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Abstract

The model of compression system is used for capturing the dynamics of rotating statl
and surge. In this paper, we introduce the modeling formulations of compression system
after modifying the original work proposed by Moore and Greitzer (1986).
Recirculation technique 1s used to eliminate the instabilities of compression system,
where bled air from downstream compressor via bleed valves is re-circulated to
injectors upstream of compressor inlet. The form of the modeling takes the four-state
low order model which appiied to design the nonlinear controller. The compressor
works in stable regime by using recirculation technique. Lyapunov Control Function
(LCF) is used to produce optimal control to stabilize the compressor operation by using
recirculation technique, whereas simulation results show that it 1s a good technique. By
using recirculation technique bleed valves requirements are reduced.

Keywords: Compression system, Compression system modeling with re-circulation,

Surge control.

1. Introduction

Compressors are used, for example, as part of a gas a
turbine for jet and marine propulsion or power
genecation, in superchargers and lwrbochargers  for
internal combustion engines, and in a wide varicty of
industrial processes. Rotating stall and surge arc lwo
aerodynamic instabilitics in turbo compressors, It is

clear that both phenomena can affect cach other which,

give the simple fact that they occur in the same
operaling region of lurbo-compressor. More specifically,
surge can be regarded as the zeroth order cigenmode of
the complete compression system while rolating stall is
associated with higher order spatial modes inside the
compressor [1]. The compression syslem model is used
for capturing the dynamics of rofating stall and surge.
Moore-Greiizer model [2] combined the partial
differcntial equation {PDE) describing the flow feld
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upsiream of the rolor face and an ordinary differential
equation {QDE) describing the ovcrall pressure rise
delivered by the compressor. The most common form of
this model is a reduction of the PDE description to three
coupicd ODEs, the reduction is accamplished by
assuming a Fourier series for the solution of the PDE
and then truncaiing the scries at a single mode.
Modeling and active conltrol of rotating stall and surge
has been investigated by a number of researchers. Day
[3] used the injection valves to damp out the stall cell
afier it has cmerged. This gave an increase in stall
margin of about six percent. In the case of surge, it was
shown that this instabilily is preceded by a brief period
of rotaling stall, and by using the air injection scheme to
climinate the stall, and surge is also suppressed. The
ariginal Moore-Grelizer model [2] is developed by
Behnken [4], and Yeung [3] to include air injection
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putting the nenlinsar teems in their models. Injection cn
influence the overall behavior of the compressor in Iwe
ways. The first is simply the additional mamentuin
added by the jets which increases the tolal pressure at
rotor inlet. The second effect is a change in compressor
performance which increases the pressure rise across the
stage [6]. Implemeniing air injection is difficull because
an independent source of comprossed air is required. In
the olher side, Bleed valves present in  modern
compressors and no air supply required. Fontaine et al.,
[7) used Bernoull('s equation, Moore's model [8), and
Moore-Greitzer model {2} proposed the mode! of
compression syslem with bleed valves at inter- stage of
an axial mullistage compressor using Gaierkin
approximation. Yeung (5] used conlinuous air injection
which serves to reduce the requirement of 2 blecd valves
used for suppressing the rotaling stall. Niazi [9] used
self-recircutation casing treatment 1o alleviale the stall
phenomenon, and extend the stable operating range by
delaying the initiation of surge. In this paper we use
recirculation (echnique for the following reasons: the
first fs that source of air injection doesn't depend on
external source, secondly, instcad of loosing the bled air,
which is used in air injection, the third is that to keep the
environment from pollution in case of using lhe
compressor in pressurizing naturai gas, and the fourth
reason is that air injection doesn't need auxiliary systein
and consequently it needs low cost.

2. Model with recirculation

2.1 Moore - Greitzer model

The basic compression system in Fig {1} consisis of
inlet duct, infet guide van, compresser, outlet duct,
plenum, and throltle valve, From assumptions of Moore
and Greitzer (1986) nnd applying Bemoulii's cquation,
the total-to-static pressure rise upstream  of 1he
compressor can be wrillen as:
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Figure (1)1 Scheme of compression system for
modeling,.
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Whers B is the static pressure at slation { i ) where
i=1,2,.., Py is the tofal prossure at ambient condition ,@

is the non-dimensional mean axial velocity,
p.isthe density 50 is the non-dimensional axial
velocily perturbation |, @ = %‘- is the non-dimensional

local axial velocity ,§ is the noen-dimensional time , U ig,
the Wheel speed at mean diameter , R is the mean rolor
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radius , tisthe time , Cyistheiocal axial velocity,
andly = L;/R is the uon-dimensional length of inlet
duct.

2.1.1 Compressor

The compressor is modeled as a semi-actuator disc
such as:

Pz - PT —_r _ g_,@__ 6:0_
NSO g @)
() = F(#) - 2. 5)

where F (@} is lhe nonlinear pressure rise map for the
compressor as o function of the axial flow, U is the
circumferental angle, 1 is the fluid inertia parameter, A
is the rotor inestia parameter.
Downstream dynamics of corgpre-ssor is given as:-

Py =P, do

30u2‘=—lga--(m—1)%§. (8)
where Iz = Lg/R is the non-dimensional length of exit
duct, m is compressor - duct flow parameter, m = 2 (for
long enough exit duct), and m =1 (for a very short one).
By defining:
Sk %)

pu
where ¥ is plenum pressuer tise coefficient.
From the upstream, compressor and downstream

dyuanic the following PDE is obtained:
40 60 a6

W= ‘Pc(d"i-_s@') -!cazhl-ge—— p—a?
260
—m—EK_’ (8)
l:=lE+||+"' (9)

where I, Ig, )1, 1. are length of entrance ,exit, throttle,
and cffeclive length of setup divided by wheel radius
respectively.

Choosing:~ ‘

50 = Ay (Dstn(® -0, (10)
where Ayis the amplitude function of firsi-harmonic
angular disturbance and computing the annulus-average,
sinc and cosine moments of equation (8) gives rise to a
sct of equations describing the time evolulion of &,
J = A, and r these cquations are as follows

do 1 | (@)

Tl?_i: ¢C(¢)—W+ZW], {11}
dl 2 [a%e(®) | ]t (d)

E*;_m+ui{ ad 8~ oo? } (12)
dr

X A(m +y). (13)

which describe that the stall of compressor rotor is at a
constant speed,

2.1.2 Plenum Mass Balance
Balancing the mass going Into, leaving and being

stored In the plenum gives:
dv 1
'l.]-z-‘—‘ﬁ*j;(@ﬂh@] . (19

_u ’vp
B_E el {15)

where B denotes the Greitzer parameter, agis the speed
of sound, Vp is the volume of the plenum, A, is the
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campreagot duct aren, Le = LR o ho porodynnmicy
lengih of the system, ond ¥ Is lhe Hrotlle coelicient,

2.1.3 Throttle valve

The throttle charactoristio 8 laken ag:
D o2y, (16)
Whets @ is the throttle flow coalficlent.

2.0.4 Characierisiics

The compresslon systens characteristics arve taken
ferm {2} The usual 39 order polynomial steady
compressor is employed: .
Wa() = We, 4 H(l-k: (“ ) ;(:. 1} ) a7
whort the parameters We,, H and W are dofined in (23,
The compressor ¢haracteristics can algo bo plolled a3 a
family of curves. One line for cash rointional speed,
wilh live surge lino passing through the jocal inaximun
of the constant speed lines. Using the non-
dimensionalizing employed horo  and  when  tho
comproasor Is in rotating slall the characteristics s
glvan by,

kI S/ 3
Wy(0) = We, "‘“(l‘i (W - 1)*"2(‘\?\? - 1) ) 0e)
2. 1.5 Flnal form of the model

Collesting the squations (11), {12), and (14), the
Foliowing 3-sfats system 8 used a5 ¢ law ocder model
tor siall find surgo.

] 3L ()
thm-[wc(w} - 4 4-5-§;—' . (19)
i
P rnH (b~ By, (20}
o2 [04l®)
ook i hT
GEURE
-1_‘5_2- 2], 21)

2.2 Mooro - Greltzer Model wiih Air fnjectlon

Thera see twa primary efTeets cavsed by adding air
injoetlon o compression system [4], the first one is a
shit in the sleady-stato compressor performance
chernetoristies and the sscond s momentom nddition
offeets. The physical efftol for udding uir injection inig
the medel as a shift to Uis steady-slalo compressor
characteristios baszd  on  experimental  resulls s
presented by D'Andrea et al,, [10], where air injection
actuators  substautinlly  shifled  the  compresser
performance characleristics. The ldea which was
proposed by Oysling et al,, [11] {3 that an actuator could
affect the pressure rigs delivered by the compressor, On
the Calteuh rig, tho shilt is used primacily to modet (he
gwirl (npgular momentuny} added by the air fnjection
sotuators. la addition to the swirl component, air
jnjection nlsa adds moss and nwmentum o the
yonipresgor inlet, In Fig, (2), the full order model can be
appumnmtcd by a set of oedinmry differontial squations
using Galerkin's method,

The difforcutial equations describing the total and
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slalic pressure based on a potentinl flow solution in inled
duct may be given as follows;

2 a2 L8
(5"'”)'6—(”‘55)](5@' tb)

4o
= Wetettectivey ~ ¥ — fcj"'(' ’ (22)
5
wc(cﬂat{ivc) =Y (41 + 69, + ‘Ll':l‘t’]) + (‘r’l - &4
5L &
60T~ (2)* (23)
' o
58, = 0~ = Y 0, cos(10) + by sln(nt). (24)
n=)

where 8@, denoles tho asynunelsic component of @, a,
and by, are the Fourler coclficients of &.
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Figure (2): Schemo of compression syslem wilh air
injector

The solution is {irst writlen as the linear combinalion
of once mere assumed bagis functions and substituted
tto the parlinl differential oquation. The resuhing

restdual error (€) becomes:
€= hco5t + bsind ~A{acos® ~bsind)

+ \p:(errecuve) . (25)

This residuat ecror is minimized by making it orthogonal
to esich of the assumed basis functions. For the rotating
stal} problew, the flow field's spatinl Fourler coefficicnts
ate convohiont basis functions for the projection
consider the first spatial harmonic (n=1}. The residual is
minimized by making it orthogonal o cach basis
function cos (0),and sin(B).

The Galerkin approximntion s caloulaled using the
welght functions

hy =1,y =5ln8,hy = cos56 , (26)
1 2
eli) = ﬂ[ I [ehl]d!?] . an
0

Caleulating the moments

Miefelyb =0 fori=123 {28)
Thi four-state Galorkin model can be written ns

b= ;ull-.: [.r;"(q"c(en'nctlvc] = q,] d&] : (29)

L (040
. B,(M o - x»T). (30)
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1 1 Zn
&= o —Ab + ;j [*ecetiearive)cOs0 du]] , €1}
N
b= F}I Aa+ %j [ (ettectivey Sin B de]] : (32)
1]

After integration, the modeling of compression system
with air injection is developed in the follewing form:-

b=z [lwcom $ YN+ B2~ W]+ (2)

1
+ Z‘Pé"(w)(az + b%) + 4y

5L
—cb]-:‘w}], (33)
W:W(¢+—Lﬂ—¢j~¢1). (34)
, 1
4= m_‘Hl_ —b + [ch((D} + é chm(d))(az + bz)]a
sl
sloaie)+ ] @9
be—t u[la + [¥®) + 3 W @) + b1

sty
+ 2 o) + 1)]. (36)

where W.(d), W (D), W {d)are the first, second
,and third derivative of V() with respect ta .

2.3 Moore-Greltzer Modecl with blced valve

Full order model of compression system with biecd
valve according to Fontaine [7] is given as [ollows

b= Il[‘l-’c(cb) + %‘-P;(Q})(az + 6D+ DDy -
. %(acq + be)], G7)
. 1
b= @=ty - o), (38)
a= }?.l_u [—Ab +OU() + -é-‘{':'(tb)(az +b2) + dy)a
+oc,). (39)
X 1 1
b= [la (W) + S W () + D7) + By )b
+ oG- (40)

1.4 Modeling of recirculation

As indicated in Fig. (3), air is re-circulated froim the
compressor downstream to {ujector at upstream of

compressor. In this case,we assume &, =y,
5L
:j = 1, from section {2-2}, and section (2-3),the low

order model for air recirculation is developed in the
form:

1 L. .
= | Yel@) + 2 We(D)(a? + 1) =W + (¥ (D)
) 1., 1
+ ZlP;’ {(D)(a% + bY) + D, + E(GC“

+ bC,,}J, (41)
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P =W((D'¢T): (42)

3 = e [20 + (Yi()

m+
1
+ gtp;'(cb)(a2
+ b)Y+ 2@+ (Yo (B))a
+ mcﬂl. ’ (43)

1

b [?\a + ()

m
1
+ B‘Pc"‘(tl))(a2
+ LB 2Dy + by (P (DD

rag) (44)
Throtde valve
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Figure (3): Scheme of compression system wilh
rceirculation

2.4.1 Surge subsystem and stalt subsystemn

We refer o equations (41)-{42) as the surge
subsystem .In the surge subsystem, the characleristic
W.(d}is the locus of equilibrium values for the mass
flow paraineter © and the pressure rise parameter . A
desired equilibrium is selected by adjusting the throtle
cocllicient y . Decreasing the value of y corresponds Lo
closing (he throttle valve, which decreases the mass flow
and increases the pressure rise. The cubic characleristic
W, () in fig. (4) has one local maximum (peak). To the
right of the peak, the equilibrium is Jocally stable
williout feedback. To the left of the peak, the
cquilibrium is unstable. The surge subsystem describes
the Muid in plenum as a nonlincar spring. Under certain
conditions, compressor enters a surge limit cycle and
undergoes large oscillations in @ and W that often
include negative values of &. In the stall subsystem
equations (43)-(44), to the lelt of lhe peak, the slope of
ihe characteristic is positive. The resulting instability is
known as “rolating stall" involves oscillalions in a, and b
which are damaging to the engine and reduce the
pressure risc across the compressor.

3. Stability and control design
.l Design objeciive ’

When the mass {low rate of the compressor is reduced
duc 1o closing the throitle valve. this causes two f{low
instabilitics (rolating stall and surge).Without an
cflective [leedback controller, the effect of these
instabililies may drive lhe compressor into a region from
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which it does not rewrn lo a desired sleady-siate
operation. The main task of a feedback controller is 1o
enlarge the rcgion of the asymplotically stable
equilibrium which represents the desired stcady-staie
compressor operalion. Our desired equilibrivm is the
highest pressure risc at the peak of the characteristic. We
design lincar and nonlinear conlrol Jaws to assess the
controlier’s ability to maintain {his equilibrium. By
using these contrellers we can move the stali-surge
inceplion point to lower value of (®), thereby increasing
the operating range of the compressor and conscquently
optimizing sleady-~stale performance.

3.2 Lyapunov stability analysis

This seclion Hlustrates (he Lyapunov stability proof
for the arbitracy order Moore - Greilzer model and
shows how controllers can be derived using this theory.
Consider the state ctror vector e = x- X4 wherd
X oq is the desired equilibrium point. A simple candidate
Lyapunov function (V) in the absence of acluaior is
stated. This function measures the total perturbation
kinctic and potential encrgy slored in the compression
system. When the actuator is included, this Lyspunov
function measures the perturbation energy in an
"equivalent compressor” that accounls for the effects ol
acluator on the compressor statec. The perturbation
energy is guaraniced to go 1o zero if the perlurbation
power, V is negalive delinite.

3.3 Basic controllability

Let us consider the issuc ol controllability. In finile
dimensional conirol theory, a system is said lo be
controllable il for every two points Xy, xg € X and cvery
fwo real pumbers £, <t, , there cxisis a control
function (u)} such that the unique sclution of the
equalion:
=), x (L) = x,. (45
Satisfies x (t;) = x,

3.4 Linearization

There are many ways (o design control laws to
achieve V < 0 in the vicinity of the equilibrium point to
enlarge the domain of allvaction, and lo make V morc
negalive to increasce robusiness io modeling crrors. Ouc
way 10 impose a negative definite V is 1o cancel the
dynamics inlroduced by the compressor characleristic
and replace them with some desired lincar dynamics.
The form: of linear system takes the following form:
X=AX+B, (46)
Where A, and B arc the matrices of the lincarization of
equations (41-44) appear in a decoupled block diagonal
slructure,

Ay O B, 0

A= 01 AJ,B = 0‘ Bz] {47
This aliows for decomposifion info (wo subsystems.
axisymmetric control variable @y, controls ¢, and ¥ in
the linearized surge subsysiem where

‘"—‘f”—') = RGN
Al. = 1‘ ; JBl = [ 't ]' (48)
.8t 8B W, 0 0

Surge subsystem alonc is controltable at all « juilibrium
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poinis on the compressor characteristic.
The stall subsysicm by lincarization:

(o, } ~4 'y
miy mip mp
Ao = . B, = . 49
2 A '*'c(‘t‘g) 2 0 P, ( )
mtp m4u | m+y

Is controlled by C, , and Gy, sce ref. [71.
3.5 Surge control design

Compressor's steady- state performance is delermined
by the operaling point on the characleristic W (). The
highest pressure rise W, and henee, the best steady- state
perlormance is achieved at the peak of W, (D). However,
the peak is nol a stable equilibrium of the uncantrolicd
systemt. Our design objeclive is to stabilize the peak and
provide as large a region of atlraction as possible,

3.5.1 Lincay control Design: LQR Control

The conteo! that mimimizes the cost function
) = _[0“’ (xTQx +uTRu) dt, is given by LQR design in
ref]12),
uv=-R18,"07 %. (50)
Where Py is the positive definite solution of Ihe
Algebraic Ricatii Equation (ARE)
AP+ P A, - PBRIB,TR 4 Q1= 0, {51
The solution P! exists because the pair {Al Bl is
controllable for all operating poinis on the compressor
characteristicW, (). Thus, the LQR design results in
locu! asymptotic stability of the surge subsysicm,

3.5.2 Nunlinear control desipgn

Many nonlincar control designs are introduced m ref.
[13), and [14}. Beecausc of simplicity of a nonlincar
controller design, similar to [7], it is applied 1o produce
the currenl surge control wilh recirculation which take
the form

% = fitgiPp (52)
Where

fi=fr@ -1 @ -en), (53)
g = [q"l(:b) o] LK =[d ¥ (54)

We now design a simple nonlinear controller to increasc
the negativity of V (x) for the same Lyapunov function
V(x) = xTPx. The region V(x) < 0 is increased by
selection of the control law [7] as follows:

u=~R"'g,"PT %. (55)

4, Siimulation results
4.1 Surge smodel

In this section it, is illustrated that the developed
model is capable of sinulating surge. Results arc
presented from simulations of the compressor system
when driven info surge by a drop in mass flow aty = 0.5
which move the throttle characlerislic to the Iefi of the
lop of steady state characlerislic as indicated wn figure
{(4). Simulation paramelers are shown in table (1) which
are taken from [15]. The compressor under this
condition undergoes deep surge with oscillations in mass
flow, and pressurc rise, as shown in figuce (5), where the
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fluctuation of (U, W) willi respect to time, wnl the phase
ptan (P,¥), where surge cycle cxist. The surge has
oscillation with a  period { = 500. This s
corresponding 1o sucge frequency of about 4.4 Hz

4.2 surge confrol

By using the nonlinear control law the biceding air is
re-circulated (o be injecled al compressor's upsircam.
The compressor can operale in a stable mode ¢ven to Lhe
left of the surge line. In figure (6) mass Now drops as in
the surge simulation is intreduced at t = G185, afler that
the compressor remaing stable. This figure explains the
stabilization of (¢, W) with respect to time and the phasc
plan {&,¥) where the operaling peoint converges (o
equilibriwm point.
Table, (1) numcrical valucs simulalions

Sym. { value | Sym. | value [ Sym. | value
R 0.1m Te 133 | Weo 0.3
s 0.18 B 1.8 U 215m/s
W 0.25 W 0.25 Y 0.5

Figure (4): Compression system characieristic.

- —
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Figurc (5); Simulation of sub-surge system, at B=1.8.

Figure (6): Stabitization of compressor using nonlinear
control '

5, Conclusions and future work

Moor-Greitzer  compression  system  with  re-
circulation lechnique has been developed. Lyapunov
function is applied to introduce linear and nonlinear
optimal control to stabilize the compressor when it
undergoes surge. Simulation resulls show that re-
circulation technique is powerful for stabilizing the
compressor at higher Greitzer parameter (B), where the
operating peint lies in the unslable regine. Future work
includes: 1) use of Lyapunav function to intraduce lingar
and noalinear control design o stabilize the compressor
when it undergoes a rolating sfall, 2) investigate re-
circulalion technique for stabilizing the compressor and
validating the resulis experimentally, 3) modeling of
higher harmonics in rotating stall, which includes more
{erms in the Fourier series of flow coefficient fluctuation
applying re-circulation technique.
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