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Abstract  

This research is mainly concerned with studying the performance of the peristaltic flow of magnetohydrodynamic 

(MHD) viscous compressible flow under the impact of slip conditions, magnetic flux density, elastic features of the 

wave, and the liquid compressibility. The model taken represents a two-dimensional flexible sinusoidal rectangular 

duct with spring-damper backing. The perturbation approach is expanded as a series over the governing equations 

and the non-linear solution is introduced. Analytical relations describing the mean axial velocity, the mean velocity 

perturbation function, the net volumetric flow rate, the velocity corresponding to the elastic walls, and the critical 

wall tension are obtained with a small perturbation parameter known as amplitude ratio.  The reversal flow occurs 

near the core of the channel when the critical tension is reached. The compliant wall features, magnetic flux density 

and slip conditions are strongly changing the dynamic behavior of the induced flow. The increase in magnetic flux 

causes a resisting effect to the flow and reducing the mean axial streamwise velocity and also for higher values of 

magnetic flux, the reverse flow occurs at the channel core. The damping property of the wall causes a reduction in 

the main flow but both of circumferential wall tension and the wall stiffness properties are enhancing the main flow 

rate. The flow of biofluids under external magnetic field through the human body is a good application related to 

this study such as the magnetic resonance imaging (MRI) and radiosurgery applications. 

Keyword: Peristaltic flow; Wall properties; Compressible flow; MHD; Slip conditions 

 

1.  Introduction 

The peristaltic pumping has a wide range of applications in 

biological and biomedical systems. Recently, the research 

in this area is developing rapidly and continuously due to 

its great importance. To be more specified, these 

researches are very helpful for physiologists to understand 

and predict what is happening for the human organs that 

move peristaltically under the various effects of physical 

properties, for instance, the magnetic flux density, the slip 

conditions, hall current, heat transfer, nanoparticles 

concentration , and the elastic muscles characteristics. To 

extend the view, the peristalsis occurs due to the 

alternation relaxation and contraction of the walls to force 

the content to move from one place to another. There are 

many real applications associated with the study of the 

collapsible elastic tubes. In biological systems, the 

peristalsis appears inside the human body in many organs 

as a result of collapsing compliant walls such as the 

internal blood hemodynamics through the cardiovascular 

system especially in veins above the heart, capillaries, and 

arteries under a cuff. The flexibility of the arteries in the 

real biological systems involves the muscle effect which 

changes the behavior of the blood flow. Experimentally, 

these models can be approached to reality by considering 

the tube law. The tube law consists of rubber tubes with 

finite length in the presence of self-induced vibratory 

oscillations. There are also many biofluids move 

peristaltically such as urine flow through the ureter, bolus 

locomotion in the digestive system, chyme transport in 

large and small intestines and lymph movement in the 

lymphatic tract. Peristaltic principles are used in 

biomedical engineering to produce a heart-lung pump 

which helps to pump the blood through the body and lungs 

during open-heart   surgery. On the other hand, in petroleum 

engineering, the mechanical peristaltic pump is used to 

extract the crude oil from the porous rock.  

The peristaltic pumping is handled in many articles since 

Latham [1] who did the first attempt to analyze the nature 

of fluid motion using the principles of the peristaltic. 

Many articles [2-14] were concentrated on studying the 

impact of various physical properties on the peristaltic 

action of incompressible liquids. The slip flow occurs 

when the particles don’t stick with the wall and there is a 

relative velocity at the boundaries, but the no-slip 

conditions appear when the particles of fluid adhere to the 

walls, and so the fluid velocity is zero relative to the wall. 

The effect of slip and no-slip conditions was taken into 

consideration in the studies of [7, 15, 16]. 

The magnetohydrodynamics (MHD) phenomena result 

from the mutual effect of a magnetic field and a 

conducting fluid flowing across it. Sud et al. [14] analyzed 

the influence of magnetic flux on the increase of the blood 

velocity. Akbar [17] studied the action of the transverse 

magnetic field on the peristaltic flow of nano-Eyring-

Powell fluid. Hayat et al. [18] used the long-wavelength 

technique to study the influence of electromagnetic force 

resulting from the axial magnetic field on the pressure 

gradient and stream function of the peristaltic flow. Abbasi 

et al. [19] showed the impact of the variable viscosity and 
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the magnetic flux about the origin on the net flux and net 

axial velocity. 

For the compressible flow point of view, Mekheimer el al. 

[20] study was concerned with the combined effects of 

magnetic intensity, the permeability of porous medium and 

the slip conditions on a compliant peristaltic wave of a 

driven Maxwellian fluid through a microchannel. Recent 

articles [15, 21-26] involve the peristaltic flow of MHD 

under various physical parameters such as nanoparticle 

concentration, Hall current intensity, the permeability of 

porous medium and wall slip coefficient are presented. 

The effectiveness of liquid compressibility within the 

peristaltic pumping was explained under an ultrasonic 

system by Aarts and Ooms [27]. It was found that the 

varying compressibility factor results in changing the fluid 

flow dynamic behavior. Eldesoky and Mousa [28, 29] 

introduced the combined influences of the liquid 

compressibility, relaxation time, porosity of porous 

medium and slip conditions on the net flux and the 

reversal flow through tapered pore. Whereas, Eldesoky et 

al. [30] were interested in knowing the nature of flow 

when suspended particles exist within the driven peristaltic 

two-phase flow under the perturbation approach. This idea 

is very useful to approach the real application system as it 

occurs in the case of blood clots and kidney stones move 

through the ureter. They found that the increase in 

particulate concentration results in a decrease in the main 

flow and an increase in the reversed pressure and reversal 

flow. Abumandour et al. [31] in their recent study did a 

complementary study to Eldesoky et al. [30] as they added 

the slip conditions at the boundaries through the two-phase 

flow.  

Compliance is the ability of the conduit walls to expand 

and accommodate the increased content.  The walls of 

biological organs are elastic and extensible. The force 

corresponding to walls appears as a result of interaction 

between the muscle forces, internal flow, and external wall 

forces. Choosing the compliant walls is very important to 

indicate its effectiveness in the flow behavior in the critical 

collapsible organs in the human body. The flexible walls 

features are wall stiffness, damping, tension, and wall 

bending factor. Pandey and Chaube [32] studied the 

interaction of wall flexibility with the peristaltic 

locomotion of couple stress fluid. Javed et al. [33] 

introduced the effect of the compliant walls on the flow of 

non-Newtonian fluid. Elnaby and Haroun [34] expressed 

the wall elasticity by using a new compliant model and 

showed that net flux and mean velocity have been changed 

at different values of wall tension, and damping. Eldesoky 

et al. [35] were mainly interested in showing the different 

effects of wall flexibility, slip conditions, liquid 

compressibility and relaxation time on the peristalsis of 

Maxwellian compressible flow. The results showed that all 

the important physical properties have participated in 

changing the characteristics of the flowing flow. Whereas, 

Eldesoky et al. [36] added the effect of heat transfer which 

is very helpful in the case of cancer disease treatment and 

showed that the wall elasticity and wall slip made a 

mutation in the net flow behavior. Mekheimer and Abdel-

Wahab [37] investigated the combined effects of slip 

compliant boundaries of a microchannel and liquid 

compressibility on the physical fluid properties of the 

induced surface acoustic wave. Recently, there is a great 

concentration on this point of study. In Sadaf and 

Abdelsalam [38] the performance of the injected 

nanoparticles is investigated in a mixed flexible peristaltic 

blood model using average lubrication methodology. It 

was found that hybrid nanoparticles were affecting the heat 

transfer rate rather than the set nanoparticles. Bhatti et al. 

[39] have investigated the Sutterby fluid model to 

understand the mechanism of the blood hemodynamics 

under the effect of nanomaterials characteristics on the 

runoff of the gyrotactic microorganisms through the blood 

in  a norrow artery. The accurate perturbation technique up 

to the third order was performed on the model's governing 

equations. And the results showed that non-Newtonian 

property has a resisting impact and the temperature 

distribution was high while transition from convergent 

position to divergent one through the artery. Abdelsalam 

and  Bhatti [40] have analyzed also the peristaltic 

locomotion of non-Newtonian nanofluid convective flow 

in the presence of heat transfer and carrying some oxytocic 

microorganisms using the homotopy perturbation 

methodology (HPM). Elmaboud et al. [41] have entered 

the electromagnetic force field and the heat flux on the 

wavy flow of two layer immiscible flow. The analytical 

methodology is the homotopy analysis method (HAM). 

The results showed that the electric flied boosts the net 

flow whereas the magnetic force did not. Abdelsalam and  

Mekheimer [42] have investigated the case of  rotating 

channel with constant angular velocity and carrying couple 

stress fluid moving peristaltically under the exact solution 

of (HPM). Eldesoky et al. [43] have combined the mutual 

effects of thermal heating and magnetic flux in the 

presence of small circular suspensions through the blood 

flow in a catheter tube under the approximation of the long 

wave technique. The results showed that the heat was 

enhancing the net axial velocity while the suspension 

concentration caused a reduction in the flow rate. While 

Eldesoky et al. [44] added the porosity effect to the 

Magnetohydrodynamics (MHD), heating, and dusty 

suspensions properties on the peristaltic flow of the blood 

via a two dimensional channel under the assumptions of 

perturbation scheme. The more dust leaded to more 

decrease in the fluid temperature and also the magnetic 

force has changed the fluid temperature depending on the 

time and position. Many recent articles [45-49] were 

interested in the peristaltic mechanism under the different 

effects of heat and mass transfer, magnetic flux, 

suspensions, nanoparticles concentration, entropy 

generation and the behavior of the tumor cells under the 

magnetism in the presence of the peristalsis for both 

compressible and incompressible flow and different flow 

models such as Maxwellian, Bingham models using 

various analytical and numerical methods. 

From the comprehensive survey, it is noted that no 

previous attempt has combined the influences of magnetic 

flux density, compliant wall features, wall slip conditions 

and liquid compressibility on the compressible peristaltic 

transport through a two-dimensional channel. Therefore, 
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the authors are interested in this study because of its 

importance in the biomedical field. It is can be found in the 

real-life applications such as the radiosurgery and 

magnetic resonance radiation on the human body. The 

problem model is considered to be a sinusoidal elastic wall 

with spring-damper backing. The perturbation 

methodology with a small perturbation parameter called 

amplitude ratio is introduced. The flow is considered to be 

a free pumping case by neglecting the pressure gradient in 

the beginning. The chosen model approaches the real 

systems in case of exposing the human body to magnetic 

field radiation. And the current study is a special case 

related with that of Mekheimer et al [37] if the magnetic 

effect is neglected. 

2. The problem formulation  

Problem Geometry 

The undertaken model is supposed to be a two-

dimensional elastic sinusoidal channel with spring-damper 

backing in the presence of the induced transverse magnetic 

field, See Fig. 1. 

 

 

 

 

 
 

 

Figure 1- The peristaltic geometry with  

spring-damper backing 

 

 

 

 

 

 

 

Mathematical Formulation 

Governing equations 

The basic system of equations (mass and momentum 

conservation) and equation of state for compressible flow 

in presence of magnetic field are expressed as [20, 27]: 

Continuity equation 
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The compliant wall geometry is given by: 
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It is defined at the upper and lower wall as follows: 
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The elastic wall equation is expressed as [37]: 
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The electromagnetic force and the velocity vector are 

expressed by: 
2  oF u B i                                                              (8) 

ˆ ˆV u i v j                                                                    (9) 

Boundary conditions  

The walls of the channel are controlling the shape and the 

dynamical properties of the flow. The main characteristics 

corresponding to the boundaries    (   ) are the 

parameter of interest as follows: 

Wall slip: 
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The surface wall interaction forces are:
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Solution methodology 

Firstly, non-dimensional analysis is done for both governing equations and boundary conditions. Secondly, the perturbation 

series is expanded over the resulting dimensionless governing equations and the boundary conditions. Finally, the non-linear 

approximation is presented for the resulting relations. Taylor series expansions are used to simplify the boundary conditions. 

Non-dimensional analysis 

Dimensionless flow parameters are: 
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Dimensionless elastic wall parameters are: 
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Dimensionless system of equations are: 
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Dimensionless boundary conditions at    (   ) with            (   ) are 
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Perturbation series  

Expanding the properties of the fluid as perturbation series with small amplitude ratio ( ) as following 
2
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Free pumping case means (            ). 

Two systems of equations are obtained in terms of   and    as a result of substituting Eq. 21 into Eqs. (15-18). 

The system of   is 
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Taylor series expansion about       is given by 
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Substituting perturbation series (21) and Taylor expansions (30) into the boundary conditions 

(19) and (20) two sets of equations are obtained. The    set is 
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The Nonlinear solution 

Using the non-linear expressions of [27] to simplify the solution as follows: 
( ) ( )
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The second order non-linear approach is given by 
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Applying the nonlinear approach (36) and (37) in relations. (22-29) and their boundary  

conditions (31 -35) resulting in the following two sets of differential equations. The first-order set is 
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Under the following boundary conditions 
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Following the same steps of the methodology used in [37] results in the equations of velocity and pressure as follows: 
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The second-order set is 
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The solution of the second-order equations (46–48) under their corresponding boundary conditions (49) and (50) is given by 
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The dynamic behavior of the flow is analyzed utilizing the net axial velocity, the net flow rate, the mean velocity perturbation 

function and the critical wall tension which is similar in effect to the pressure gradient at which reversal flow occurs. All these 

relations are obtained as follows: 
2
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The critical values of wall tension occur corresponding to the reflux conditions when
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(0) 0xV                                                                                                                                                                         (58) 

3. Graphical Results and discussion 

Verification of analytical method 

Checking and validating the results of the work requires a 

comparative analysis with the previous studies and the 

results of Mekheimer et al [37] is achieved for the present 

study in the absence of magnetic flux effect       For 

instance, Figure (2- a, b, and c) (corresponding to Table 

(1)) are obtained when       which are exactly 

coincident with that of Mekheimer et al [37]. 

Results and discussion 

The alternation of magnetic flux density, compliant walls 

characteristics and flow properties have obvious 

effectiveness in changing the dynamical behavior of the 

flowing flow. This is represented in the following section. 

Figure (3) (corresponding to Table (2))  shows the various 

effects of wall damping, wall stiffness, wall tension, wall 

slip, magnetic flux, and liquid compressibility on the net 

axial velocity. Figure 3(a) shows the resisting action of the 

wall damping on the motion.it is also noted that the wall 

tension, spring stiffness and slip at walls are enhancing the 

net flux as the resulting increase in mean axial velocity 

according to the increase in the spring stiffness ( ), 
longitude wall tension ( ) and Knudsen number (  ), see 

Figures 3(b, c, and d). Figure 3(e) shows the reduction of 

the mean velocity due to the increase of magnetic flux 

density since the reversal flow begins to appear near the 

walls when the magnetic factor (    ) and the reverse 

effect increases near the boundaries at high values of 

magnetic flux. The liquid compressibility ( ) is inversely 

proportional to the net streamwise velocity so it causes the 

mean flow flux to decrease and this action is illustrated in 

Figure 3(f). The elastic compliant walls properties and 

wall slip are highly affecting the velocity distribution, 

especially at the boundaries, so that it is important to get 

close to the boundaries to analyze the dynamic nature of 

the flow and to determine the conditions at which the 

reversal flow will occur. The next section is related with 

the analysis of the velocity at the boundaries (     ) under 

the varying values of magnetic flux factor (  ), the wall 

Knudsen number (  ), the wall damping factor ( ), the 

longitude wall tension ( ) and the fluid compressibility 

( ). All these effects are shown in Fig. (4) (corresponding 

to Table (3)). The analysis of the streamwise velocity at 

the elastic channel walls draws the interest to explain what 

exactly exists and happens to the behavior of the flow near 

the walls under the change in elastic wall features and 

magnetic flux intensity. It is shown in Figure 4(a) that the 

increase in bending coefficient ( ) boosts the streamwise 

velocity at the channel walls (     ). The influence of 

wall tension ( ) and stiffness ( ) is illustrated in Figures 

4(d, and f) and it is noted that ( ) and ( ) have a similar 

proportional effect of ( )  The increase of slip Knudsen 

number (  )  in Figure 4(c) enhances the streamwise 

velocity near the walls (     ) due to the slipping effect. 

Whereas, Figure 4(b) discloses that the rise of wall 

damping coefficient ( ) resists the motion and causes a 

reduction in (     ). Figure 4(e) is clearly showing the  

 

 

impact of Compressibility number ( ) on (     )  and the 

results indicate the inversely proportional relation between 

( ) and (     ). The rise in the transverse magnetic flux 

(  ) parameter reduces the mean streamwise velocity at 

walls due to its resistive action; see Figure 4(g). The 

considered ranges of the governing parameters are taken 

according to its typical and experimental values in the 

physical applications related to this case of study.  The 

flow regimes were classified into continuum, slip, 

transition and free molecular according to Knudsen 

number ranges. If           the fluid is considered as 

a continuous medium as a result of neglecting the 

molecules mean free path compared to the geometrical 

dimensions. If               then the fluid tends to 

slip corresponding to the domain walls. If        
     so that it is the transition flow regimes. When    
   , the fluid flow exists in the free molecular case. The 

range of compressibility number is      , when 

     the fluid is considered to be incompressible liquid 

and when     case of fully compressible flow exists. 

The elastic wall parameters ranges are selected according 

to [50, 51]. 

 

  
(a) Liquid compressibility effectiveness on the net velocity 

 

 

 
(b) Influence of wall damping and wave number on the 

velocity at walls 

-2 0 2 4 6 8
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

< V 
x
 /  

2
 >

y

 

 

=0.001

=0.1

=0.2

=0.3

=0.5

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.01

-0.005

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035



D
w

a
ll

 

 

D=0.0

D=0.3

D=0.5

D=0.9



Ramzy M. Abumandour, Islam M. Eldesoky, and Essam T. Abdelwahab " On the Performance of Perist…"
 

ERJ, Menoufia University, Vol. 43, No. 3, July 2020 238 

 
(c) Liquid compressibility effectiveness on the mean 

velocity perturbation function 

 

Figure 2- Variation of the streamwise velocity at different 

positions under various values of wall  

and flow properties 

 

 
)a ( Influence of wall damping resistance 

 

 
)b( Influence of the wall spring stiffness 

 
(c) Influence of the longitude wall tension 

 
)d) Influence of the slip Knudsen number 

 
(e) Influence of the magnetic flux Hartmann number 

 
(f) Influence of the liquid compressibility 

Figure 3- Variation of the mean streamwise velocity along 

the y- axis 
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)a ( The impact of the wall rigidity factor 

 )b( The impact of  the wall damping coefficient 

 
(c) The impact of the wall slip coefficient 

 

 
)d) The impact of the wall spring stiffness 

 
(e) The impact of the compressibility number 

 
(f) The impact of the wall tension factor 

 
(g) The impact of the magnetic Hartmann number 

 

Figure 4- Variation of the streamwise velocity 

corresponding to the elastic channel walls  

versus the wave number 
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Table 1- Wall and Flow Parameters in Figure (2) 

Wall & flow 

parameters 
Fig. (a) Fig. (b) Fig. (c) 

K 1 1 0. 1 

D 0.5 0-0.3-0.5-0.9 0.01 

T 9866.7 200 100 

 0.001-0.1-0.2-0.3-0.5 0.001 0.001-0.1-0.3-0.5 

Kn 0.0 0.1 0.0 

B 2 2 2 

R 20 100 100 

 0.5 Axis 0.5 

m 0.01 0.01 0.01 

Ha 0 0 0 

 

Table 2- Wall and Flow Parameters in Figure (3) 

Wall & 

flow 

paramet

ers 

Fig. (a) Fig. (b) Fig. (c) Fig. (d) Fig. (e) Fig. (f) 

D 
0-0.5-1.0-

1.5 
0.1 0.1 0.5 0.5 0.5 

K 0.1 
5-10-15-

20 
5 1 1 1 

T 200 100 
100-200-300-

40 
500 500 500 

Kn 0.15 0.15 0.15 
0.0-.05-0.1-

0.15 
0.15 0.15 

Ha 0.1 0.2 0.2 0.2 
0.2-0.4-0.6-0.8-

1.0-4.0 
0.2 

 0.5 0.001 0.001 0.001 0.001 
0.001-0.1-0.3-

0.5 

R 10 50 50 20 20 20 

 0.9 0.5 0.5 0.5 0.5 0.5 

B 20 20 20 2 2 2 

m 0.01 0.01 0.01 0.01 0.01 0.01 

 

 

Table 3- Wall and Flow Parameters in Figure (4) 

Wall & 

flow 

paramet

ers 

Fig. (a) Fig. (b) Fig. (c) Fig. (d) Fig. (e) Fig. (f) Fig. (g) 

B 0.0-20-40-60 2 2 20 2 0.2 0.2 

D 0.5 
0.0-0.3-

0.5-0.9 
0.01 0.1 0.01 0.01 0.01 

Kn 0.15 0.15 
0.0-.05-0.1-

0.15 
0.15 0.15 0.15 0.15 

K 1 1 0.2 
5-10-15-

20 
1 0.2 0.2 

 0.001 0.001 0.001 0.001 
0.001-0.1-0.3-

0.5 
0.001 0.001 

T 100 200 20 100 200 
10-20-30-

40 
40 

Ha 0.2 0.2 0.2 0.2 0.2 0.2 2-4-6-8 

R 50 100 1 50 10 10 10 

m 0.01 0.01 0.01 0.01 0.01 0.01 0.01 
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4. Conclusions 

The principle goal of this study is concerned with the 

combined interaction of magnetic flux (  ), the slip 

conditions (  ), liquid compressibility ( ) and compliant 

elastic wall characteristics (           ) on the mean 

axial streamwise velocity  
  

  
  and the mean streamwise 

velocity corresponding to elastic channel walls (     ). 
The relation describing the flow behavior such as pressure 

gradient, mean axial streamwise velocity and the net flow 

flux is derived from the governing continuity and 

momentum equations by using the perturbation 

methodology with small perturbation amplitude ratio. The 

results disclose that the magnetic field flux is resisting the  

 

 

 

flow motion and cause a reduction in the flow flux. The 

raise in magnetic flux results in a decrease in the mean 

axial streamwise velocity. For higher values of magnetic 

flux, the reverse flow is appearing at the core of the 

channel. And near the boundaries, a similar effect is 

obtained. The wall damping has also a drag effect on the 

flow motion and near the walls while the spring stiffness 

and wall tension are boosting the net flow rate and the 

mean axial velocity. The slipping at the walls also 

enhances the net streamwise velocity   
  

  
  and (     ) 

.on contrast the liquid compressibility ( ) has a strong 

action in reducing  
  

  
  and (     )  

 

 

Nomenclature 

 

   Channel mean width.   Damping parameter. 

  ⃗⃗  ⃗ The fluid velocity vector.   Wall bending coefficient. 

  The fluid pressure.   Spring stiffness. 

  The fluid density.    
The out-surface pressure and 

considered to be zero. 

  The streamwise Cartesian direction.   Mean free path of molecules. 

  The normal Cartesian direction.   Reynolds number. 

  The time.   The compressibility number. 

  The fluid velocity in the  -direction.   The wave number. 

  The fluid velocity in the  -direction.   The amplitude ratio. 

µ The fluid dynamic viscosity.    Knudsen number. 

   The liquid compressibility factor. o  Kinematic viscosity. 

   The standard density.   ( ) The net axial velocity. 

  (   ) The vertical wall displacement.  ( ) 
The mean velocity perturbation 

function. 

  The wave amplitude.    The magnetic flux at the origin. 

  The wavelength.   Electrical conductivity. 

  The wave speed.    Hartmann number. 

  Compliant wall differential operator.   ⃗⃗  ⃗ Electromagnetic force. 

  Longitudinal tension per unit width     The net flow rate. 

  Mass per unit area.   
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