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This paper 

compensation of 

optimization is 

presents mathematical analysis for optimal 

reactive pwer in electric networks. This 

needed to cantrol the voltage level of 

busbars above the permissible minimum value. The fluctua- 

tion of consumed loads causes a deviation from the optimal 

operation so that a new optimal deviation of pwer flow 
must be deduced by sensitivity approach. 

The sensitivity matrices for both voltage and phase 

shift dependency are derived. The elements of both 

sensitivity matrices are computedinper unit system. The 

diagonal element is taken as a reference. The proposed 

algorithm is programmed. It is applied to different net- 

works for two voltage levels (250 and 230 KV). The number 

of controlled buses may be varied. 

Reactive power injection in power systems is an 

econc3inical mean for maintaining voltage levels under 

different operating conditions within acceptable liaits. 

The problem is where and how much VAR capacity are reguiked 

to satisfy the imposed conditions. 

Reactive power optimization is a nonlinear progiamming 

problem which has been solved by linear techniques. The 

trial and error approach depends on the engineering j u e e -  

ments for locating the reactive power sourees. The dynamic 

protpmnming approach is based on selecting the &st sens- 

itive bus for the reactive .Dower injection at lcvw voltage 
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buses in a system [ I ] .  A capacitor unit is added at 

different nodes. The voltage changes are calculated by a 

linearized model, and then, searching for the most sensitive 

bus in the new set of low voltage buses. This problem may 

be solved using linear approximation [ 2 1 .  The sensitivity 

matrix is constructed and linear programming technique is 

for the optimization purpose [3]. 

P R O B L E M  F O R M U L A T I O N  

The reactive power optimization, in order to keep the 

load bus voltages within certain limits, is an over impor- 

tant subject which must be'treated. 

There are two methods to change the reactive power Qi 

at the i-th bus : either voltage variation AV under constant 

active power Pi or phase shift displacement Aeunder a 

constant voltage. The relation between the reactive power 

variation A Q  under constant voltage and phase shift change 

A e ,  using the sensitivity matrix for phase shift dependency 

S,, may be formulated as 

This relation for voltage dependency Sy becomes 

THE S E N S I T I V I T Y  M A T R I X  

Since the active power deviation depends on voltage 

vector (magnitude and angle), Jacob's matrix (aw/ax)becomes 

an important instrument in this analysis. The matrix(aW/ax) 

can be expressed in simple form as [4] : 

J 

Matrix aW may be devided into two parts : upper and ax 
lower. The up2er part includes the relation of reactive 
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power while the lower part contains that relation for 

active power. The elements of both parts will be computed 

using the given program (see Fig. 1 ) .  The maximum permiss- 

ible number of nodes N is 26 and number of links should 

not exceed 27 for application on computer since dimension 

of the calculated matrix becomes large. The active and 

reactive powe,rs at both ends of transmission line may be 

simplified in the form [ 5 ]  : 

where i and k indicate the bus numbers of transmission 

line ends, Z is the branch impedance, $ is the angle 

between two voltages at both ends, F is impedance angle 

of transformer branch. The terminal conditions may be 

defined by coefficients B', C and T. 

Using equation ( 4 )  the diagonal elements of submat- 

rices of equation (3) may be determined as : 

api aQi 2vi jmik Vk(e j 
- + j -  = 
avi C - e + avi cos B 

k 'ik 'ikZik 

api a~~ 
- + j -  = ( 1 - 1 )  'iVk 
a e i  a ei ( cikzik cos B) 

k 

On the other hand, the off-diagonal elements can be 

derived by : 

I - + j 2  = I 

avk avk 
(COS B + j sin B) 

'ikZik 

I - j = I 

a @k 
(sin B - j  cos B) 

a ek 'ikZik 

The relation of active power deviation with respect 

to either reactive power of generators aP/ aQ or trans- 

'mission lines 2P/aC and transformers a~/aF should should 

be considered. This relation, but for reactive power 
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v a r i a t i o n  30, must  b e  i n s e r t e d .  Both r e l a t i o n s  may be 

i n c l u d e d  i n  m a t r i x  [ a W / a D ]  as  : 

The d i a g o n a l  e l e m e n t s  o f  subma.:rix a Q / a Q  are  e q u a l  
9  

t o  u n i t y  w h i l e  a l l  e l e m e n t s  o f  s u b m a t r i x  a ~ / a ~  have  z e r o  
g 

v a l u e  ( 6 ) .  O t h e r  e l e m e n t s  of  m a t r i x  aw/ao c a n  b e  d e r i v e d  

by 

aPk -2V2 s i n  (a - + j -  a Qk = k  i k  ' ik + jj+ 

a 'n a 'n 
(- 

'ik ' ik  C;k 
VkVi s i n  B , 

+ ( -  
+ j )  

'ik ' ik ' ik  

api a Q i  - + j -  = 'iVk 
a Fn a Fn 

( s i n  B - j c o s  B) 
' i kZ ik  

The g i v e n  a n a l y s i s  i s  programmed and i t s  f l o w  c h a r t  i s  

shown i n  F i g .  2 .  F i n a l l y ,  t h e  s e n s i t i v i t y  m a t r i x  S c a n  

b e  b e  f o r m u l a t e d  by t h e  m a t r i x  e q u a t i o n  : 

T h i s  s e n s i t i v i t y  m a t r i x  may b e  r e w r i t t e n  a s  a f u n c t i o n  

o f  two s e n s i t i v i t y  matrices f o r  b o t h  v o l t a g e  and p h a s e  

s h i f t  dependency as  

The e l e m e n t s  of  s e n s i t i v i t y  m a t r i x  S may be computed 

i n  p e r  u n i t  b a s e d  on t h e  d i a g o n a l  e l e m e n t  of  each  row, 

u s i n g  a computer  program (see F i g .  3 )  . 
A P P L I C A T I O N  

/ 

An e lect r ic  network w i t h  7 c o n t r o l l e d  b u s e s  as  shown 

i n  F ig .4  i s  c o n s i d e r e d .  Both s e n s i t i v i t y  matrices are 
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computed f o r  two d i f f e r e n t  b a s e  v o l t a g e  such a s  250 and 

2 3  0 KV w i t h  r e f e r e n c e  bus  number ( 0 )  . The c a l c u l a t e d  

s e n s i t i v i t y  m a t r i x  f o r  v o l t a g e  dependency i s  g iven  i n  

Tab le  1 .  

Tab le  1 .  

The e v a l u a t e d  p e r  u n i t  s e n s i t i v i t y  m a t r i c e s  f o r  v o l t a g e  

dependency 

Base BUS NUMBER 
v o l t a g e  

(KV)  1 2  3  4 5  6 7 

The s e n s i t i v i t y  m a t r i c e s  ( f o r  phase  s h i f t  dependency) 

a r e  a l s o  o b t a i n e d .  The r e s u l t s  a r e  l i s t e d  i n  Tab le  2. 

The s i n g l e  l i n e  diagram of a n o t h e r  network i s  shown 

i n  F ig .5  t o  check t h e  above c a l c u l a t i o n s .  The v o l t a g e  

l e v e l  o f  such a  network i s  a l s o  220 KV. The bus  number 

i s  i n d i c a t e d  on t h e  f i g u r e .  The bus  number ( 0 )  i s  c o n s i -  

de r ed  a s  t h e  b a s e  bus  w i th  two b a s e  v o l t a g e  (250 and 230 

K V ) .  I f  a l l  b u s e s  of  t h i s  network a r e  under  c o n t r o l ,  t h e  

s e n s e n t i v i t y  m a t r i c e s  f o r  v o l t a g e  and phase  s h i f t  depen- 

dency w i l l  b e  computed. The r e s u l t s  of c a l c u l a t i o n s  a r e  

w r i t t e n  i n  Tab l e s  3  and 4 i n  p e r  u n i t  v a l u e s .  



Table 2. 

The c a l c u l a t e d  per u n i t  s e n s i t i v i t y  matrices  for phase 

s h i f t  dependency 
- 

Base bus number 
vo l tage  

KV) 1 2 3 4 5 6 7 

Table 3 .  

The per u n i t  s e n s i t i v i t y  matrix f o r  v o l t a g e  dependency 

Base bus number 
v o l t a g e  

(KV 1 8 9 1 0 '  11 12 

1.00 1.09 1.54 1.66 1.56 

0.47 1 .00 0.72 0.78 0.73 

250 0.32 0.34 1.00 1.08 1.02 

0.24 0.26 0 .80 1.00 0.73 

0.29 0.31 0.93 1 .00 1.00 



Table  4 .  

The c a l c u l a t e d  p e r  u n i t  s e n s i t i v i t y  m a t r i x  f o r  phase  f h i f t  

dependency S  
- -  

Base BUS NUMBER 
v o l t a g e  

( KV) 8 9 10 11 12 

I t  i s  s e e n  t h a t ,  t h e  d i a g o n a l  e lement  does  n o t  a lways  

r e p r e s e n t  t h e  maximum v a l u e  f o r  s e n s i t i v i t y  of v o l t a g e  

v a r i a t i o n s  i n  b o t h  c a s e s .  S i n c e  it was concluded i n  

r e f e r e n c e  [ 3 ]  t h a t ,  t h e  d i a g o n a l  e l ement  h a s  a lways  t h e  

o p t i m a l  v a l u e ,  more c a l c u l a t i o n s  s h o u l d  b e  a p p l i e d .  

Connect ing  t h e  two g i v e n  networks  of F i g .  4 and F i g .  5 

a t  t h e  b u s  number ( O ) ,  a  t h i r d  network w i l l  appeared  a s  

shown i n  F i g .  6 .  Hence, f o r  t h i s  ne twork,  t h e  s e n s i t i v i t y  

matrices (Sn) can  b e  e x p r e s s e d  a s  

I n  t h i s  case t h e  m a t r i x  So may b e  e i t h e r  f o r  phase  

s h i f t  dependency So o r  f o r  v o l t a g e  dependency S . The 
V 

submat r ix  S1 i s  t h e  s e n s i t v i t y  m a t r i x  f o r  t h e  network 

of F i g .  4 ,  w h i l e  s e n s i t i v i t y  m a t r i x  of network of F i g . 5  

becomes S2 .  Also  t h e  t h i r d  submat r ix  S j  w i l l  b e  z e r o  

m a t r i x .  T h i s  means t h a t  t h e  above c a l c u l a t e d  matrices 

a r e  the same f o r  t h e  t h i r d  network [ 7 ] .  The r e s u l t s  of 

c a l c u l a t i o n s  f o r  t h i r d  network p rove  t h a t  e q u a t i o n  ( 1  1 ) 



i s  real and t r u e .  I t  i s  shown from computations that any 

compensation a t  any busbar of any sec t ion  (Fig.  4 o r  

Fig.  5 )  w i l l  n o t  a f f e c t  on the vo l t age  l e v e l  of o t h e r  

p a r t .  This  may be due t o  t h e  s e l e c t i o n  of base bus ( 0 )  . 
The change i n  nwnber of c o n t r o l l e d  bus should be 

checked t o  prove t h e  above conclusion.  The s e n s i t i v i t y  

matr ices  f o r  both vol tage  and phase s h i f t  dependency 

a r e  evaluated f o r  network of Fig.  6 with 5 c o n t r o l l e d  

buses,  The r e s u l t s  a r e  l i s t e d  i n  Table 5.  

On t h e  o t h e r  hand f o r  network of F ig .  6 with t h r e e  

c o n t r o l l e d  buses,  t h e  s e n s i t i v i t y  matr ices  f o r  vo l t age  

and phase s h i f t  dependency a r e  a l s o  obtained.  The r e s u l t s  

a r e  w r i t t e n  i n  Table 6.  

Table 5. 

The per  u n i t  s e n s i t i v i t y  matr ices  f o r  5-control led bus 

network 

Type of matr ix  NUMBER OF CONTROLLED BUS 

1 . 0 0  0.84 0.96 0 .98  1.14 

f o r  vol tage  0.54 1.00 1.14 1.16 1.35 

dependency 0.41 0 .75  1.00 1 .02  1 .19  

Sv 0.33 0.61 0.81 1 . 0 0  0.97 

0.52 0.47 0 .62  0.64 1 . O O  

1.00 0.28 0 .32  0 .33  0.38 

for  phase 0.50 1.00 1 . 1 4  1.16  1.35 

s h i f t  depend- 0.37  0.74 1 . O O  1 . 0 2  1 .19  

ency S o  0.32 0 .62  0 .83  1 .00  0.98 

0.1! 0.27 0.39 0 .40  1 - 0 0  



Table  6.  

The computed s e n s i t i v i t y  matrices f o r  3 c o n t r o l l e d  bus 

network 

number of c o n t r o l l e d  bus 
Type of  m a t r i x  

1 3 5 

f o r  v o l t a g e  1 . O O  0.69 0.86 

dependency Sv 3.04 1 . O O  2.60 

1.46 0.38 1 . O O  

f o r  phase  s h i f t  1.00 0 .61  0.86 
. . dependency S 1.99 1 . O O  1.61 

From Tables 1 : 6 it i s  concluded t h a t ,  t h e  d iagona l  

e lements  of t h e  s e n s i t i v i t y  ma t r ix  Sii are n o t  always,  

. g r e a t e r  t han  t h e  of f -d iagona l  S i j  where (i  # j ) .  

T H E  O P T I M A L  COMPENSATION OF R E A C T I V E  POWER 
-- 

The o b j e c t i v e  f u n c t i o n  of r e a c t i v e  power d i s t r i b u t i o n  

may be s i m p l i f i e d  i n  t h e  form [ 3 1  : 

The op t imal  s o l u t i o n  f o r  equa t ion  ( 1 2 )  may be deduced any 

where i n s i d e  t h e  a r e a  ABCD, i . e .  one of t h e  extereme 

p o i n t s  A ,  B ,  C o r  D ( s e e  F i g . 7 ) .  The l i n e s  ab  and cd 

(F ig .  7) can be determined by 13 1 : 

where 

~t w a s  concluded i n  [ 3 1  that, t h e  minimum p o i n t  i s  

always t h e  p o i n t  A f o r  a l l  cases (F ig .  7 a ) ,  s i n c e  t h e  

d i agena l  e lements  Sii of t h e  s e n s i t i v i t y  ma t r ix  a r e  

l a r g e r  than t h e  of f -d iagona l  S f o r  t h e  same row. The 
i j 

r e s u l t s  of p r e s e n t  paper  show t h a t ,  sometimes t h e  element 

'ii 
is  less than  S i j  s o  t h a t  op t imal  s o l u t i o n  w i l l  n o t  be 



always p o i n t  A. This  s t a t emen t  i s  proved a l s o  g e ~ m e t r i -  

c a l l y  as  g iven  i n  F ig .  7 .  The v a l u e s  of a n g l e s  0 ,  and 

0 may be v a r i e d  i n  wide range a s  concluded from t a b l e s  2 
1 : 6 .  Thus a l l  p o s s i b l e  v a l u e s  of t h e s e  a n g l e s  a r e  

drawn i n  F ig .  7 .  The mathematical  a n a l y s i s  f o r  t h e  same 
problem should be  programmed. I t s  block scheme i s  shown 

i n  F ig .  8 .  

A s  an a p p l i c a t i o n ,  node v o l t a g e  d i s t r i b u t i o n  i n  a  

g iven  network of F ig .  6 i s  f i r s t l y  c a l c u l a t e d  [ 7 ] .  Then 

t h e  r e q u i r e d  r e a c t i v e  power compensation t o  r a i s e  a l l  

v o t t a g e  buses ,  which have v o l t a g e s  under 2 2 0  KV, at least 
t o  minimum pe rmis s ib l e  va lue  of 2 2 0  KV i s  computed. The 

r e s u l t s  a r e  l i s t e d  i n  Table  7 .  

From Table  7 it i s  concluded t h a t ,  t h e  compensation 

of r e a c t i v e  power may be achieved by a l l  c o n t r o l l e d  buses  

t o  g i v e  t h e  r equ i r ed  op t imal  s o l u t i o n ,  s o  t h a t  a maximum 

r e a c t i v e  compensation of -0.2553 MVAR appea r s  a t  t h e  bus 

No. 8 where t h e  v o l t a g e  i s  224.1 KV, i. e .  l a r g e r  than  t h e  

minimum s p e c i f i e d  v o l t a g e .  

I f  t h e  d i agona l  element of t h e  s e n s i t i v i t y  matrixeis 

t h e  l a r g e s t  of row e lements ,  t h e  compensation of the 

r e a c t i v e  power can be r e a l i s e d  by t h e  same bus  where 

a l s o  t h e  v o l t a g e  d e v i a t i o n  i s  r equ i r ed .  

On t h e  o t h e r  hand,  i f  one of t h e  of f -d iagona l  

e lements  i s  t h e  l a r g e s t ,  t h e  r e a c t i v e  power compensation 

w i l l  i n c l u d e  t h e  l i n e  r e a c t i v e  power. 

The d iagona l  e lements  of t h e  s e n s i t i v i t y  m a t r i c e s  

f o r  e i t h e r  v o l t a g e  o r  phase s h i f t  dependency way be 

smaller than t h e  of f -d iagona l  e lements .  

The op t imal  compensation of power f low depends 

completely on t h e  c a l c u l a t i o n s  of s e n s i t i v i t y  matrices 
f o r  both phase s h i f t  and v o l t a g e  dependency. 
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Optimizat ion of r e a c t i v e  power compensation can be 

achieved by r e - d i s t r i b u t i n g  t h e  r e a c t i v e  power econo- 

mica l ly  between a l l  c o n t r o l l e d  buses  u s ing  t h e  s e n s i t i -  

v i t y  t echnique .  

Table  7. 

The c a l c u l a t e d  r e a c t i v e  power compensation 

Node No. Bus v o l t a g e  Phase s h i f t  A Q  
(KV) ( r a d . )  (MVAR) 
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Fig. 1. Flow chart computer program tor calculating the e h &  tnatrii -$$ 
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F i g . 2 .  The f l o w  c h a r t  of a  program f o r  c a l c u l a t i n g  t h e  

e lements  of ma t r i x  [aW/aD] 



C a l c u l a t i o n  of 
P.U. Parameter 

C a l c u l a t i o n  

t a g e  d i s t r i b u t i o n  f o r  
s t e a d y  s t a t e  opera t ion  

C a l c u l a t i o n  of  
mat r ix  aW/a X r-l 

1 
Invers ion  of 

mat r ix  

C a l c u l a t i o n  of matr ix  

1 C o m ~ u t a t i o n  of sen- I 
s i t i v i t y  mat r i ces  Sg I l a .  

s e n s i t i v i t y  matr ix  0 
i n t o  P.U. system 

Fig.3. Block scheme of a computer program for 

calculation of sensitivity matrix. 
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Fig. 4 .  Single line diagram ol the propored frst network 

Fig. 5 .  Single line diagram of the second network 

( 2 2 0  K V  





Fig. 7. Geornetrr lnterpr~tdion of linear p c g o m w  b tw0 
cons tra~ned buses.  



C a l c u l a t i o n  of P.U. 
Parameters 

Bteady s t a t e  c a l c u l -  
a t i o n s  f o r  t h e  spec- 
i f  i e d  o p e r a t i o n  

S e n s i t i v i t y  mat r ix  
c a l c u l a t i o n s  ( S  ) 

power flow & v o l t a g e s  
according t o  t h i s  
o p e r a t i o n  

C a l c u l a t i o n  of v o l t s &  
d e v i a t i o n  of each nod 

I v o l t a g e  d e v i a t i o n  I 

Check of s teady s t a t e  
o p e r a t i o n  

Fig.8. Block scheme of a computer program for 

optimal compensatinq of reactive power. 


