fir=1 X272 =1
X133 f13=4
X144 f14=9
X15=9 f15=16

Max Z = A’]O -+ }\‘12 + 47\,13 + 9}.[4 + 16 7\1]5 + 7\'2() + XZZ

Subject to
7\.“ +2 }\42 +3 7\43 +4 7\414 +5 )\,15 +2 x21 +4 )\'22

Ao+ A+ A+ A3+ At Ays

1A
n
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Mg +Ag1 +Ap
| b0
Min Z=- ?\,10 - }\«12 -4 ?\‘13' 9 AIM - 16 ?\'15 “‘)"20' ?\'22

The previous example becomes

forall jand k

A1 F2 Mz +3 Mgz 4 Raa +5 Mis +2 Agp +4 Ay HA
+y1
+y2

Mo+ Ay A+ A+ Aat Ags
Mo F A F Ay

-Ao =Mz -4 Ag3- 9 Ry - 16 Xgs — Rgo- A

2
w=2y;=y1+Y;

+ (-Z) = O:-
=M= Aip - M- Mz - Mg —Mis-Agomhar- Ay F (W) =2
Where A" slack variable and y; y, artificial variables and

1,

=35
=1
= ]

= Phase 1
Basic b lhotAia | M2 | M3 s L2 An A2 N iviiy:
w 12011 o alal o -1 4l -1 loflo]o
-Z O (-1{0] -1 |-4}-9]-16] -1 0 1 Joloto
yi 1@ 1] 1 jrlr 0 0 0o lol1]o
y2 tioflol o |oflo] o 1 1 i 001
N s{of{1] 2 1314]5 0 2 4 J1}10}0
w lololol o Jojo] o 0 0 o fol1}]1
Z {2101 0 [3{-8]-15{ 0 1 0 o1 |1
Ao 1111 1 111 i 0 0 0 |o]1]0
Mo §1lojo] o jojo} o 1 1 1 fo{o{1l
% s1ol1] 2 3|4l s 0 2 4 11040

since minw =0

Then we reach to the optimal solution of w ( i.e. the end of phase

1 and begin phase 2

Phase 2
Basic | b {20 A | M2 { A3 { Ma | As | Az | A2 Ao |
-7 2]l0f{1]0}|-3|-8]-15] 09 1 0o |0
Mo 11t {11 @ o 0 0 |0
M Jtiolojololof o 1 1 1 |0
% 510|123 ]4] s 0 2 4 |1
Z 417l ltef1s|12 7 0 0 | 1 0 |0
Mis EENEERNEERE 1 0 0 0 |0
A 1 0 0 0 0 0 0 1 1 1 0
% 0l-5]-4al3]l2]-1] 0 0 2 4 |1
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since all elements in the row -Z either zero or positive then this is
the optimal solution . (i.e.),

Moo= My =hi2 = M3 =h4=0 , Ms =1,
7\.20: 1 , ;\.21 = 7\422 =0 , A'=0 5 Z'=-17
AN—z=17
3.2.Max Z =( x;-1)"H(xp-1)?
Subject to x;t2 x, €5
X1,X2 =2 0
solve -
fi (x )=(x - 1) B (x)=(x- 1)’

Break Points of fi(x; ) Break Points of f, (x; )
X10=0 fio =1 X20=0 f_zo =1
X11="2 fii=% |x=" Hy=Ya
X121 fi, =0 X22=7a £ =16
X13:11/2 f13 =1 X23=1 f23 =0
X14=2 f14 =] X24:11/2 f24 =V
X153 fis=4 X25=1%a fr5 =116
X16~4 , f16=9 X2672 f6=1
X1774 2 fi7= 49/4
Xis =5 f]g =16

maxZ= 7\410 +%}\,11 +:1"7\,13 +;\414 +4}\.15 +97\’16 +479‘7\,17 +16K18
9

+hag + 5oy F ey +Ehgs +hos + Ao

subject to
—;‘}\,1] +}\.12 +%?\13 +2 }\,14 +37\,15 +47‘\,16 +§}\.17 +57\‘l8
Aoy + 2Ry +2hg3 +3hgs + Zhgs +4hgs <5
Mo+Ay+App +A3+Ayg+his+Ag +Ag+Ag =1,
A’ZO +X21 +k22 +7\,23 +A,24 +A’25+}“26 :] 5
A 20 (forall j andk)

Min Z, :“——‘7\,10 —'i‘}\,“ —%A‘B "‘7\‘14 "‘4}\415 _9)\’16 '%(2)»]7 _16)\’18
~ A0~ Aa1 1A —+hag — = Ags =g
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The previous example becomes

'%7\«11 +7\'12 +%7\,13 +27\,14 +37\,]5 +4A’16 +%}\.17 +57\,18
+ A1+ 3 A + 203 +3hgs + Lhos +4Rge +1 =5,

Ao +Aqp FAp +A3 +Ag HAgs +Ae HA7 H A +y;=1,
Moo +Ap + Aoy +Ag3 +Ags +Ags + Ao +y, =1,
~ Ao =5 A1 — A3 —Rg — s — Oy — A7 ~16As

~ A0 —F a1 —1ehan — A2 — 5 has—hgs (-Z)=0

= Moo= Ap-Mam Ma- A Ais- Mg Mg Mg- Ao Ago- Aai Ago- Aga
= haa Aps- Azg +(-w) = 2

Where A’ is a slack variable and vy , y, are artificial variables and

2
W=2y;
izl
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