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For a f i n i t e  dimentional Riemarmian manifold. the 

curva ture t w s o r  has a number o f  i n  t cres t ing 

algebraic properties. In t h i s  paper. our a in  i s  t o  

general i z e  the concept o f  curva ture t m s o r  and study 

i ts properties for  an i n f i n i t e  dimensional manifold 

modelled on a Bannch space. ' 41~0 .  a p e r ~ e r a l l i z a t i o ~ ~  

o f  the R i cc i ' s  i den t i t y  ([i?]) to the case o f  a Banach 

manifold i s  established. 

Let M be a Banach manifold of c lass  C' ( r  2 2 .  CO) 

- 
mode 1 led on a Banach space E ( [ I  1 ) , and l e t  r be the 1 inear 

comection of class c'-' on M. For any x of iM and any 

a rb i t r a ry  chart C=(U,y,E) a t  s. l e t  P = q (s) E p ( U )  and 
* - 

hi E Tx M ( targent  space of hf a t  x ( [ I ] ) ) ,  i= 1 .  n+l .  - 
Let a and :'i be two tensors  of rank (0.11) and ( I  , n )  

resp .  on M. h e  define I'. cx. A and h i .  i= 1. n t l  to  be the  
- - - - 

i :~od~ls  of 1'. n .  A and h i .  resp. . with respect t o  the chart 
- - 

I? 

- ,  111 I ]  the co;?ariant d i f f e r en t l a t i on  <>f LX an~i  .? is 

~ i x - t . 9  !0ca1!>- 3s f01  ~ O W S .  



- ( 1  * .  hi-! (hi ,  k+l), hi t l  3 . .  - 9  4) + 
P 

i=l  

......................... ..... rp  (Ap(hl 4) . (1.2) 

 here D is the Frechet derivative (see([l])). 

Also, in ( [ i ] )  the curvature tensor R, and the torsion - 
tensor S, on M are simply given local ly  in the chart C as 

follows: 

I$ (h3; hl, h2) = D r P  (h,: h3, hl) - I ) Y p  (h l :  h3, hz) f 

2.Ricci's identity: 

Let A and a be t w o  tensors of type (1,n) and (0 .n) .  

respectively. on a Banach manifold Y of class C' (r 2 2. m) 
- 

rith a linear connection I. of class c'-'. Then Y x E M and 
+ - 

hi E Tx ?,I, i= = I  . n+3. 
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+ 2v A, (S, (hn+2 ,h ) ; h, , . . . , hn) . . . . . . . . . . . . . . . . . . . . ( 2 . 2 )  
n+ 1 

where 'il and .? are the curvat~ire and tors ion tonsors on hf ,  

respectively. 

Proof: 

To prove (2.1, (2 .2) ,  it sufficies to prove them 

locally with respect to an arbitrary chart on M. Let C = 

(11, g, E) be a chart at the point x E M ard H. S, I'. a, A .  - - - - - -  
hi; i= 1, n+2 are the models of R, S. T. a, A, hi, 

respectively, with respect to the chart C. p = 9 (x). 

Covariant differentiation of V a, which is defined in (1.1) 

yields 
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n 

Ejy a i t e r r l a t i n g  both sides of formula (2.3) with respect t o  

hntl and hn+? and denoting t h i s  operation by under1 ing them, 

we o b t a i n  

+? a,, (rp (h,+L hntk) - 1' P (&+I ; hl .  . . , hn) . . . . (2 .4 )  

:?j [ s i n g  ( 1  - 3 )  n r d  ( 1  .J) : the identit:; (3.4: t:xkes i;ho for-1'1: 



Algebraic Properties of .... 

3 i.e. (2.1) holds. 
Siniilarly, the cwariant differentiation of VA with 
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Sin i i l a ry ,  alternating both s i d e s  of (2.5) with respect . 
t o  k,+z hi-1 

and using (1.3), (1.4) we have 



Hence (2.2) holds and this completes the proof.. 

Remark. 
- 

If the connection r is symnetric, then the torsion 

tensor is zero and therefore the terms which contain S in 
(2.1) and (2.2) vanish. 

Now, let M be a Riemannian manifeld, then there is defined - 
on M a tensor field g of type (0 ,2)  which is symmetric and 

postive definite. We shall assume always that g is of class 

Theorem 2.1 
- - - - 

For any four tangent vectors hl. h2 , hj , h4 E Tx M 

- - 
Where HV and g are the curvature tensor and the liletric 

A ?( 

tensor ( [ ? I )  on Y, respectively . 
C 

Proof. 

Sinctx hl is a Riemannian manifold, then the f~mdamental 

meteric tensox. i:; ccivariiz~~t constant ( [2] ) . thzit is - - 
v g = I ) .  . . . . . . . . . . . . . . . . .  ( 2 . 8 )  



and this proves (2.6) . 
By using 

- 
R ~ (  h,; L h2) + Rx( h,: h K 3  + Rx( i;,; , El) = o 

and (2.6) we can v e r i f y  t h a t :  

Consequent 1 y , we have that 

and 

- - - - -  - 
+ g (Rs( h2: h,. h3) . hl)  = 0.  (2.13) 

x 
From (3.10) . (2.11) , (2.12) and (2.13) wehave 

i . .  2 . 7  is  trw and thus the proof of the  theroem is 
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complete. 

Proposition 2.2. 

Let M be Banach manifold of class cr (r 2 3, m) such 
that - - 
there exist two linear connections I', I' on M. Then \d x E M -C - - 
and V L, , h2 , h3 E TX M 

1 - _ _  
+ 2 Tx (&, Sx (hl, h 2 ) ) ,  . . . . . . . . . . . . . . . . . . . . . . . . . . . (2.14) 

1 2  
J 

where Kx,Bs are the curvature tensors of the linear 
1 - 

connections r 
2 - - 2 - 1 - 

and I' , respectively. T = r - T- is the tensor of 
1 - 

cieformations. V is the covariant differentiation with 
1 - 1 - 1 - 

respect to r .  and S is the torsion tensor of r 

Proof: 
4 

It sufficies to prove (2.14) locally with respect to 
1 2  1 1  

an arbitrary chart C= (U, q ,  E) at x E M. Let R. R .  T .  S.  l', 

1 2  1 1 2  2 - - - - -  - 
anti h i .  i= 1, 3 be the  models of R .  R ,  T. S.  I'. f' and h i .  

respectively.  with respect to the chart C. and let 
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We denote the alternation of m y  two vectors by underling 

them. 

Froo~ the clef ini tion of the curvature tensor, we have 

2 1 
Then substituting Tp= Tp + Tp in the ahove formula. we 

obtain 

7 " 1 
K, : h,, h2) = I$, (h3; hl, h2) + 2 DTp (h2; - h3, - hi) + 

Adding and subtracting the term 2 T(h3, T,(h,. hz)) to the - - 
right hand side of (2.15) . and taking into account that T is 

1 1 

a tensor of type ( 1 . 2) on Y and Sp(hl , h,) = r, (hl , h2) we - - 

and this proves (2.14) . 
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any x E M and '# hi E Tx M, i= I , 4 ,  we have: 

Proof: - 
It sufficies to prove the identity locally with 

respect to an arbitrary chart C = ( U ,  9, E) at arbitrary 

point x E hi. - 
For this let p = 9 (x) E 9 (U) and R, r ,  hi;i= 1, 4 be the 

- - -  
models of R, I', hi with respect to the chart C . 

Covarimt differentiation of R at the point p which is 

defined in (1.3) gives us 

= 2 ~ '  I-, (h, :]I,; h, , hl) + 2 D rp 1 I '  ( 4  5 h1 1 , h2) + 
- - - - 

+ 2 r, ( 1 '  (h,;h4. h), h2) - l$, I h ,  h3) ;hl. h2) - - - 
- 2 R, (h4 ; 11, , rp (h2, h3) ) +I'P (Rp (11, : hl . h2) . h3) - - 

..........( 2 .17)  

Bs- a similar way we obtain 
ti I$ (h2:h,:fl,,h,) = 

= 2~' I', (h2:hl: h,, h,) + 2 I) T, ( h ; ,  h ,  h i ) ,  h,) + - - - - 
-i- 2 r, (D I ' ,  (11~: h,, h3) , hl) - R, (I', (h4, h,) : h3, h,) - - - 
- 2 I$ (11~: h3,  Isp ( h l ,  h 2 ) )  +IYp (Rs,(h4:ll1. hl). h7) 

.- - 
. . . . . . . . .  (2.18) 

and 



Using the linearity of the connect ion I', and the  

definition of Rp and taking i n t o  account that % is skew- 

symmetric with respect to the second and the third 
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