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Abstract: The subject of the present work deal with the issue of filling the large gap
between bounded Holder function and its envelope. For this purpose, the compensated
convex transformation is used to obtain the radius of the locality property for Holder
functions. The Hausdorff stability for n-compensated convex transformations for
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1.Introduction

The general (lower, upper and mixed)
compensated convex transformations (For
short, CCT) are a tight approximation method
of functions. Zhang [8] presented the concept
of the general CCT and their properties such as
the locality property. The locality property of
the CCT for bounded functions was presented
by Zhang et al. [15]. Also, the locality property
of the CCT for Lipschitz-continuous functions
was presented by Zhang et al. [11]. The
importance of this transformations appears in
many fields such as singularity extraction,
image processing and the interpolation, see [5,
13]. It is notice from the work of Zhang [8] that
the primary tool for studying the general CCT
of a given function is the convex envelope of
the function. Since the convex envelope plays
an important role, hence, Carathéodory’s
theorem has the same importance where it gives
an analytical definition of convex envelope, see
[15]. The Hausdorff stability results for
quadratic CCT for bounded uniformly
continuous positive function with respect to
closed sample sets has been presented in [12],
and also Hausdorff stability was established
when the functions is bounded with respect to
the Hausdorff distance between graphs of the
sampled functions [1]. Other studies on this
topic may be found in References, see [9, 10,
14]. From the above mentioned references, it is
noted that, there is a few published studies on
this subject, particularly, for the case of Holder
functions. In the present work, the Hausdorff

stability for n-upper compensated convex
transformations is studied to fill the large gap
between bounded Holder functions and its
envelopes. Moreover, the radius of locality of
the quadratic compensated convex
transformation is obtained for Holder function.

2. Preliminaries

We will introduce some basic definitions,
notations and well-known results that we are
going to use during this paper and for further
details, see [4, 6, 7, 8, 15]. Through this paper

n denotes the convex function parameter
x denotes the vector(x,, x,, ....., x,) € R™.
Definition 2.1. Consider the function

f: R* > R satisfies for positive constants
m,d and n may be called a convex function
parameter.

f(x) = —m|x|? — d,forallx € R", (2.1)

then the g-lower CCT for ¢ > 1 is defined

as. (2.2)

Also, we can rewrite condition (1.1) in
another form such as f(x) at xis concave
down. Similarly, if the function f satisfies

f(x) <m|x|?+ d,forallx € R"*, 2.3)
then the g- upper CCT for ¢ > 1 is defined as.
Cin(HX) =nlx|? — CO[n| - |9 — f1(x),n > m.(2.4)
For the mixed CCT, we can deduce from
Definition 1.1 that

Cin () = —C4 (=),
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when f satisfies |f(x)| < m|x|? + 4, for all
x € R*and the g-mixed CCT is given by

Cine FOO) = €y (Chr(NG).

o l (2.5)
Co e (F®) = Cly (CL(N ),
where n > m.

As a particular case, when g =2in

Definition 1.1, we can define the so-called
quadratic CCT and we write CY, C,% for upper
and lower CCT, respectively.

Algorithm 2.1. The technique of compute the
q-lower CCT of f(x) satisfies condition (2.1)
can be written as in the following algorithm. (A
similar technique for the g-upper CCT can be
presented).

Stepl. Add to f(x) a weight function
n|x|7and let itg(x).
Step2. Find the first derivative ofg(x).

Step3. Solve the equation g'(x) = 0 to find
the critical points.

Step4. Find from the previous step, the
global minimum of g(x) let’s say g(x,).

Step5.

9(Xo) —nx|? if [x] < X,

Con(HX) = {
£(x) if |x| = x,.

As a particular case:
If £(x) is lower semi continuous function

1. Find the equation of tangent line of right
side.

2. Find the intersection point of the equation of
the curve in right side and the equation of the
tangent line.
3. Find the equation of straight line between
intersection point in right side that we get and
intersection point of left side with coordinates.
Definition 2.2. Affine function is a single
valued mapping T : R* - R™ such that
Tx+ (A =n)y) = nT(x) + (1 —-mT(y)

forall x,y € R"andn € R.
Definition 2.3. (Affine Hull) of the set s c R
is the smallest affine set containing s and
denoted by Aff(S).

Definition 2.4. Consider the function

f: R* > RuU {+o}. The convex envelope of f

atx, € R"is given by

CO[f](xo) = szﬁgp {£(x0): £ € Aff(R™): £(y) < f(y)} for
yER™

ally € R*. (2.6)

Following Carathéodory’s theorem, we
deduce the local convex envelope of the
function f at x, for n,,i=1,2,..,n can also
given by
CO[f1(xo) = ) inf 1{2?:11 nf (X ): N m =

sisn+
1, Y nx; = X0, %; € R"}. (2.7)

In fact, the weight function that we use be a

coercive function.

Definition 2.5. The function f: R* - R is said
to be coercive or supper linear growth function
if %—)ooas [x] = oo.

The CCT satisfies many properties such as
translation invariant, Rotation, continuity,
monotonicity preserving and locality, see
[8,15]. Let’s begin with the (Translation

Invariant Property).

Proposition 2.1. Consider the function

f: R® - R satisfies (2.1), then the g-lower
CCT for q > 1 is translation-invariant against
the weight function, that it means

Can(HE) = COMIC) —Xol? + f1() — nlx — X,

Similarly, for the g-upper CCT, if f satisfies
(2.3) then we have
Can(HE) = nlx —x0|7 = CO[() — %,/ — F1(0,

for all x e R™ and for every fixed x,.

In the following we give an example of
function of one variable and we compute the
lower CCT.

Example 2.1. Consider f(x) = —|x*-9|+9,x €
R. For n > 0, we have f(x) has two singular
point at x = +3. Since f(x) satisfies the
condition (2.1), then by using Algorithm 1.1 the
lower CCT is given as follows

G () ()

94> 132 it g 0
7]x n(x + 3) 1n_1_x_n+1,
3 3
) 9——x—n(x—3)2 1f77+ _x_n_—n1
2 n
18 — x 1f|x|2j.
3n
2 f < —-.
x if |x| < 1
Fig 1, displays the graph of the lower CCT.
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‘—IJ I —IQ‘ 0 I ‘ é
(b)
Fig 1: The lower CCT for Example 1.1 at
xo = £3for(@n = 15. (b) n = 100.

We note that in Example 2.1 the lower CCT
converges to the original function as n tends to
positive «» and when we used the translation-

invariant to solve this example we find that it
has no effect in the values of the lower CCT.

The following example gives a function of
two variable and we need to solve the
singularity of this function.

Example 2.2. Consider f(x,y) = |x| — |y|. Then
forn > 0, by using Algorithm 2.1 the lower
and upper CCT are given by.

Cr(H)(x,y) =

1 2

{x Y
1

N 2

| Y

CHH(xy) =
1
ifySO,IxIS%,

1
ifx>0,|y] <—,
ifx >0,y 2

1
ifx <0yl <—,
ifx <0yl <5

1 2
y+a+nx
1 . 1
—y+a+nx 1fy20,|x|$5.

Fig 2, displays the graphs of these transforms
withn = 60.

©

Fig 2: (a) The function f(x,y) = |x| — |y|. (b)
The lower CCT for Example 2.2 with n = 60.
(c) The upper CCT for Example 2.2 with
n = 60.

We note that in Example 2.2 the lower CCT
below the function and the upper CCT above
the function.

We recall definition of Holder and Lipschitz
continuous functions, see [3].

Definition 2.6. Consider the function

Mans J Mathematics Vol. (38).2022



f:R* > R, we say thatf is Holder
continuous function if there exists a positive
constant L > 0 such that
lf - fWMl < Lix -yl (28

witho < a < 1. Whena = 1, we say that £ is
Lipschitz continuous if

lf @ - fMl <Lix-yl. (29
Following [15], we recall some more

important results related to CCT of Lipschitz
and Holder function.

Theorem 2.1. Consider the function

f:R* > R be a Holder function with
0 <a < 1,thenfory>0 and L > 0, we have

C,l,(f)(xo) < f(Xo)
< (o) + 1555 ()77 (1),

for £ is Lipschitz function with Lipschitz
constantL > 0, we have

CHH® < f@ < CUNE +1  (2.10)

Now, we mention the localization version of
the definition of the convex envelope for a
given function, see [15].

Definition 1.7. Let r > 0 and x, € R™

B(xq,7) IS called the open ball of center x,
and radius r, B(x,,r) is the corresponding closed
ball. Let f: B(x,,7) — R is abounded function
then the local convex envelope of f at x, is
defined by

COg(x, ) [f1(X0) =
1<iiT<lr]:+1{ B f ) X = L EET mixi = Xo,(2.
n; =2 0,|x; — x| < 7,%; € R"}.
11)

We recall the locality properties of CCT for
bounded and Lipschitz continuous functions
presented in [11,15]. Throughout this paper, we

call R,, as locality radius.

Theorem 2.2. Let f:R®* - R bounded
function such that for positive constant M, we
have|f(x)| < M, then the locality radius of

bounded function is given by anzﬁ
forn > 0.

Theorem 2.3. Suppose that f: R® - R IS
Lipschitz continuous function with Lipschitz
constant L > 0, then the locality radius of

Lipschitz function is given by R, =@ for
all n > 0 and for every x € R™.

We will give example of Lipschitz function
to show Theorem 2.3.

Example 2.3. Consider f(x)=|x|+y,x €
R,y = 0is Lipschitz function, since f(x)
satisfies condition (2.3) of the upper CCT so
according to Algorithm 2.1 for n > 0 the upper
CCT is given by

= +y+ 2 ifx| < !
m Y nx)* if x| <o
CrH& =
I .
>
Xl +v if |x| = 2

The graph of this example is shown in
Figure 3.

(a)

(b)
Fig 3: The upper CCT for Example 2.3 for
@n = 15. (b)y = 70.

Since fX) = x|+ 7y, x € Ry = 0Iis
Lipschitz function with L = 1 which satisfies
(2.9). The locality radius of Example 2.3 equal
% which is less than the locality radius of

Theorem 2.3. So according to Theorem 2.3
when the function is Lipschitz then the value of
the upper CCT depends on the values of the
function £ in a closed ball with radius % and the

locality radius will decreasing when 7
increasing and tends to infinity.

3. On the locality of CCT

In this section, we present the locality
property of the CCT for Holder function.
Firstly, we shall introduce some results that will
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help us to construct our main results in this
section.

Lemma 3.1. Assume that z > 0 such that
zP > az +b with a,b are positive constants
and g >1. Then for any z, >0 withz? <
az, +b,wehave z, <z

Proof. The proof key is based on the
contradiction. Assume that z > 0 such that
zP >az +b and there exists z >o0with
z,P <az +b such thatz, >z . Since if z, >
zthen z,# > zf hence az, +b > z,F > z8
which contradict the assumption z# > az + b
so thatz, < z. Now we need to solve the
inequality z, # < az, + b. The solution of the
inequality is equivalent to find the upper bound
of the solution of the inequalityz# > az +b.
Sincez? > az +b, z > 0. Take

“p()

b
zZ = -1,
a

u >0. Therefore, equivalent

to ﬁ > b (b)ﬁ

+

Take w1 =2 (%) then

u=(26)
() >b(“)ﬁ. (3.1)

(zb<b>‘*)‘“

Dividing both side of (31) by((%)"),

gives - ; > 1.

1

(zbm‘*)”
So that, we have

2>14+——— (32)

a B ﬂ
(205)")
(3.2) holds by taking condition

(Zb (g)ﬁ)H > 1. SO that,

) . Therefore,

1

7. < S(zb(g)ﬁ)ﬁ such that <2b (g)ﬁ)E > 1.
(3.3)
(3.3) equwalent to

z, < (2a)ﬁ 1 such that (2a)ﬁ 1—> 1.

(3.4)
Then there exists z =2 (2b (%)ﬁ)ﬁ such that

z, < Z.

To improve the previous result we will give
the next corollary.

Corollary 3.1. Optimization the solution
z = (2a)f-1 in the previous Lemma

3.1

Proof. We will use the Newton Raphson

method to improve z = (2a)#-1.

Letf(z) = zP-az — b, then f'(z) = pzF— —
a. Since

3 f(z)
Zn+1 = Zn —m,n = 0,1,2,....
_(B-Dzf +b

Bzy ' —a

1
atn = 0,2z, = (2a) F* , we have

B
_ (B-Da)PFT+b
17T aep-n

Therefore,

B
(B-1)(2a)B-1+b

a@p-n o

such that (2a)ﬁ%>1.
(3.5)

Now, we compute the locality radius of the
CCT of the Holder functions.

Theorem 3.1. Suppose f: R » R is a Holder
function with constant L > 0, n > 0 andx €
R", then the locality radius of c¥(-) and c}() is
given by
5-2a /N>

R, = 27« (5) .
Proof. Consider that ¢(x) =f (x) + n|x|> and
without loss of generality we assume that

= 0 and by using (2.7) then there exist
(M, x;) €ER x R*fori=1,...,n+ 1such that

Co[¢](0) =
{ :H-ll Th¢(xi) :H-ll ni = :H—ll niX; = 0' Ni =
0,x; € R"}. (3.6)

Also, according to Definition 2.4, there

exists an affine function

f(x)=<a*x>+b",a" e R, b ER
Such that

t(x) < p(x)Vx € R*, (3.7)

P(x) =¢px)Vi=12,..., n+1. (3.8)

By taking convex envelope to both side in
(3.8), we have

CO[£(xy)] =¢(x;) = CO[p(xy)].
(3.6), we conclude that
CO[}](0) = X! nf(xy) = X! mi@ - x; + b)

?+11 a’-(n;x;) + ?+11 n;b*
=a’ Z?+11 n;X; +b* Z?T n; = b*.

Following
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Moreover, from the definition of ¢(x) we
have £(0) = b*, thus
£(0) = b* = CO[¢](0).

To get an estimate on |a*],
X = %in (3.7), we obtain

assume that

a*-(%)+b* Sf(%)+n %2,
which is equivalent to
LiE '2 <f(z ) b*, (3.9)
Also we can rewrite (3.9) as follows,
BL<f(2)-r@+F@ b
Followmg Theorem 3.1 atx = 0, we have

(3.10)

a

a

£(0) = CL(F)(0) < Lie (%)_ (1- E)

and since f is Holder function, then we
deduce from (3.10) that

(5 = s +
2 ) = 2
e (T 1)
Take
= (21", = L)',
¢ =L a( )2 “ ) (zla)(1—g) and c=2 Then,

we have we < cow+¢; such that ¢, > 0, ¢; > 0
andc > 1.
By applying ondition (3.3) of Lemma 3.1

@LG) )7 -

(ZCO)C 1_
€1

L(n)l‘“
L (& )2 () 215)(1—9

(Gal3)]
2)% (a)_t: > 1.
Since (0 < @« < 1) so that the condition
holds. Therefore, there exists an upper bound of
w

w < (2¢p)c1 = (2L(r,1)1-a)m.
Since |a*| = 2w= hence
la’] < 2QLGDT 7= (3.11)
Now, we seek to estimate the radius of locality
that is R, , , from (3.8), we have

nix;|> =b* - f(x;) +a*-x;
=b"— f(0)+ f(0) — f(x) +a"-x;
< Lle‘Ia + Ia*l * X,
Therefore,

nlx]? < Lix|® +1a*] - |x]. (3.12) Takeu =
1 -
Ix;|%, then |x;| = u« so that (2.12) equivalent to

2 1
nue < Lu + [a*| - ua.

2a |a*| 1-a
ua <—
n
Takev—ua then u = vi-a
2za L |a"]
vi-a < — + ‘v
n

e =L
Lety="—, c; = " and ¢ =1
VY < %-c2+03 such thatc, >0, ¢c; >0 andy >

1. By applying condition (3.3) of Lemma 3.1

then, we have

ch C2 -a (Zla*l)z—a
2c) 1= =217 = >1
( Cz) Cs Cs 2Ln(1—a)
Therefore, v has an upper bound, v <
1 1
2c)rt = eyt %and x| = vie . SO

IX;| < 2¢c, = 2%
If we using the result of |a*| from (3.11), we
have

s-2a N
Ix;| < 277« (%)2‘“.
Corollary 3.2. Optimization the radius of
locality of the previous Theorem 3.1

Proof. Condition (3.5) in Corollary 3.1
satisfies. Therefore, we have

(3.13)

ﬂ 1
w < BV T4 gy
co(2B-1)

2—a 2 a aQ-a)
< 22—alz-a -
w_(4 a)zazarlza+

2
- 2—a a
= q2-a 1

22-a s Lz—an

Therefore,

[a*] <

: a
a a(l-a)
2((4 )22 alz-an 21(1 +22a az-a Lz an > .
(3.14)

Also if we using the result of |a*| from (3.14).
Then, we have

-—a

1

[a*|

Ix;| = 2¢c, = 2

1

a a(l1—-a) 2 ¢

S% ( )22aL2a772a +22a az-c Lzan .
(3.15)

fori = 1,2,...,n + 1. This completes the proof.
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We will give an example of Holder function to
show the previous Theorem 3.1.

Example 3.1. Consider f(x) = /|x|,x € R.
Since f(x) satisfies condition (2.3) of the upper
CCT, so according to Algorithm 2.1 forn > 0
the upper CCT is given by

CHN) = (z(ﬁ)in(lxl)z if x| < %)
[x| if x| = <$)3

The graph of this example is shown in Figure 4.

O

Fig 4: (a) The upper CCT for Example 3.1 for
(@)n =5, (b)n = 100.

Since f(x) = /|x|,.x € R is Holder function
which satisfies (2.8) with L=1,a =~ . We
note that the locality property for Holder
function holds and the value of the upper CCT
depend only on the values of the function f in a

closed ball with radius (ﬁ)5 and the radius of

locality of Example 3.1 less or equal to (ﬁ)E

and this equivalent to the radius of locality in
the previous Theorem 3.1 in (3.13) so the
radius of locality in (3.13) is better than the
other radius in (3.15).

4. Hausdorff Stability of the n-CCT.

In this section, we will study the Hausdorff
stability for the n-upper CCT, similarly (lower)

by showing that the n-upper CCT is Hausdorff-
Lipschitz continuous with respect to closed
sample sets at Holder functionf. The Hausdorff
stability results for bounded uniformly
continuous positive function with respect to
closed sample sets has been presented in [12].
Hausdorff stability is established in [1], when
the functions be a bounded with respect to the
Hausdorff distance between graphs of the
sampled functions.

We give the next result of the n-th root of
Holder function, that help us later to prove
Hausdorff stability with respect to closed
sample sets.

Lemma 4.1. The n-th root of Holder
function is Holder as well.

Proof. Without loss of generality, we
suppose that 0 <y < x. Since n-th root
function is increasing function, hence we have

g =% fx — %/ f(y) suchthatg > 0. So that
f&0 - fo = (VF®) - o
= ([f®+9)" - f(y) (By using Binomial
Theorem)
= ((VF®)" +++@") - fO) = g™
Hence, we have
g=rO-Yfm<Vr® - fm

since fis Holder function so satisfies the
fact in (2.8). Therefore, we have

VI - VT < In(x -y (4D)
complete the proof.

We shall introduce some definitions and
results that will help us to construct our main
result in this section, see [12].

Definition 4.1. For the function
f:+ R™ - RIs positive bounded such that

0 < f(x) <M forall xe R™ and E is a
closed subset of R™, we define the distance-
like function @ as follow:-

D) (X E) = inf {Iy —x| - n’@} x € R™
YEE n

D(n,‘r],f)(x' E) = —71/7_] min{O, ZD'(n,n'f)(X, E)}
By using [2] we give the definition of
Hausdorff distance between two sets.

Definition 4.2. Consider that E,K two non
empty closed and bounded subsets of R™. The

This
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Hausdorff distance between E and K is defined
as follow:

disty(E,K) = inf{6§ > 0:E c K% and K c E®}.
This definition equivalent to
dists (E,K) = max {sup @(X, E), sup ©(X, k)} .
X€EE x€E
We will give a Hausdorff continuity of
distance-like function @.

Corollary 4.1. Suppose that f: R™ - R is
Holder and positive bounded function. For any
two non-empty closed subsets E,K of R™ such
that dist,(E,K) < +o. Then

|@ i) % E) = @y, 1y (%, K)| <

2
/ Lyn 2a
1+ (5) J dist 5 (E,K) + dist ' (E, K)

forall x e R™.

Proof. Since the function f is Holder, hence
there exist x¥ € K such that

n K .
@y (%K) = |xK — x| — /% by using

Definition 3.2 of distance Hausdorff between
two sets for xX e K there exist xf € E such
that |xf — x| < 6. So that

D (. f) x,E) — D, f) x, K)

) l_n/f(xE)_l P [0
n
s ‘ (T(XE) n\/f(X")>
= |xF — x| — [x¥ — x| - -
n n

VGO

1

< |xF —x¥|+—=|1

Vn

By using Lemma 4.1, we have
= DX K) <

W (nn.f) (x,E)

D)X K) = Dann (X E) <

’1+ \/dlst}[(E K) + dlst (E K)

This completes the proof.

We will give a Hausdorff continuity
of i, /(% E).

Corollary 4.2. Suppose that f : R™ — R is
a Holder and positive bounded function. For
any two non-empty closed subsets E, K of R™.
Then, we have

| DGy % E) = Dy py (K )| <

n(VM)"~ 1’{/”1+ \/dlst}[(EK)+ dlst (E K)

Proof. Since
|D(T;Ln.f)(x' E) = Diun X, K)| <
|D(nnf)(x E) = Dnypy (%, K| -
(Dglnr;f%(x' E)- D(in,n,f) (x, K)) . (4.9)

FoIIowmg (4.2) of Definition 4.1, if
distance-like function @, H(x E) = 0 then
DinnpxE)=0 and if @, xE)< 0 then

x| — "/f(x <0 for xE € E.

n E
Danp(XE) = —'ﬁ<|x5 —x|— f(;( ))

n E
=,ﬁ< /f(: )—|x5—x|>

<7 /f()<m

Since the function f is bounded then, we

w(n,n,f)(xy E) = |XE -
Therefore,

IXF — xK| + “\F XE—xK[i.  (43) have Da,nxE)<¥VMand M is positive
_ ! ) o constant. Therefore, we conclude that
By using Cauchy-Schwarz inequality in the n-1
right side, so (4.3) equivalent to Z (Dg;;,;'}%(x, E) - Dy (% K))
D)X E) = DX K) < =0
2 2a n n—i-1 i
/1 + (%)”,/52 +87 for all & > disty(EK). = Z (VM) (VM)
n-—1
Therefore _ Z M) = n(YI)1
D)X E) = Dy n X K) < =
\/ , (4.5)
1 + dist4 (E,K)? + disty (E,K) =
(B, K) nl ) D6y, E) = Dy 1y (%, KO | =
Similarly, we can conclude that | - Y/n min (0, @ (1) X, E))+
Mans J Mathematics Vol. (38).2022 8



% min (0, w(n,n,f)(x, K)) B

By using the relation

(a+b)—|a-b|

min (a,b) = , we have

D)% E) = D1y (%, K|

n

n
=5 |@ (. 0) X E) —

|@ 0. % K)|)|

|@ nn,p) (% )|

~(@ann ) =

n
= T |w(n,1],f)(xr E) — Wy, (X; K) +

(=@ mn & B + [@n.0 % K|

Vn
=5 (@& E) = Ty n (% K|
+=(|mmn & B = [@an.n & K]
= Vnl@mnn X E) = @y & K-
By using Corollary 4.1, we have
|Dn. )% E) = D1y (%, K|

<%n ’1 + \/dlstg{(E K)+ dlst (E K).

(4.6)
By compensation from (4.5) and (4.6) in
(4.4). This completes the proof.

We need to compute the n-upper CCT of the
function yx,, which help us later in this section.

Lemma 4.2. Let y is positive constant,
x, € R* and E is closed set then for n > 0, we
have

Coin (¥ 2xo) () =
- (n-1)

[l = ol + " [ x4y

i lx — < Yy

1 IX XOl —= (n—1)n'
| . n Y
kO if |x —x4| = TR
(4.7)

Proof. By applying Algorithm 2.1 in case
the n-upper CCT. We need to calculate the
convex envelope of the function

(=¥xx, + nl() —x,|"(x). Let
g(x) = —(Yxx,)X) + 1lx — Xo|"

-y +nlx—x,|" ifx, €EE,

nlx —x,|* ifx, € E.

The equation of the tangent line of the curve
y=g(x) = —y + nlx —x,|"* at the point (0,y) is
equal to y = -y +nnlx—x,|™ We will find the
intersection point between the two curves
y=-y +nnlx—xc"and y = nlx—x|* SO

mlx—xo" —y =y = nlx—x,|", hence |x —

"l—X_ so the intersection point equal
(n-1)n

to(” r_ v ) Now, we will find the
=D’ 7D

equation of straight line between the two

point (0, —y), (” / (n_yl)n , (nil)) so that,

y =2 &Iy — x,| —y. Therefore,  we

conclude that C}l‘,n(y)(x())(x) is given by (4.7).
This complete the proof.

We will give the relation between the n-
upper CCT of fxz(x) and D, - E) (x).

Corollary 4.3. Suppose that f: R™ - R is
Holder and positive bounded function and for
any a non-empty closed subset E of R™ then
forallx € R™, n > 0 we have

Cy(Fae) ) = Cly (Dl () (0. (48)

Proof. We want to prove in the first this
inequality

Clen (F2e)(®) S Clty (DP 1) ED) ()
forallx e R™.  (4.9)

If x not belong to the set E, s0 (fyp)(x) =
0< (D(';l_n‘f)(-, E)) ) and if x belong to the set
E, so

D) (X, E) = min (Iy —x| - "\/@)

Since x is the nearest element to itself in a
set E. So

w(nnf)(x E) < - ¥<0

So that

Xo| =

V1@ X E) 2 \/— f(x

Vf®).

D(n,n,f) (x,E) =

So
(D(’;l'n,f)(g E)) x) > f(x). Therefore, we have

fFOOXe®) < (Dfn (o E)) (3.
By applying the ordering property to (4.10),
we have

Cly (fe)(®) <
x € R™. (4.11)

(4.10)

Crn (D&.n.f)(" E)) (x) for all
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We want to prove the inverse of the
inequality in (4.9). We have two cases:

The  first  case: If  distance-like
function w, , s (x, E) = 0, then

(D(”n‘n’f)(-,E)) x) = 0. Therefore, in this case
we need to prove that:

Gty (Dny (ED) () = 0 < €y (F) ). (4.12)

By using Definition 2.1, we need to prove
that the convex envelope of the function

(nlu — x,|" —D(’;l’n’f)(u,E)) equal to zero for
all uin R™,

Let the affine function £(u) = 0 for all u in
R™and prove that

£(w) =0 = [nlu—x|" = D¢, , (w,E)] atu =x,
(4.13)

£(u) = 0 < [n|u—x|" = D, , (u, E)] for all w in R™.

(4.14)

Since at u = x, we have

(nlu =xo[" = DY, , 1 (WE)) = =D, (W, E) = 0
S0 (4.13) holds.

Now, we prove (4.14) which equivalent to

prove that
DG (W E) Splu—x,"for all u inR™.
(4.15)

If distance-like function @, , f(u,E) > 0,
then D, , -(u,E) = 0 hence (4.15) holds, and if
distance-like function @, ;y(w,E) < 0,
then D,/ (u, E) = =@y (0, E). SO

So (4.15) equivalent to

n
—miJ — _n @ < — n
( T;lelgl <|y u| / - )) < |u—x|" (4.16)

Take n-th root to both side of (4.16), which

give
_yyneigl (Iy —u| - n’%) < |u—x|.

This equivalent to

|u—x|+r&ig<|y—u|—n’j¥> > 0.

Since min (a + b) = a + min(b). Therefore,
we need to prove that

. n(f(y)
— — — = >
T;lelgl <|y u| + |u — x| / , ) 0. (4.17)

The left side of (4.17) equal to

min <|y—u| +lu—x| - /?)
) »|f(y)
zr;ggl(w—XI— T)

= w(n,n,f)(x, E) > 0.

Therefore, (4.14) holds, so that

CO[n| - —x|" = D, G E)| () = 0 =
_Crlll.n (D(T;l,r],f)('! E)) ().

So that

Dy % E) < Clty (D E)) ) = 0 <
Cro(fxye) (). (4.18)

The second case: If the distance-like
function ?D'(n'n’f)(X,E) <0

D)X E) = T;}Elgl . (Iy —x| - "j@)
= Ix* —x| - "\/@ <0 (419)

Since xF is the minimum element in the set
E then, we have

sl 52

Let the function f (y)x,= (y) for y € R* by
using Lemma 4.7.

Crn (FXxE)(¥)

— EYn -1
nly - x[" + (Zf_(xl)) /(7}(,(53" ly = xF| + £(x5)
- , } f&E)
= if |y —xf| < =D’
‘ n’ f&xE)
0 lfly—XEl > m

(4.20)
< n’ f(xE) .
(n-1)n

Dynpy X E) =

From (4.19), we have |x — xE|

So that
iy (1)) =
o F(xEY | —
i = x4 x)

= D(T;l,n,f) x,E).

So that, we have
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Diun X E) < Gy (f Xy 2) (%)
< Cpy(fXg)(x) forxf € E

So that, we have Dp,,~(XE)<
Cin(fXg)(x) forall x € R™ and by using the
ordering property, we have

Cty (D (D) @) < €y (€ (Fxe)) 30 = €ty (Fe) ()
(4.21)

The inverse of (4.21) also proved in (4.18)
for all x € R™. This completes the proof.

Now, we give result of Hausdorff stability of
the n-upper CCT with respect to closed sample
sets at a Holder functionf.

Theorem 4.1. Suppose that f : R™ — R is
Holder and positive bounded function. For any
two non-empty closed subsets E,K of R™.
Then, we have

|C,’{',, Fxe)x — Cin (fXK)(x)| <

— L%J -, R
n(VMy11/n /1+(5) dist 2, (E, K) + dist J-(E, K)

Proof. By using Corollary 3.3 we need to
prove

|Cin (DG 1y (% ED) (30 = Gty (D 1y (% KO) ()] <

DV ’1 + (5)5\/ dist 5.(E,K) + dist;f(E, K)

By Corollary 4.2 we have,

|D(7;t.n.f)(x' E) = Dy (X, K<

n(YMY 1 |1+ (%)7\/ dist 3.(E,K) + dist;TZ(E, K)

Therefore,

2
n in L\n . .o
Dl py (%K) —n(¥M)" 1\/,; 1+ (E) Jdlst;zf(E,K) + dist /. (E,K) <

DX E) <

2
n in Lz | =
Dl (%K) + (Y /H(ﬁ) \/ dist (E,K) + dist 1 (E, K).

Chty (Do) (KGO = n(m"‘“ﬁ,/ 1+ (5)

20
dist? (E,K) + dist ;: (E,K))

< Gty (Dl E)) <

By using the ordering and the affine
covariance properties of the n-upper

CCT, we have
Cam Dl 1y (- K)(X)

¥ f1 + (%)E J distZ, (E, K) + dist jfa(E, K))

< Clty (Dm0 ) <
Crbll.n (D&,n,n(', K)(x)

+ n(W)n—lq/ﬁ /1 + <§)H \/distéf(E, K) + distj?j(E, K))

This complete the proof.
5. Conclusion.

The problem of filling the large gap between
bounded Holder function and its envelope is
studied, and the radius of locality of the Holder
function is obtained and it decreases with
increasing the convex function parameter ». It
is found that the value of the lower CCT
depends on the obtained radius of locality and
the values of the functionin a certain closed
ball. Moreover, the Hausdorff stability for the
n-upper compensated convex transformations
IS studied, by considering that the n-upper
compensated convex transformation s
Hausdorff-Lipschitz continuous with respect to
a closed sample sets for the Holder functionf.
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