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STUDY OF VOLTAGE INSTABILITY IN POWER SYSTEMS
USING CATASTROPHE THEORY
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Abstract: Cataslkrophe theory iz a

iy Seadl

mathenatical technigue

for the qualitative analysis of zystem squations, detrining
the jump phencomena and =sudden changes caused by mmoocth

changes in the system parametars.
applisd previously Eto the =tudy of

Thise theory has been

steady state stability

of powsr systems. 1his paper presents a new technique in
the area ot power system =tability sctudias to describe

steady- tate voltage stability 1n

terms of one of the

catas.trophe manifolds to which Lhe powsr system Can be

ritced.
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1~ INTRODUCTION

Steady - state voltage stability in & power system has
become increasingly important in recent years.It indicates
the capability of the power system to maintain the load
voltgge within a specified regian in steady - state
gondltions. Todays electric power systems are highly
intaerconnected and the problem of maintaining wvoltage
tolerances at wvarious locations in the transmission
network becomes more complex. If the genearation
facilities are adjacent to load centars, the real and
reactive power can be supplied by the generating unpits.
However, in many cases the generation facilities are
located long distance from the loads and with this comes
tha nesd for compensation of voltage drop along the
transmission line and for provision of voltage support at
the load areas for both normal and abnormal conditions.

Reactive power problems arise in powar systems under a
variety of conditionz [1]. For iightly loaded systems, too
much reactive power may be injected into the network by
shunt elements resulting in overly high voltages at the
voltage uncontrolled buses. Alternatively under heavy load
conditions there may be insurficient injected reactivs
power causing the voltage drop.

Collapse (or instability) in the system voltage may be
aoccurrad as a result of the gradual increass in the
system load. In some cases, heavily loaded power systems,
particularly when the system configuration comprises long
transmission lines, the voltage drop caused by the
dropping of a gensratar or transmission line cannot be
recovered even 1f the static capacitors at load ends are
switched on [2]. This sort of abnormal wvoltage drop is
called traznsient voltage instability or transient voltage
collapse phenomena. The load corresponding to this
collapse is called critical load. So this phenomena can be
put 1into the framework of the elementary catastrophes.
The aim is to wverit¥y that the instability corresponds to
voltage rather than angle.

Catastrophe theary has keen applied to the study of steady
state and transient synchronous stability of power system
[3-5]. The analysis was with respect tec angle instability.
But the instabiiity may be manifested in many different
ways, depending upon the characteristics and configuration
of the system and also onp its operating mode {&]. For
axample, in some cases In which steady — state wvoltage
instability has been approached with no immediate praospect
ot angle or synchironous instability. This particularly
true if generation is away from the load center. This
aspect 1{s analytically wverified 1In this paper for two
nodes system.
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2~ Catastrophe Zor

Some physical system in nature can be exposed to =udden
changes arising from smooth variations in the situation
[7]1. These sudden changes (or jump phenomena) can be
analyzed by the catastrophe theory to identify how the
equilibrium of the system is changed as the control
parameters change. This theory applies most directly to
systems which iIn a range of situations, seek at each
moment to minimize a certain function such as the
potential or energy function [8].

Consider a gradient oynamical system whoss behavior is
usually smeoth, but sometimes {or in some pPlaces) exhipits
discontinuities. Catastrophe theory tries to deal with the
properties of these discontinuities. The system can be
specified by a potential function VY with n~state variables
(%) ,X s---+sX,) and under the control of m-independent
variables (ul,uz......um). The number of different
digcontinuities that can ocCur depends not uUpon the number
of state variables but an the number of control variabies
[?,10]. Accarding to the number of state variables (n ¢2)
and the number of control parameters (m g4}, the
catastrophe manifold is determined as one of the sevean
elementary catastrophes.

The set of all egquilibria of the potential function ¥ is
given by

d v
a xi

Detine m-cZimensiconal equilibrium surface In the (n+m)-
dimensional space. Since the potential depends on control
parameters, the Hessian of Vo and its eigenvalues depend on
these contral parameters. For certain values of control
parameters, one or maore of these eigenvalues may assune
the value ZzZero.

= ¢ i=1,2,....n (1)

when this happens, the Hessian,
det [Vij] = Q (2)

and the system state variables are called nonisclated,
degenerate varlables. The number of different kinds aof
catastraphes which can occur depends on these variables.

It the rank of Hesslan is n—-1 ftor some 120 (1 correspcnds
to the number of zero eigenvalues), the original potential
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function can be split intc two parts. This is called
splitting lemma [10], because it allows us to split the
variables into two parts: part involvad in structural
ttability called non-degenarate associated with the non-
vanishing eigenvaluas, and the othars involved in
instability associated with wvanishing eigenvalues.

The system pcotential function ¥ can ba writtenm in the
catastrophe canonical form .

n
2
v oz Cat(l.m)'i'z?\j ¥ (3)
Ieivi
where,
Cat(l,m) is the catastrophe tunction
%j is the number ot non-zero eigenvalues
Y3 is the coordinates associated wWith non~

vanishing eigenvalues.

The catastropha function gives the qualitative
configurations of discontinuities that can occur in the
neighborhood of critical points. The second term in egn. 3
does not contribute for discontinuities [10], and can be
ignored in the analysis.

33— Prgblam_form o)

Conzider a =single generator supplying & P-Q lcad over a
lossless transmissiog line as in figure 1 . The generator
voltage is v; = 1 e . tha load bus voltage v, = ¥ e’ is
taken as reference. The line admittance is -jB (1 p u) and
:he load complex power demand is P+jQ (P>0 , @>0) [11].

P+3Q
Load

Figure l1l: Qna genarator suvpplying a P-Q load
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The complex pawer injacted into ths network at the
generator bus is

Bvsind+ j B(vz—v cos S)

The complex power injected intc the network &t the load
bus is

- 8vsind ~ J (v cos s - v2) = - P - ja

which gives the power flow equatiocns

—

P - B v sin d . (4)
G -8vcos b+ 8v2 ' (s)

o
[ ]|

The generator dynamics ere given by the swing equation
H.S:Pm-—avsins (6)
where,
P is the input mechanical power.

To hoid eqns. 4 and 5 in equilibrium, P, must equdal P and

m
;pe system model becomes
M&=pP~8vsind 2 (7)
0O=@-Bvcos®+8yv (8)
2~-2 Construction of system energy function

The total system energy can be derived from equations 7
and 8

Multiplying both sides of eqn 7 by w = o0 and integrating
with respect to time, using as a lower limit t = tos where
% . % are the initial stable equilibrium point, we obtain

/fﬂ W W dt =){; 5 dt —-J/B v sin B é dr (?9)

trom eqn 8

Q

—_ s Bcas d ~ 8 v (10)

v »
Multiplying both sides of eqn. 10 by v, then eqn. 10
Lecoings

S
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< -
o

=BvcosB-Bvyv (11)

where,

d{B v cos &)

B ; cos & = + B v sin & é {(12)
dt

Substituting eqn. 10 and 12 into eqn. 9, we obtain

w & A v ~
Jhﬁudt=deS+/d(Bvcosa)-dev/v-!ﬂvdv
we B, Yo, 8, e ° (13)
M(w2 - u?)/2 = p(d - é)+ B(v cos & - y, cos Q) -
QLn v = Ln v, ) — B(v2 - w? /2
(14}

which gives an energy functien such that

E(B,v) = M(w? - w2)/2 ~ [ P(B ~ §) + B(v cos § ~-v, cos §) -

Qbn v = Ln v ) - B(v2 - q? /2 3

= E (w) + Ep(S,v) (15)

Ei(w) (s the system kinetic energy, and the ED(S.V)
is the system potential energy.

whare,
E(w) = M(w? - W2 )/2 , and
Ep(E,v) = - p(b - ﬁ) - 8(v cos & - y,cos 8,) + Q(bn v ~ Ln v)
+ B(vZ - w2 ) /2
= - P‘S -Bvcosd +aLnv +8B v2/2 + K
(16)
where,

K=P8+8Bycos §~-QLiny -8 vi/2
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In steady - state coperation, the stored Kinetic energy is
too small and can be neglected, then eqgn. 1l& becomes

E(B,w)= Ep(ﬁ.v)= -pPbH-Bvcosb+oLnv+o0.5Bve+K
(17)

The equilibrium conditions for this system can be
obtained by ditfferentiating the above potential function
with respect to state wvz-iables (angle and voltage) and
equate them to zero. we get

BED(S,V)
d 8

=~ P+Bvsind =0

than,
P =P v sin d (18)
and
E (b,
L P v = - Bcos & + Q/v + B v
a v
than.
Q=BvcosD~-8B vl (19)

from 18 and 19, we obtain
(p/e v12 + [(a + B vZ)/B v1Z =1 (20)

from which,

v + v2 ( (2a/e3 -1 ) + (@2 + p2)/82 = 0 (21)
Let,
: ; ; Q/B -1
2 : ?02 + p?)/82

then, egn. 21 beccnes
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4 2

y + ay®- + by +czs 0 (22)

Ean. 22 1is seen to be the swallowtail catastraphe
manitold, with a control wvariable b = ©. The seven
elementary catastrophes for the control space dimension
less than or equal 4 have been well defined and explained
[7-10]. The swallowtail catastrophe function used in this
paper is shown in the appendix, then the equation is

(v3)%2 + a (v%) = o (23)

has the solution
y = [ £ ( -a/2 2{{(a/2)2 - ¢))11/2 (24)

Next, we find the singularity set, S, which is the subset
of the catastrophe manifold (egqn. 22), that consists of
all singular points corresponding to steady-state voltage
instability. These are the points at which the ftirst
derivative of equation 23 equal to zero, as follows:

4 y3

+2ay o

" y = [ -as2 1}/2 (25)

It is clear that, the control pareameter a should be less
than zero and 0 < c < {a/2)° to get the real solution.

The singularity set S is then proj)ected down ohto the
control space to obtain the bifurcation set E . The
bifurcation set is the image of catastrophe manifold in
the control space. The bifurcation sat B8 provides the
roegion of all possible stable operations in terms of the
control wvariables, which usually represent the system
parameters. From egns. 24 and 25 we obtain

c = (3/2)2
theretftore,

v (0.s - asB)l/?2 (26)

crt”

Equation 2& shows that, for stable operation at diffterent
values of reactive power, the system loading should
zsatisfy the following equation
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P< ([ -aB+ (B/2)%1/2 (27)

theretore, the maximum loading is

Pmax = [- @B + (8/2)2)1/2

As seen in this equation, the presence ot a reactive
component ot load @ reduces the power 1limit. when
reactive power compensation is used, to maintain wvoltage
at load, the load power can be increased considerably. For
example with purely shunt capacitor compensation, the
maximum power is P = 0.707 as compared to P = 0.5 (at a
voltage of 0.707) for no compensation. This is for load at
unity power factor (purely active power). Typical values
of critical leoad and critical wvoltage for different value
of @ are given in table (1). '

To increase the load power beyond these limits requires
controlled compensation system. As one see that increasing
capdcitive reactive power increases the power limit and
the critical wvoltage limit. But for higher values of
compensation the normal voltage ranges may become critical

system catastrophea critical system
loading theory voltage state
T —_—— —_— - -
Q pmax a c !____
0.25 0.000 —-0.5 0.0625 0.5 no
0.5 Pmax 0.309 -0.69 0.1194 0.588 compansation
Q.00 0.500 =1.00 0.2300 Q.707
-0.25 0.707 =-1.5 0.5625 Q.866
-0.50 0.866 -2.0 1.0000 1.000 campansatad
-0.75 1.000 -2.5 1.5625 1.12
Table (1)

CONCLUSIONS

The mathematical method called catastrophe theory, pre-
viously applied to steady-state and transient synchroncus
wtablility of power systems. The analysis was with respect
to angle instability. This paper explored the applic—
ability of the theory to study steady-state voltage
stability in terms of one of the elementary catastrophes
Whilst an elementary example has been given, the approach
is cleuarly capable of extension o study steady-state
voltage stability in multimachine systems. This will be
tho zuliject of our next waork.
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APPENDIX

The swallowtail catastrophe
The standard unfolding is

F(x:a,b,c) = x5/5 + a x3/3 + b x2/2 + ¢ x

and the catastrophe manifold M which is the surface of all
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critical points is given by
DFa,b,c(x) =0 {D denotes the derivative)
:x4+ax2+bx+c (28)
where x i3 the starte wvariable and a, b and c are tha
control parameters. The critical points of degeneracy 3J

are obrained by setting the first derivatives of F(x:a.,b,c)
aequal to .zero, as follows:

twofold degenerate: 4 x> + 2.ax + b = 0 (29)
threetold degenerate: 12 x“+2a =20 (30)
fourfold degenerate: 24 X = O (3i}

fFrom egns 28-31, the functiaon F({x;0,¢,0) has fourfeld
degenerate critical points at x = Q. Thé curves of points
in control parameter space which describe functions with
threefold degenerate critical pecints (egns. 28-30) with
the parametric representation

az-=5 x2 » b= 8 xs. c = =3 x4

these lines are shown in Fig. 2b.

The surface of points in contrel space which describe
functions with twofold degenerate critical points, with
the parametric representaticn (28-29)

1
'

3
b= -4 x%x" -2 a.x
ez Ix%+ax? (32)
b=-#13—2ux
c=3x%+ax?

-0.8 -0.6 ¥

0 \
dz b
-0.2

Figure 2a Three crass sections with a = positive, zera_apd
negative value in 3-dimension space, computed by fixing
a anpd letting x wvary
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By fixing the value of a in exprs. 32 and letting x vary
the three cross-sections of the surface at positive, zeré
and negative fixed values are computed as shown in Fig.
Za. These three cross-sections are pieced together by
scaling to give the entire surface in the three
dimensional space, as shown in Fig. 2b.

[

Figure 2b Three cross sections shown in Figure 2a are
jained together to construct swallowtail surface in 3-

dimensional space
\l

This surface divides the three dimensional space into
three open regions. The qualitative properties change as
we pass through this surface. To determine the qualitative
types of any region it is quite adequate to look at
Gonvenient points such as d,. do, and dx in Fig. 2a, where
b = 0; then the equation

(x2)2 +ax+c=0

has the solution

x =yr C-ajz+ [ (a/2)? - ¢ 1°°9)

For a > O, there are no real sclutions at c » O
there are two real sclutions at ¢ ¢ O

For a < 0, there dare no real solutions at c > (a/2J2
two real solutions at ¢ < O
four real solutiens at 0 < ¢ < (a/2)2
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SWITCHED-RESISTOR LADDER FILTERS
Aot wlagliall sladioly gl Il Sl ol
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ABSTRACT

A systematic desien technique for switched resistor (SR)
indder filter is described. The method is on the signal - flow
graph (SFG)  approach. Switched-resistor integrator using a
mocdified SE MOSFET is invesligated. This integrator achieves MOS
nonlinearity cancellation and does not reguire the use of fully
balanced op amps. It is ased to simulate either inducter or
capacitor. Design and experimental results are given for a
fifth-order low filter.

I.INTRODUCTION

The simulation of passive doubly terminated fadder
Tilters has buen used extensively in the past [ew years for lic
design of active and digital filters, Because of their Llaw
sensitivity oproperties, active ladder filters are used to
simulate LU fitters. There are two classes of  RU-aclive iiters
that simmlatle O fiiters., The first class uses direct  immilapoe
stmmiation and the convepts of the [peitance conversion {(l1i.  The
seonnd wlagss of Circuit vsos inverting and polinverting
fntesrator to simniate tie SFEG [6].

Several approgches tar switlhed  oapocitor i Uil e
ity nmve beed dosonaeed TIOR3 Do tniie o gne, a0
A2TWhOL re e 1 aeeratbe Wit tve phase ponoverlappinoe o lachs
Ve ey [ S I_.\_-_?\'__ AR IR TR LTI R cE N T R IR S IR SRR . "_[‘::_:':_ I
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Thie purpase of this paper {5 Lo Tive a simple
step-hy-sten design procedure for s new SFG filters. A new SR
integrator using two uanalog MOS switches as a linear resistor i3
described. Thig integrator cun be simulated eiliter by Lhe
admittance of inductor or by the Iimpedance of capacitor. High
vrder SR low-pass filter is implemented. This filter achieves low
sensitivity to the components, better temperature stability,

IT. NEW SWITCHED RESISTOR INTEGRATORS

In the SFG, the basic element is op amp inlegrator. The
conventional integrator is shown In Fig.l (a). Its transfer
function is given by

H(s) = —1/sRC (1)

¥here the inteprator handwidth is 1/RC

A switched resistor wversion of this inteprater is  shnen o
Fig.2.(b), in which the resistor R bas Deen replaced hy two
MOSFETS using the contrul signal as shown in Fig.2.

Tt 15 well known that the drain  currenl Ip  oif  MOSFET in the
triode regiun is given by

2
In = K L {(Vus-Vo.¥Vos-Vos /2] £2)

Where K =Co w W/L, and Ca is  exide  ecapacitance, . iy the
clflfective mobility of the cihannel carrier, ¥ Lhe <haunnel width,
ail L the channel leneglh,
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=
Lo o2y
Then the total current 1o is
'wo= fpr + loe = K(V\i - :-].V'r) Y f';)
L <
From equation [8)Y. (1 1 anted that ihe nponlincar tlerm
2 . PR .
V° /2 in the two MOSFETS is coancelled, Four  the nsual  case  of
os
Vas-¥1 7 Vos

, thien the

cyuivalent
and 2 13

e oL s Laknlee
terminals |

hetwean
piven DY

R = L/ k(¥ - 2Vr) ] {6)

Diuring the time

he switelr is aff, or during the turn-on and tinrn
ol VY transients {71, the egqumivalent resistance 1o TFile.l{by is
given Ly 4]
e = It (T/r) (73
¥

Where E s the total op - resistance ol the  two MOS
N
switcnes,

The transfer metion of the SR integrator in Flg.l{b) i

i =
H(S) = - 1/aReC (53
Tie baidwicdlh of the SR Intezraloc is (-7
R O
Fig.3 represents the SR dnverting lossy inteerator, 1w
frnetiong bs wiven by oo

transfer
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ITI. DESIGN OF ACTIVE LADDER FILTERS

In this sectien, a2 SFG wethod will e presented for

transforwing a passive doubly terminated netwerks into active
ladder equivalents uwusing switched resistors integrators.

It is known that a passive doubly terminated RLC in Fig.d
achieves very low sensitivity to coempunent variations in passhand
response. Fig.d shows doubly terminated fifth - order low-pass
filter. The branch relationships describing the ladder are

It = (b)) ( Vin - Vz ) (L
By o+ skla

[t}

Yi ( Vin - Vz)

1
Vi = —— - I
5 ([x %)
=2z (I -1 (1)
t
la * { e} { ¥z - V4 )
sLa
= Y ("J; \"lb) (12}
4
1
Ve = (—— % {1, = I=;
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L. 29
Wa
Is = -
Rz + sl»
= Y5 V¢
Vo = Rz Is
The flow diagram represents the equaticons avove as  shown
Fig.5. The admittance Y1 and Ya can be realized hy the
inverting lossy inlegrator of Fig.3. TFinaily, the lmpadances
Z+ and the admittance Ya can be realized by e 3[R
integrator of Fie.1{b). One can take advantage of the Tfact
R+ = K2 = | ohm.

Accurdiugly,
lte implemented vsing
unity vain inverters.
capacilors of the SR

fullnwing cquation nbtained by solving Eqs.

te 15
CLyr =
(rz =
(La =
ULe =
Assipr g W= E<.
AtV iy Lhe cges Do

the

the

tifth order low pass filter in Fig.4
cireurls in fig. (b and 3.
Fiz.6 shows the new SR {ilter circuit.
integrators of Fig.6

g

shown

are caiculated from

(8Y. (9) and Eys.
L1 Es
Cz R~
(2 R
(L/D
| S
ST Ywith any o o vailbie ol Intuerost
abvewe . owe o wet Ahe Capacltor satae tre

(143

(15)

in
SR
iz,

inverting
that

can
and
The
the

10

fre
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IV, EXPERIMENTAL RESULTS

An SR active fifLth - arder low pass ladder filter derived
from the RLC prototype of Fig.4 has  been implemented using
modified SR integrator. The Filter was built eaploying discrele
components. All op amps used in Fig.6 were MOS up amps. D-MOS
switched of the SD 5000 having low feedthrough were also used.

The proposed filter was desiened for a  ocutoff
of 1500 hz with sampling rate N0 khz. Ths
the tilter is shown in fig,7.

fregquency
frequeney response  of

CONCLUS TGN

A osystenatic design fur switeched— resgistor
i§ presentad. A modified SR intesralor having MOS8
cancellatiaon has been discussed. SR high - order
can be reulized with transfer functions that are  insensiiive to
componenl varialicns, Moreover, these filters achleve better
stability femperaturs using HOS technoulngy,

Ladder Filter
noitlinearity
ladder ftilters
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